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ABSTRACT. We define a new generalized Hankel convolution on the Zemanian distribution
spaces of slow growth.
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1. Introduction. Zemanian (see [17, 19]) investigated the Hankel integral transfor-
mation, defined by

() (v) = jo ) 2T (ep)b(x)dx, v € (0,0, (1.1)

where J, represents the Bessel function of the first kind and of order p, in spaces of
generalized functions. Throughout this paper, u is greater than —1/2.

In [17], it was introduced the space H, constituted by all those complex valued and
smooth functions ¢ on (0, o) such that

k
xm(%D) (x 12 (x)) | < o0 (1.2)

Ymi(®) = sup

x€(0,00)
for every m,k € N. H, is endowed with the topology generated by the family
{}’fn,k}m,kew of seminorms and, thus, H, is a Fréchet space. The space O of multi-
pliers of H, was characterized in [3] as follows. A smooth function f on (0, ) isin 0
if and only if, for every k € N, there exists n € N such that (1 +x2)"((1/x)D)* f(x)
is a bounded function on (0, o) (see [3, Thm. 2.3]). The Hankel transformation h, is
an automorphism of Hy (see [19, Thm. 5.4-1]). The dual space of H, is denoted by H,
as usual. The Hankel transformation is defined on H,, as the transpose of the Hankel
transformation on Hy. That is, for each f € H, the Hankel transform h f of f is
given by

<h;1f! d)) = <f!hu¢>: (b € HIJ' (13)

Thus, hj, is an automorphism of Hj, when it is considered on H, the weak* or the
strong topology.

Zemanian [18] defined the spaces of functions B, 4, a € (0, ) and B, as follows. Let
a € (0, ). A smooth function ¢ on (0, «) is in By, , provided that ¢ € H, and ¢ (x) =
0, x € (a, ). This space B, 4 is equipped with the topology induced by H, on it. Thus,
B,.q is a Fréchet space. Moreover, if 0 < a < b, then B, is continuously contained in
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By,p. The union space B, = Ugs0By,qa is endowed with the inductive topology. By, is a
dense subspace of Hy. The dual space of B, is denoted by B,. In [18, Thm. 1], the
Hankel transform h, (B,) of B, was characterized.

Haimo [12], Hirschman, Jr. [14], and Cholewinski [10] studied the convolution for a
variant of the Hankel transformation, which is closely connected to h,. After straight-
forward manipulations in the convolution operators defined by the above mentioned
authors, a convolution for the transformation h, can be obtained. Said convolution
operation is defined as follows. Let f and g be measurable functions on (0, ). The
Hankel convolution f * g of f and g is given by

(fxg)(x)= JO SO (txg) () dy, (1.4)

where
(Txg) () = JO 9(2)Dy(x,y,z)dz (1.5)

provided that the above integrals exist, and being

Du(x,y,z)

w 1.6
:JO 2 ()2 T (xet) (v ) Y2 T () (z0) Y2 ]y (zt) dt, x,y,ze(O,oO).( )

If x+#*1/2f and x#*1/2g are in L (0, ), the space of absolutely integrable functions
on (0,), then x**1/2(f * g) € L1(0, ) and the interchange formula

hu(f*g)(x) =x*12h, (f) (x)hu(g)(x), x € (0,00) (1.7)

holds.

The study of the Hankel convolution on distribution spaces was started by Sousa-
Pinto [11]. He defined the Hankel convolution of distributions of compact support on
(0,00) for u = 0. In the last years, the x convolution was studied in different spaces
of generalized functions by Betancor and Marrero (see [4, 5, 6, 7, 15]), Betancor and
Gonzalez [1], and Betancor and Rodriguez-Mesa (see [9, 8]).

