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ABSTRACT. In[1]
S (A) 1 = {z = (zx) : (K'|Azk|)se; € co}

for r > 1is studied. In this paper, we generalize this space to S, (p, A) for a sequence of strictly positive
reals. We give a characterization of the matrix classes (S,(p, A), £ ) and (S.(p, A), £;).
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1. INTRODUCTION

Let £, c and co be the sets of all bounded, convergent and null sequences of z = (zx)7,
respectively. Let w denote the set of all complex sequences and £; denote the set of all convergent and
absolutely convergent series.

Let z be any sequence and Y be any subset of w. Then

2 .Y ={z€ew: 2z = ()7 €Y}
For any subset X of w, the sets

X = n (z'-4) and XP= n (71 cs)
zeX zeX

are called the a- and G-duals of X.
We define the linear operators A, A~ : w — w by

Az = (Azp)P = (Th — Tk41)7s
and

k=1 el
Az = (A'lzk):o = (Z :::J) R

=1 1

such that
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A—l.‘l.‘l =0.
Let
S5 (A): ={z €ew: (kK"|Az|)jz, € co}, see[l].

In this paper we extend the space S,(A) to S,(p, A) in the same manner as cy, c, £, were extended
to co(p), ¢(p), €oo(p), respectively (cf. [2],[3],[4]). We also determine the a- and B-duals of our new
sequence space. Let p = (px )" be an arbitrary sequence of positive reals and r > 1, then we define

S (p,A): ={z €w: (KAz,)T € co(p)},

where
co(p): = {z € w:lim |z |™* = 0}.
k—00

Ifp=e=(1,1,1,...), then the set S.(p, A) reduces to the set S,(A). Forr =0, S,(p, A) is the same
as Aco(p) (cf. [SLI6LITD).

We will need the following lemmas:

LEMMA 1 (Corollary 1 in [7]). Let (P,)2, be a sequence of nondecreasing positive reals. Then

@€ (P - csimplies R = (R) € (P) -cowhere R = 3> ax(n=1,2,...).

k=n+1
LEMMA 2 (Lemma 1(b) in [8]). Let p = (pi)s=; be a strictly positive sequence such that p € £,,.
for some integer M > 2.

Then A € (co(p), £1) if and only if
O] B(M)= sup (Z ‘/P*)
2. THE a- AND B-DUALS OF S,(p,A)
THEOREM 2.1. Let p = (pi)7 be a strictly positive sequence and r > 1. Then

> an|M

neN

gk \=

(a) [Sr(Pr A)]a =NLJ1 D'(-l) (P),
® [S-(p, &) = C.(p) = D@ ») [ J DO (p).
vecg N>1
where

DY(p): = (A:‘N-’/’)'l-f1={ €w: Zl"k'

N-I/P: }
IR P
1 o k-1 l/PJ
D®(p): = (A7'Y/?) " -cs Ew: Zakz -L_ converges 3,
-1/p N‘I/Ph
D®(p) : ={aew:Re(Nkr ) e} {aew Zlel oo},

Az = (K Azi)ey, AT 'z = (KA 'zi) ),

and ¢ is the set of all positive sequences in co.
PROOF. (2) Leta € |J D (p). Then
N>1

a-3(1/Ng) €€, forsome Np>2, 21
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o= (u(3)) - (&%),

k=1

where

Since s(;) is increasing, (2.1) implies that
c €l 22

Let z € S,(p,A). Then for a given Np €N, there exists an M = M(Np) € N such that
-1/

sup |k" Az |* < Nlo, and hence |Az;| < y—"k—” forall k = 1,2,..., and consequently by (2.1) we have

k>M

00 k-1 )
Y lakl Y 1Az, < laglax(1/No) < oo. @3)
k=1 =1 k=1
Finally, by (2.2) and (2.3), we get
a € [S,(p,A)]°.
Leta ¢ U D (p) Then we can determine a strictly increasing sequence (k(m))m_, of integers such
N>1
that k(1) = 1 and
k(m+1)~1
> laklse/(m+1) >1 (m=1,2,..).
k=k(m)

We define the sequence z = (z) by

m min{k-1,k(i+1)-1} ,. -1/p
2 = GXD P km) <k <k(m+1)—Lm=1,2,..),

=1 (k) J

Thenz € S,(p, A) and

0o oo k(m+1)—1
Mlarllzel =Y D" laxzel > 00
k=1 m=1 k=k(m)
which proves that
a ¢ [S:(p, A)]".

Hence, [S.(p, A)]" = U DY (p).

