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ON THE DECOMPOSITION OF xd+aexe+···+a1x+a0
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Abstract. Let K denote a field. A polynomial f(x) ∈ K[x] is said to be decomposable
over K if f(x)= g(h(x)) for some polynomials g(x) and h(x)∈K[x] with 1< deg(h) <
deg(f ). Otherwise f(x) is called indecomposable. If f(x)= g(xm) withm> 1, then f(x)
is said to be trivially decomposable. In this paper, we show that xd+ax+b is indecompos-
able and that if e denotes the largest proper divisor of d, then xd+ad−e−1xd−e−1+···+
a1x+a0 is either indecomposable or trivially decomposable. We also show that if gd(x,a)
denotes the Dickson polynomial of degreed and parametera and gd(x,a)= f(h(x)), then
f(x)= gt(x−c,a) and h(x)= ge(x,a)+c
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Let K denote a field. A polynomial f(x)∈K[x] is said to be decomposable over K if

f(x)= g
(
h(x)

)
(1)

for some polynomials g(x) and h(x) ∈ K[x] with 1 < deg(h(x)) < deg(f (x)). Oth-
erwise f(x) is called indecomposable.

Examples. (a) f(x)= xmn, m and n> 1, is decomposable because f(x)=g(h(x))
where h(x)= xm+c and g(x)= (x−c)n.
(b) f(x) = xp, p a prime, is indecomposable because p does not have proper divi-

sors.
(c) f(x) =∑n

i=0aixmi is decomposable because f(x) = g(h(x)) where h(x) = xm

and g(x)=∑n
i=0aixi.

Decompositions such as the one given in (c) are trivial and consequently we say that
f(x) is trivially decomposable if f(x)= g(xm) for some polynomial g(x) withm> 1.
In this paper, we show that xd+ax+b is indecomposable and that if e denotes

the largest proper divisor of d, then xd+ad−e−1xd−e−1+···+a1x+a0 is either in-
decomposable or trivially decomposable. We will also show that if gd(x,a) denotes
the Dickson polynomial of degree d and parameter a and gd(x,a) = f(h(x)), then
f(x)= gt(x−c,a) and h(x)= ge(x,a)+c. More precisely, we prove the following.

Theorem 1. Let K be a field. Let d be a positive integer. If K has a positive charac-
teristic p, assume that (d,p)= 1.
(a) xd+ax+b, a≠ 0, is decomposable.
(b) If e denotes the largest proper divisor of d, then xd+ad−e−1xd−e−1+···+a1x+

a0 is either indecomposable or trivially decomposable.
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(c) If xd = f(h(x)) for some polynomials f(x) and h(x) in K[x], then f(x) =
(x−c)t and h(x)= xe+c for some c ∈K and d= et.
(d) If gd(x,a) denotes the Dickson polynomial of degree d and parameter a and

gd(x,a)= f(h(x)), then f(x)= gt(x−c,a) and h(x)= ge(x,a)+c for some c ∈K.

The proof of the theorem need the following lemmas.

Lemma 2. Let f(x) = xd+ad−1xd−1+···+a1x+a0 denote a monic polynomial
over a field K. If K has a positive characteristic p, assume that (p,d) = 1. Let the
irreducible factorization of f(x)−f(y) be given by

f(x)−f(y)=
s∏

i=1
fi(x,y) (2)

Let

fi(x,y)=
ni∑

j=0
gij(x,y) (3)

be the homogeneous decomposition of fi(x,y) so thatni = deg(fi(x,y)) and gij(x,y)
is homogeneous of degree j. Assume ad−1 = ad−2 = ··· = ad−r = 0 for some r ≥ 1.
Then,

gi,ni−1(x,y)= gi,ni−2(x,y)= ··· = gi,Ri(x,y)= 0 (4)

where

Ri =


ni−r if ni ≥ ri
0 if ni < ri

(5)

Proof. Let ei denote the second highest degree of fi(x,y) defined by

ei =


deg

(
fi(x,y)−gi,ni(x,y)

)
if fi(x,y)≠ gi,ni(x,y)

−∞ if fi(x,y)= gi,ni(x,y)
(6)

Assume, without loss of generality, that n1−e1 ≤n2−e2 ≤ ··· ≤ns−es . Let b denote
the largest integer i such that N =n1−e1 =n2−e2 = ··· =ni−ei. Our goal is to show
that N > r . So, assume that N is finite. Hence, gi,ei (x,y)≠ 0 for all i, 1≤ i≤ b and

ad−N
(
xd−N−yd−N)=

b∑

i=1
gi,ei (x,y)

s∏

j=1
j≠i

gj,nj (x,y) (7)

On the other hand, we have

xd−yd =
s∏

i=1
gi,ni(x,y) (8)

Therefore,

ad−N
xd−N−yd−N

xd−yd =
b∑

i=1

gi,ei (x,y)
gi,ni(x,y)

(9)
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As (d,p) = 1, xd −yd has no multiple divisors in the algebraic closure of K. So,
the denominators in the right-hand side of the above formula are relatively prime to
each other, and if the denominator and numerator of each summand have a common
factor, it can be canceled out. Hence, the right-hand side of (9) does not vanish. Thus,
ad−N ≠ 0 and consequently d−N <d−r . Therefore,N > r and the proof of the lemma
is complete.