The Hankel translation T, defines a continuous mapping from H,, into itself for
every x € (0,00) (see [15, Prop. 2.1]). Then the Hankel convolution T x ¢ of T € H,C,
and ¢ € H, can be defined by

(Txp)(x) =(T,TxP), x € (0,00). (1.8)

In [15, Prop. 3.5], it was proved that x #~1/2(T x ¢) € 0 for every T € H, and ¢ € H,,.
The subspace 0}, ,, of H, consisting of the convolution operators in H, was character-
ized in [15, Prop. 4.2] as follows. A functional T € H;, belongs to @;,’* (i.e., Tk € Hy
for every ¢ € Hy) if and only if x#~1/2h;,(T) is in 0. The convolution S * T of S € H|,
and T € @L,* is defined in [15].

DEFINITION 1. Let S € H) and T € 0}, . The *-convolution S T of S and T is the
element of H,, defined by

(S*T,p) =(S,T*¢p), ¢eH, (1.9)
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IfSeH,and T € 0, ,, the following extension of the interchange formula (1.7):
h, (S*T)(x) =x"#12h, (S)h,(T) (1.10)
holds.

In this paper, inspired in [13], we define the Hankel convolution in a subspace of
Hj, x H], that contains H, x 0, ,. The new convolution generalizes the one defined in
[15, Def. 1].

Throughout this paper, C always denotes a suitable positive constant, which is not
necessarily the same in each occurrence.

2. The generalized Hankel convolution on H,. Now, we are going to define a new
generalized Hankel convolution on H,. Let S and T be in H;,. Assume that
(P.1) (SxP)(T*xy) e L;(0,0) for every ¢,y € Hy,
(P.2) fo Tx(TxP) (V) (S*xY) () dy =[5 (TxP)(¥)Tx(Sky)(y)dy forevery p,y €

H, and x € (0, ).

When S and T satisfy properties (P.1) and (P.2), we say that the pair (S,T) has the
(P)-property for the sake of simplicity.

Fixing ¢ € Hy, we define the linear mapping Fy from Hj, into the space D’ (0, o) of
the distributions in (0, ) by

Fy(p) = (Sxy)(T*e), ¢ €H,. 2.1)

Fy is a continuous mapping when D’ (0, ) is endowed with the weak* topology. In-
deed, according to [15, Prop. 3.5], x #~"12(S % ¢p) € 0 and x #~V2(T % ¢p) € O for each
¢ € Hy. Also, x #"12(T % ¢p,) — 0, as n — o, in O provided that ¢, — 0, as n — oo, in
H,. Hence, if ¢, — 0, as n — o, in Hy, then F,(¢,) — 0, as n — o, in D' (0, ). Then
we conclude that F, is continuous.

Therefore, since (S, T) satisfies (P.1), [16, Thm. 2] implies that F, is a continuous
mapping from H, into L; (0, ).

In other words, we have seen that the bilinear mapping

L:H,xHy; — Li(0,00) (2.2)
defined by

is separately continuous. Then, since H,, is a Fréchet space, the bilinear form ¥, defined
on H, x H, by

L) = [ Sk TP 01X, . beH, 2.4)

is continuous.
Now, we introduce the linear mapping L from H, into H} as follows. For every
¢ € H,, L(y) denotes the element of H;, defined by

(L(y), ) =%(p,P), ¢eH,. (2.5)
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From [5, Lem. 2.2] and by taking into account that (S, T) satisfies (P.2), we have

L(Tyyw) =Ty (Ly), weH,. (2.6)

Hence, according to [7, Prop. 1], there exists a unique R € H, [, such that

L(y)=R*xy, @eH, 2.7)

DEFINITION 2. LetSand T € H ;, such that the pair (S, T) satisfies the (P)-property.
We define the Hankel convolution S#T of S and T as the unique element of H,, satis-
fying

((S#T) %, ) = j: (S%w) () (T* ) (x)dx, @, b€ H,. 2.8)

Now, we show that Definition 2 applies to a wide class of generalized functions in
Hj. Let m € Z. We consider the space Y, that consists of all those complex valued
and smooth functions f on (0, ) such that

sup (1+x2)"x"H12|f(x)] < oo, (2.9)
x€(0,00)

According to [15, proof of Prop. 3.5], if T € H,,, then there exists m € Z for which
T * ¢ € Yy, for each ¢p € H,,. We say that a functional T € Hy, isin Yy, when T * ¢ € Yy
for every ¢ € Hy,.

