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ABSTRACT. In 1961, Z. Frolik proved that if f is an open and continuous mapping of a metriz-

able separable space X onto Baire space Y and if the point inverses are Baire spaces, then X is a

Baire space. We give a generalization to semi-continuous and semi-open mapping of this theorem

and extended it to the several types of mappings.
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O. INTRODUCTION

The inverse image of a Baire space does not need to be a Baire space, even in the case when

the mapping is a continuous open surjection for which each point inverse is a Baire space. Indeed,

In [18], Oxtoby gave an example of a Baire space X such that the cartesian product X X is

not a Baire space, but the projection mapping from X X onto X is continuous open for which

each point inverse is a Baire space. Later in [13], Krom showed that if there is such an example

then there is also a metric Baire space whose square is not a Baire. In fact, he used the example

given by Oxtoby in [18] to answer, negatively, the open question of whether products of metric

eaire spaces are Baire [5, p120], [18, p159] and [20, p292] and showed how to obtain from any

Baire space X, an associated metric Baire space K (a space of countable sequences with the Baire

metric [23, p124]) such that X X is a Baire space iff K K is a Baire space, where the space

K is an ultrametric space [6, p38].

The concept of 0-continuity was introduced by S.V.Fomin [8]. In 1961 N. Lcvine [14] introduced
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weak-continuity and in 1963 he [15] defined semi-continuity as a weakened form of continuity. On

the other hand, in 1968 M.S.Singal and A.R.Singal [21] introduced almost-continuous mappings,

almost-open mappings Moreover, M.Biswas [2] defined semi-open mappings which contain the

class of open mappings and in 1984 D.A.Rose [19] introduced weakly-open mappings as a new

weakened form of open mappings.

This paper studies the inverse image of second category spaces and Baire spaces under these

various types of mappings. Here we consider the following mappings f" X --+ Y which are;

(i) f is semi-open and semi-continuous

(ii) f is semi-open and almost-continuous

(iii) f is feebly-open and almost-continuous

(iv) f is weakly-open and weakly-continuous

(v) f is weakly-open and g-continuous

(vi) f is weakly-open and almost-continuous

(vii) f is almost-open and almost-continuous

In section :2 at first a basic theorem (Theorem 2.5) which we need the proof of our main

theorems is given as a generalization to the above first three classes of mappings of [9, Theorem

2’] on the inverse image of second category spaces. Here the space X is assumed to be second

countable. Furthermore we show that this theorem can be extended to the classes of mappings

which are given in the above last four cases, in the case when X is a metrizable separable space

(Corollary 2.6) and it is also valid for feebly-open and weakly-continuous (g-continuous) mappings

in the case when X is second countable space and Y is almost-regular space (Corollary 2.7). And

then we give the proof of our main theorems concerning the inverse image of Baire spaces. The

first of them (Theorem 2.1) is a generalization to semi-open and semi-continuous mapping of [9,
Theorem 2] in the case when X is a second countable space. Second one (Theorem :2.2) is an

extention to the classes of mappings which are given in the above last four cases of [9, Theorem

2] in the case when X metrizable separable space.

The most frequently used notations follow. Let A be a subset of a topological space X. The

closure of A in X and interior of A in X will be denoted by and intA respectively. The

complement of A in X is X- A. Throughout this paper X and Y will always denote topological

spaces on which no separations axiom are assumed unless stated explicitly. No mapping is assumed

to be continuous unless stated.

1. PRELIMINARIES

In this section we give a survey of notions and background results used in this paper.

DEFINITION 1.1. Let A be a subset of X. A is said to be a semi-open [15] if there exists

an open subset O of X such that O C A C O.

The following results can be found in [15].
THEOREM 1.2. A subset A in X is semi-open if and only if A C intA.



INVERSE IMAGE OF BAIRE SPACES 425

THEOREM 1.3. Let A C Y C X. If Y is a subspace of X and A is semi-open subset in X,

then A is semi-open subset in Y.