Lemma 3. Let f(x) be a monic polynomial over a field K. If K has a positive charac-
teristic p, assume that p does not divide the degree of f(x). Let N denote the number
of linear factors of f(x)−f(y) over K̄, the algebraic closure of K. Then, there exists a
constant b in K such that

f(x)= g
(
(x+b)N) (10)

for some polynomial g(x)∈K[x].

Proof. Choose b in F such that f(x−b)= F(x)= xd+ad−2xd−2+···+a1x+a0.
Hence, by Lemma 2, all linear factors of F(x)−F(y) have the form x−aiy for i =
1,2, . . . ,N . Thus, F(aix)= F(x) for all i, and consequently F(aiajx)= F(ajx)= F(x)
for all i and j. Therefore, a1,a2, . . . ,aN form a multiplicative cyclic group of order N
and

∏N
i=1(x−aix)= xN−yN .

Now write

F(x)= f0(x)+f1(x)xN+f2(x)x2N+···+fm(x)xmN (11)

with deg(fi(x)) < N for all i. This decomposition is clearly unique. Thus,

F(x)= f0(x)+f1(x)xN+f2(x)x2N+···+fm(x)xmN

= f0(aix)+f1(aix)(aix)N+f2(aix)(aix)2N+···+fm(aix)(aix)mN

= f0(aix)+f1(aix)xN+f2(aix)x2N+···+fm(aix)xmN

(12)

for i= 1,2, . . . ,N implies that fj(x)= cj ∈K for all 0≤ j ≤m.
Therefore,

F(x)=
m∑

i=0
cixNi = g

(
xN) (13)

where g(x)=∑m
i=0 cixi ∈K[x]. This completes the proof of the lemma.

Lemma 4. Let d be a positive integer and assume that K contains a primitive nth
root ζ of unity. Put

Bk = ζk+ζ−k, Ck = ζk−ζ−k. (14)

Then for each a∈K we have
(a) If d= 2n+1 is odd

gd(x,a)−gd(y,a)= (x−y)
n∏

i=1

(
x2−Bkxy+y2+aC2

k
)

(15)
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(b) If d= 2n is even

gd(x,a)−gd(y,a)=
(
x2−y2)

n−1∏

i=1

(
x2−Akxy+y2+aC2

k
)

(16)

Moreover for a ≠ 0 the quadratic factors are different from each other and are irre-
ducible in K[x,y].

Proof. See [1, page 46].

Proof of the theorem. (a) Assumexd+ax+b = f(h(x))with 1< deg(h(x)) <
d and a≠ 0. Let K̄ denote the algebraic closure of K. Let the irreducible factorization
of f(x)−f(y) over K̄ be given by

f(x)−f(y)= (x−y)
m∏

i=1
Gi(x,y). (17)

Then,

xd+ax−yd−ay = (h(x)−h(y))
m∏

i=1
Gi
(
h(x),h(y)

)=
r∏

i=1
fi(x,y) (18)

for some irreducible polynomials fi(x,y) ∈ K̄[x,y] with deg(fi(x,y)) ≤ d−2 for
1≤ i≤ r . Hence, applying Lemma 2, each of the factors fi(x,y) has a second highest
degree of −∞. Therefore, considering only the highest degree terms in (18),

xd−yd =
r∏

i=1
fi(x,y) (19)

and consequently ax−ay = 0. Since this is clearly a contradiction, then h(x) has
either degree 1 or d.
(b) Let e denotes the largest proper divisor of d. Assume that the polynomial ge(x)=

xd+ad−e−1xd−e−1+···+a1x+a0 is decomposable. So, ge(x) = f(h(x)) for some
h(x)∈K[x] with 1< deg(h(x))≤ e. Let the irreducible factorization of f(x)−f(y)
over K̄ be given by

f(x)−f(y)= (x−y)
r∏

i=1
fi(x,y). (20)

Then

ge(x)−ge(y)=
(
h(x)−h(y))

r∏

i=1
fi
(
h(x),h(y)

)
. (21)

Hence, by Lemma 2, h(x)−h(y) is homogeneous and consequently a factor of xd−
yd. So, h(x)−h(y) is a product of homogeneous linear factors and, by Lemma 3,
h(x) = xm + c for some c ∈ K. Thus, ge(x) = f(xm + c) = f2(xm) where f2(x) =
f(x+c). Therefore, ge(x) is either indecomposable or trivially decomposable.
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(c) If xd = f(h(x)) then, we did this before,

xd−yd = f
(
h(x)

)−f (h(y))

= (h(x)−h(y))
m∏

i=1
Gi
(
h(x),h(y)

)=
d−1∏

i=0

(
x−ζiy

) (22)

for some dth primitive root of unity ζ in K. Thus, h(x) = xe+c for some c ∈ K and
e | d.
Therefore,

f
(
h(x)

)−f (h(y))= (xe)d/e−(ye)d/e =
d/e∏

j=1

(
xe−ζejye)

=
d/e∏

j=1

(
h(x)−c−ζej(h(y)−c))

(23)

and f(x)= (x−c)d/e.
(d) Similar to (c) using Lemma 4.
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