PROPOSITION 2.1. LetS € Yy and T € Y,,. Then (S,T) has the (P)-property pro-
vided that m +k < u+1.

PROOF. Let ¢, ¢ € H,. Itis easy to see that
(S*w)(T* ) € L1(0,00). (2.10)

Let x € (0, ). We can write ([14, (2), p. 308])

xX+y

T (Txp)(y) = Jley‘Du(x,y,z)(T*qb)(z)dz, y € (0,0). (2.11)

Moreover, since S € Yy and T € Y,,, by taking into account [14, (2), p. 310], it follows
that
0 xX+y
J, l(S*w><y>|j| Dyx,3.2) (T )(2) | dzdy
x-y
00 —k xX+y _
< CJ pHHL/2 (1 +y2) I Dy(x,y,z)zH 12 (1 +22) " dzdy (2.12)
0 [x=yl
< ny+1/zj (1 +y2>_m_ky2‘”1dy < oo,
0
Hence, Fubini theorem leads to

JO (S5 )W) Tx(TH ) () dy = jo T (S* YN (T5b) (v) dy. (2.13)

Thus, we conclude that the pair (S, T) has the (P)-property. O
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In particular, from Proposition 2.1, we can immediately deduce the following.

COROLLARY 2.2. IfS€H, andT €0,

% then (8, T) has the (P)-property.

PROOF. According to [15, Prop. 4.3], T x ¢ € H, for every ¢ € H,. Hence, T € Yy,
for every m € Z and, from Proposition 2.1, we infer that (S,T) has the (P)-property.
O

Now, we establish that the convolution * defined by Definition 1 on H L’, X @;,,* (see
[15]) is a special case of the convolution # given in Definition 2.

PROPOSITION 2.3. LetSe€ H, andT €0, ,. Then S T = S#T.
PROOF. By Corollary 2.2, the pair (S,T) has the (P)-property. Moreover, by invok-
ing [15, Props. 3.5 and 4.3], we can write
(S*xT)xw,p) =(SkxT,Ppxp)=(S,T*(Px*xp))
:<S:(T*¢)*W>:<S*WsT*¢> (2.14)

- j: (S @) () (Txb)(x)dx, W, e H,.

Thus, we conclude that S« T = S#T. O
Next, some algebraic properties of the #-convolution are proved.

PROPOSITION 2.4. Let S,T € H), and R € 0, ,. Assume that (S,T) satisfies the
(P)-property. Then
(1) S#T =T#S.
(ii) (S#T)#R = S#(T#R).
(i) T#6, =T, where 6, represents the element of H, defined by

(Su,p) =2HT (u+1) lir(r)1+x"“"1/2¢>(x), ¢ € H,. (2.15)
x—
(iv) Sy (S#T) = (SuS)#T = S#(S,T), where S, denotes the Bessel operator x +~1/2D x
X2u+1DX7u71/2_

PROOF. (i) Itis clear that (T,S) has the (P)-property. Moreover, according to [15,
Prop. 3.5], for every ¢, ¢ € Hy,

((S#T) x @, ) = (S#T, Y x ) = ((S#T) x P, )

o0 (2.16)
— |, s (Trw) ) ax.

Hence, S#T = T#S.