THEOREM 1.4. If A is open and S is a semi-open subset of X, then A f S is semi-open in

X [7, Theorem 1.9].
DEFINITION 1.5. A mapping f" X -- Y is said to be semi-continuous [15] (resp., semi-

open [2]) if for each open subset V in Y (resp. open subset U in X), f-(V) is semi-open in X

(resp. f(U)is semi-open in Y).

The following results which will be needed for our proof in the sequel.

THEOREM 1.6. Let f X ---+ Y be semi-open and let A be an open subset of X. Then

f/a" A --+ f(A) defined by f/a(z)= f(z), for all x E A is semi-open.

PROOF. Let U be any open set in A. Since A is open in X, then U is also open in X. Since f
is semi-open then f(U) is semi-open in Y. Consequently f(U) is semi-open in f(A) by Theorem

1.3.

THEOREM 1.7. Let f X Y be semi-continuous and let A be an open subset of X.

Then f/a" A ---> f(A) defined by f/(z)= f(z), for all z E A is semi-continuous.

PROOF. Let (7 be any open set in f(A). Then there exits an open subset V in Y such

that G f(A) t3 V. Consequently f(G) A f-(G) A f-(f(A) V). From this we

have f)(G) A f-l(V). Since f is semi-continuous, then f-(V) is semi-open in X and also

A f-(V) is semi-open in X by Theorem 1.4. Hence f(G) A f-(V) is semi-open in A

by theorem 1.3.

DEFINITION 1.8. A mapping f X Y is said to be almost-continuous [21] (resp.

wekly-continuous[14], 0-continuous [8]) if for each z X and each neighborhood V of f(z),

there exists an open neighborhood U of x such that f(U) C Jut(V) (resp. f(U) C V, f(-) c ).
REMARK 1.9. The following implications are known [17, Remark 1] and neither implication

is reversible.

almost continuity --+ 0-continuity - weak-continuity

The counter examples to the converse of the first implication and the second implication can

be found in [12] and [21] respectively.

DEFINITION 1.10. A topological space X is said to be almost-regular [22] if for each

x X and each regular open set G containing x, there exists a regular open set V such that

xVCVCG.

The following results which give the sufficient conditions for weakly-continuous mapping to

be lmost-confinuous, will be used in the sequel.

THEOREM 1.11. If Y is almostoregular and f X -- Y is weakly-continuous, then is

almost-continuous [17, Theorem 1.].
THEOREM 1.12. If f X -- Y is a weakly-continuous open mapping, then is lmost-

continuous [21, Theorem 9..3].
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We shall require the following known results.

THEOREM 1.13. Let f" X ---+ Y be almost-continuous. Let A C X be such that f(A) is

open in Y. Then f/A" A ---+ f(A)is almost-continuous [16, Theorem 6].

THEOREM 1.1,t. A mapping f X Y is almost-continuous if and only if the inverse

image f-X(B) of each regular open set B in Y is open in X [21, Theorem 2.2].

DEFINITION 1.15. A mapping f X ---+ Y is called feebly-continuous [9] (resp. feebly-

open [9]) if for every nonempty open set V in Y. (resp. for every nonempty open set U in X)

f-l(V) imlies intf-l(V) (resp. int(f(U)) ).
REMARK 1.16. The following implications hold:

i) semi-open feebly-open

ii) If the mapping is surjective then semi-continuous feebly-continuous

These are immediate consequence of their definitions. But the following example, due to T.

Neubrunn [24], shows that none of these implications is reversible.

EXAMPLE 1.17. Let X and Y be the set of real numbers with the usual topology. Let the

mapping f" X Y be defined as follows f(x) x, if z # 0 and z # 1; f(O) 1, f(1) 0. Then

f is one-to-one, feebly-continuous and feebly-open but is neither semi-continuous nor semi-open.

However we have the following result which gives some sufficient conditions for a feebly-open

mapping to be semi-open.