(b) Leta € C.(p). Thena € cs, and Abel's summation by parts yields

n n-1 n—1 n
S azi= - Rebzi+ R,y Az +z1) o forall z, (n=1.2,..). 4)
k=1 k=1 k=1 k=1
Further
N‘I/P
Re ::' - £, for some integer Ny > 2. 2.5)
Letz € S,(p,A). Then there is a sequence v € ¢ such that
1/px NIV
|Azi| < 3’;—— (k=1,2,..) and |Azy| < =

for all sufficiently large k. Now, by (2.5)
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o0
D Re| [Azk] < oo.

k=1
Hence
RAz € £y C cs. (2.6)
Finally, by Lemma 1, a € (A7 10!/?) ™" . cs implies that
Re (A7) g @7
and consequently
n-1
R.) Az -0 (n— oo). (2.8)
k=1

From a € cs, (2.4), (2.6) and (2.8), we conclude that
00 00 00
z Ty = — z RiAzy + 1, Z ay 29
k=1 k=1 k=1

and az € cs. Thus a € [S,(p, A)}®. Now, let a € [S,(p,A))®. Then az € cs for all z € S,(p, A) and
e € S;(p,A). This implies that a € cs. Let v € ¢j be given. Then z = A !v'/? € S,(p,A). Hence
a€ (A,"vl/"’)-l - cs, and by Lemma 1, we get (2.7). Therefore (2.8) holds for all z € S, (p, A). By
(2.4), we get RAz €cs. Since z € S,(p,A) if and only ify = A,z = (k"Azy)je; € co(p), this
implies that

& -1/pe
Y IRl Ek,— < oo
k=1

for some integer N > 2 (cf. [9], Theorem 6). Hence [S,(p, A))? = C.(p).
3. MATRIX TRANSFORMATIONS

For any infinite complex matrix A = (ank)p g1, We Write Ap, = (anx);=, for the sequence in the nth
row of A. Let X and Y be two subsets of w. By (X,Y), we denote the class of all matrices A such

00

that the series A,(z) =Y anxzi converges for all z € X and each n €N, and the sequence
k=1

Az = (Ap(z))e, €Y forallz € X.

THEOREM 3.1. Let p=(p)° be a strictly positive sequence and r>1.  Then
A € (S.(p,A),£) if and only if

@ D, (v): = sup|4n (A7 ")
k-1 l/PJ
Zankz <oo forall vecf,

n k=1 =

(ii) D.(M): =sup (Z: IRM,[ ) < oo forsomeinteger M > 2,
n \k=1

where R, = f} a,x for all n and k, and
j=k+1

(i) Do : = sup|An(e)| = sup |3 ane| < 0o,

n n k=1
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PROOF. Let the conditions (i), (ii) and (iii) be true and z € S.(p, A). By Theorem 2.1(b),
conditions (i) and (ii) imply that A, € [S,(p, A)]‘g forn=1,2,.... for a given M € N, there exists a
M' = M'(M) € N such that sup |krAzg| < M, where M > 2is the integer in (ii). By (2.9), we have

|An(z)| < D/(M) 4+ |z1|Dy (n=1,2,...)

and hence Az € £,,. Conversely, let A € (S.(p,A),£Ly). Since z = A;/? € S, (p,A) for all
v € ¢f, condition (i) follows immediately. Also the necessity of (jii) follows from the fact that
z =e € S.(p,A). Now, by (i), (iii) and (2.9),

An(z) = = RuBzi +714n(e) (n=1,2,..).
k=1

Since Ar € {,, and z;Ae € ¢, therefore (R,.A:c),,_1 €ly. Since z € S,(p,A) if and only if
(k" Azg)ze, € co(p), and (Z‘ (R,.k/k')(k'Azk)) € £ for all (k"Azk)ze; € co(p), this implies

n=1

that D, (M) < oo for some integer M > 2, and (ii) holds.
THEOREM 3.2. Let p = (px)7° be a strictly positive sequence such that p € £, and r > 1. Then
A € (S.(p,A),4,) if and only if

@) CM(w): = sup
FEN,

> A (A1)

neN

O 1 /P

PDHITID LS P

neN k=1 =1

sup

g

for all sequences v € ¢,

1/pe
0) COUD): = sup (ZZIR..kIM )

Nﬁcmte k=1 neN

for some integer M > 2, and

(i) D®: = sup
N N
N

> Anle)

neN

< oo.

PROOF. Let conditions (i), (ii) and (iii) hold. Then A, € [S.(p, A)]" Let z5,(p, A). For a given
M €N there exists a M' = M'(M) € N such that suplk'A:ckI"" < 4. Now, by (2.9) and the

inequality in [10], p. 33, we have

Y 4@ < 4(CH (M) +[211DP) < oo.
n=1
Since m € N is arbitrary, we have Az € £;. Conversely, let A € (S.(p,A),¢1). Then

> Anlz)

neN

< Z |4 ()] < o0

for all z € S,(p,A) and for all finite subsets N of N. Therefore the necessity of (iii) and (i) follows
immediately, since e and = A !v'/? € S,(p, A) for every sequence v € ¢f . Further we have
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(Z Iz';" k’A:r:k) €4 forall (kK"Azy)Z, € co(p),
k=1

n=1

and hence (ii) holds by Lemma 2.
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