THEOREM 1.18. Let f be a mapping from X into Y. If any one of the following conditions

holds, then f is semi-open

(i) f is feebly-open and weakly-continuous

(ii) f is feebly-open and 0-continuous

(iii) f is feebly-open and almost-continuous

PROOF. Suppose that (i) holds and let A be any open subset in X. To prove that f is semi-

open, it is enough to show that f(A) C intf(A) by Theorem 1.2 and Definition 1.5. Let y be

any point of f(A). Hence there exists a point x of A such that y f(z). Let V be any open

neighborhood of y. Since f is weakly-continuous, there exists an open subset U containing x such

that f(U) C V. Therefore z E (U N A) and since f is feebly-open, then ,nt(f(U fq A)) . Let us

put W znt(f(U A)). From this we have W C f(U) N ,nt(f(A)). Since f(U) C V, we obtain

W C V N mt(f(A)). This shows that V fq int(f(A)) # . Consequently t E int(f(A)).

It is clear that both the case (ii) and the case (iii) implies the case (i) by the Remark 1.9. Therefore,

for both cases we have also that f is semi-open

DEFINITION 1.19. A mapping f" X ----+ Y is called almost open [21] (resp. weakly-open

[19]) if the image of every regular open subset of X is an open subset of Y (resp. for every open

set U of X, f(U) C intf(U)).

REMARK 1.10. The following implications are well known [19] and none of these implica-

tions is reversible in general, as is shown by the following examples
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openness --4 almost openness - weak-openness

EXAMPLE 1.21. Let X be the set of real numbers and/A be the usual topology on X. Let

the topolgy T on X be generated by g/t3 {U NQ/U E b/}, where Q is the set of rational numbers.

Then the identity mapping "(X, T) (X,L/) is almost-open, but it is not open.

EXAMPLE 1.22. Let X {a,b,c,d}, 7" {X,O,{b},{d},{b,d},{b,c,d}} and Y

{1,2,3},T’ {Y, b, {1}, {1, 2}, {1, 3}}. Let f’(X,T) -+ (Y,T’) be given by f(a) 1,f(b)=

2, f(c) f(d) 3. Then f is weakly-open, but since {b} is regular open in (X,T) and

f({b}) {2} is not open in (Y,T’), then f is not almost-open

We recall the following results which will be used in the sequel

THEOREM 1.23. If X is regular and f X ---+ Y is weakly-open, then f is open [19,

Theorem 7].
THEOREM 1.24. Let A be a subset of X. Then, the following properties are equivalent [3,

Theorem 1]

(i) A is semi-closed.

(ii) intA C A

(iii) X A is semi-open

The following well-known results concerning the Baire spaces which will be used in the sequel,

can be found in [1],[4],[0],[1]
THEOREM 1.25. Every open subspace of a Baire space is a Baire space.

THEOREM 1.26. Every space which contains a dense Baire subspace is a Baire space.

THEOREM 1.27. Every open subspace of the second category of a space X is a second

category subset relative to X.

We shall require the following remark in the sequel.

REMARK 1.28. Let Y and Z be subspaces of a space X. Suppose A C Y f3 Z, then the

topologies on A induced by those of Y and Z are identical.

2. INVERSE IMAGES OF BAIRE SPACES

In this section, at first we give a generalization of Frolik’s Theorem [9, Theorem 2,p.383] on the

inverse image of Baire spaces which was cited in the abstract of this paper. And also we extend

it to several types of mappings.

THEOREM 2.1. Let f be a semi-open and semi-continuous mapping from a second countable

space X on to a Baire space Y. If the sets of the form f-l(/), / E y are Baire spaces, then X is

a Baire space.

THEOREM 2.2. Let f be a mapping of metrizable separable space X onto a Baire space Y.

Suppose the sets of form f-l(/), y y- are Baire spaces. If any one of the following conditions

holds, then X is a Baire space.

(i) f is weakly-open and weakly-continuous.

(ii) f is weakly-open and 0-continuous.
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(iii) f is weakly-open and almost-continuous.

(iv) f is almost open and almost-continuous.

Before proving these theorems, we need the following Lemmas. At first, we shall prove the

relations (a) and (b) in Lemma 2.3 which were given by Z. Frolik in [9, p.384] without proof in

order to use them in the proof of Lemma 2.4.

LEMMA 2.3. Let f be a mapping of second countable space X onto a space Y. Let F

be a subset of X and let {Un[ n 1,2,...} be an open base for X. If M, {y E Y[ 0 #
f-l(y) r3 U, C F} and M(F) is the set of all y E Y for which the interior of f-x(y)r3 F (with

respect to f-l(y)) is nonempty, then the following properties hold.

(a) M,,, Y- f(U,,, f3 (X F))

(b) M(F) U=
To prove the part (a) suppose that y belongs to Mn. Then f-l(y)fq U,, C F. By taking

complements, we have (X-F) C (X-f-I(y))U(X-Un). From this we obtain U (X- F) C

f-l(y_{y}). This implies that f(Un Iq(X- F)) C Y-{y}. Therefore y belongs to complement

of f(U Cl (X F)). Hence M C Y- f(U f’l (X F)) For the reverse inclusion, let y be

an arbitrary point in Y- f(U Cl (X- F)), then f-(y) C f-l[y_ f(U, q (X- F))] and

f-l(y) C X- f-I[f(UCl(X-F))] C X-(UnCl(X-F)). Consequently, f-(y) C (X-U,)U F.

This implies that f-(y) Cl U C F. Hence y belongs to M,. Thus Y f(U Cl (X F)) C M.
This completes the proof of (a).

The proof of the part (b) Suppose that y belongs to M(F). Then ints-lu)(f-(y)rF) 0 by the

definition of M(F). Since {Uln 1,2, ...} is an open base for X then there exist a positive integer

no such that f-x(y) CI Uno C f-(y) CI f. This shows that y belongs to M,, Consequently

this impies that y U,= M. Hence M(F) C U= M,. To prove the reverse inclusion, let y

be an arbitrary point in U,= M,,. Then there is a positive integer no such that y M,, Thus

0 :/: f-(y) r U c F. by the definition of M,, This means that ints-(u)(f-l(y) rq F) .
Therefore y belongs to M(F). Hence U=l M,, C M(F). This completes the proof of (b).

LEMMA 2.4. Let f be a mapping of a second countable space X onto a space Y. Let F be

a nowhere dense closed subset of X. Denote by M(F), the set of all y Y for which the interior

of f-(y) fq F (with respect to f-(y)) is nonempty. If any one of the following conditions holds

then the set M(F) is a first category subset of Y.

(i) f is semi-open and semi-continuous.

(ii) f is semi-open and almost-continuous.

(iii) f is feebly-open and almost-continuous.

PROOF. Suppose that (i) holds and let {UI n 1,2,...} be open base for X. Let put

M, {y YI 7 f-l(y)I"1U, C F}. Now suppose that M(F)is not of the first category

subset of Y. Since M(F) UM by Lemma 2.3, then there exists a positive integer no such
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that int(M,0) -# 0. On the other hand, since f is semi-open and

Mo Y- f(Uo n (x -/))

by part (a) of Lemma 2.3, then M,, is semi-closed and consequently int(M,0) C intM, by

Theorem 1.24. Thus intM, 0. By the definition of M,o

0 # f-’ (intM,,0) U,,o C F

Since f is semi-continuous, then f-’(intM,0)is semi-open and f-’(intM,.,o)MU is also semi-open

by Theorem 1.4. Hence there is a nonempty open subset O of X such that

O C f-1 (intM,,0) fl U,,0 C .
However, this would contradict F being nowhere dense in X.

Now suppose that (ii) holds and M(F) is not a first category subset of Y. Since the mapping

f as in the case of (i) is semi-open then by repeating the same operations, we can obtain the

following result,

0 :fi f-1 (intM0) N U,,0 C F

since intM,, is regular open and f is almost-continuous, then f-l(intM,0) is open by Theorem

1.14 and consequently F is not nowhere dense subset in X. This is a contradiction.

The proof for the case (iii) is a direct consequence of the case (ii) of this lemma by the case

(iii) of Theorem 1.18.

The following Theorem now makes it easy to prove Theorem 2.1. and Theorem 2.2.

THEOREM 2.i. Let f be a mapping of a second countable space X onto a second category

space Y and suppose the sets of the form f-1 (y), /E Y are second category spaces. If any one of

the following conditions holds, then X is a second category space.

(i) f is semi-open and semi-continuous.

(ii) f is semi-open and almost-continuous.

(iii) f is feebly-open and almost-continuous.

This theorem is proved by using the same method as in [O, Theorem 2’, p.384]. Therefore the

proof is omitted.

COROLLARY 2.6. Let f be a mapping of a metrizable separable space X onto a second

category space Y and suppose the sets of the form f-l(y), E y are second category spaces. If

any one of the following conditions hold, then X is a second category space.

(i) f is weakly-open and weakly-continuous

(ii) f is weakly-open and 0-continuous

(iii) f is weakly-open and almost-continuous

(iv) f is almost-open and almost-continuous

PROOF. Suppose that (i) holds. By the metrizability and separability (actually regularity

and second countability) of X, the proof follows from Theorem 1.23, Theorem 1.12 and the case
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(ii) of Theorem 2.5. It is clear that both the case (ii) and the case (iii) imply the case (i) by

Remark 1.9. Finally the proof of the case (iv) follows from case (iii) of this corollary by Remark

1.20.

COROLLARY 2.7. Let f be a mapping of a second countable space X onto an almost-

regular second category space Y and suppose the sets of the form f-l(y),y E Y are second

category spaces. If any one of the following conditions hold, then X is a second category space.

(i) f is feebly-open and weakly-continuous.

(ii) f is feebly-open and 0-continuous.

PROOF. Suppose that (i) holds. Since Y is almost-regular, f is feebly-open and almost-

continuous by Theorem 1.11. Consequently X is a second category space by the case (iii) of

Theorem 2.5. The proof for the case (ii) follows from Remarkl.9 and the case (i) of this corollary.

PROOF OF THEOREM 2.1. In order to prove that X is a Baire space, it is enough to

show that every nonempty open subset of X is of the second category (also called nonmeager)

relative to X. Let G be an arbitrary nonempty open subset of X. Since f is semi-open then

f(G) is a semi-open subset in Y. Therefore, there exists a nonempty open subset O of Y, such

that O C f(G) C . Thus f(G) is a Baire subspace of Y by Theorem 1.25 and Theorem

1.26. Consequently f(G) is a second category subspace in Y. On the other hand, the mapping

f/c G f(G) defined by f/c(z) f(z) for all z E G, is semi-open and semi-continuous

by Theorem 1.6 and Theorem 1.7. Furthermore since the sets form f-(y) are Baire spaces and

(f/a)-l(y) G f3 f-’(y), then the sets form (f/a)-’(y) are open Baire subspaces of f-’(y).

by Theorem 1.25. Consequently the sets of form (f/c)-(y) are also Baire subspaces of G by

Remark 1.28. Hence the sets of form (f/v)-(y) are second category subspaces of G. Therefore G

is a second category subspace in X by the case(i) of Theorem 2.5. Consequently G is a second

category subset relative to X by Theorem 1.27.

PROOF OF THEOREM 2.2. Suppose that (i) holds and let G be an arbitrary nonempty

open subset of X. Since X is metrizable, f is open and almost-continuous by Theorem 1.23

and Theorem 1.12. Hence f(G) is an open Baire subspace of Y by Theorem 1.25. Consequently

f(G) is a second category subspace of Y. Moreover the mapping f/ G f(G) is also open

and almost continuous by Theorem 1.13. On the other hand, as in the proof of Theorem 2.1,

by repeating the same operations, it can be shown that the sets of form (f/)-(y) are second

category subspaces of G. Consequently G is a subspace of the second category in X by the case

(ii) of Theorem 2.5. This shows that G is a second category subset relative to X by Theorem

1.27.

It is clear that both the case (ii) and the case (iii) imply the case (i) by Remark 1.9. Finally"

the proof of the case (iv) follows from case (iii) of this theorem by Remark 1.20.
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