(ii) By virtue of Proposition 2.3, the pair (S#T,R) satisfies the (P)-property and
(S#T)#R = (S#T) % R. Moreover, (S, T * R) has the (P)-property. Indeed, let ¢/, ¢ € H,,.
According to [15, Props. 4.3 and 4.7(i)], since (S, T) satisfies the (P)-property, we have

(S*xy)((T*R)*x¢p) = (S*xy)(T*(R*¢)) €L1(0,00), (2.17)



136 JORGE J. BETANCOR

and

JO T ((T%R) % ) (1) (S5 @) () dy
- jo T (T (R% ) (1) (S % @) () dy

- L (T% (R% $)) () Tx (S % @) () dy

= [(reR kRIS K () Ay, x €O,

Also, we can write by [15, Props. 3.5 and 4.7(i)], for each ¢,y € H,

(((S#T) % R) x ¢, ) = ((S#T) * (Rx ), )
= (S#T,(R*x ) * ¢)
= ((S#T) * ¢,R * ¢)

- L (S %) () (T % (R % ) (x) dx
= JO (S*([/)(x)((T*R)*(I))(X)dX.

Thus, we conclude that (S#T) x*R = S#(T % R).

(iii) It is immediately deduced from [15, Prop. 4.7(iv)] and Proposition 2.3.

(2.18)

(2.19)

(iv) Since (S,T) has the (P)-property, (S,S,T) and (S,S,T) also satisfy the same
property. Indeed, let ,¢ € H,. Then, since the Bessel operator S, is a continuous

operator from H, into itself [19, Lem. 5.3-3], by [15, Prop. 4.7(iii)],
((SuS) * W) (T x ) = (S * (SuY)) (T * ) € L1(0,00),
and
[, T T 9 (5,5 9 1y
- [ T (55 S ) dy

- L (T ) (1) Tx (S % (Suu)) () dy

= L (T*P) (V)T ((SuS) *x @) (¥)dy, x € (0,0).

Moreover, by [15, Prop. 2.2(ii)], we get
(Su(S#T) % @, ) = (S (S#T),w x ) = (SHT,(Syy) * )

= [ S S (T ) ) dx

= J: ((SuS) *x ) (xX)(T*xp)(x)dx, @, e H,.

Hence, S, (S#T) = (SuS)#T.
To complete the proof of (iv), it is sufficient to take into account (i).

(2.20)

(2.21)
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Our next objective is to prove an interchange formula that relates the Hankel trans-
formation h;, to the #-convolution.

First, we need to define the product T - S of T and S belonging to Hj,.

As in [4], we say that a sequence {k,}nen C By is a Hankel approximated identity
when the following three conditions hold for every n € N:

(i) kn(x) =0, x €(0,00);

(i) kn(x)=0,x¢ ((1/n+1),(1/n));

(i) fo/" kn (x)XH 12 dx = 2HT (u+1).

Three useful properties of the Hankel approximated identities follow.

PROPOSITION 2.5 ([2, Prop. 1] and [6, proof of Prop. 2.4, p. 1148]). Let {k,}nen be
a Hankel approximated identity. Then, we have
(i) Foreverya >0,y * 12h,(ky)(y)— 1, asn — o, uniformly in (0,a), and there
exists M > 0 such that | y=+=12h, (ky) ()| <M, neN and y € (0,).
(if) Forevery ¢ € Hy, knx ¢ — ¢p, asn — o, in Hy,.
(iii) Forevery T € H),, T *ky — T, asn — oo, in the strong topology of H,,.

Let T and S be in H,. We say that R € By, is the product x #~/2T - § and we write R =
x~H-1/2T .S if for every Hankel approximated identity {k, }nen, X " Y2(T % k,)S — R
and x #~12(Sxk,)T — R, as n — o, in the weak* topology of Bj,.

Note that if T, S € H;, and there exists the product x #~1/2T - S of T and S, then
also there exists the product x #~1/25.T of S and T, and x # 1/2T.§ = x #-1/25. T,
Moreover, if T € H, and S € H;l, then

(x#PT -8, ) = (S, xHTPT ), b€ By (2.22)

Indeed, let {k; },en be a Hankel approximated identity. Then we have, by Proposition
2.5(ii) and (iii),

(xHVA(THkn)S, ) = (S,x 2T xkp)p) — (S, x *'°T¢p), asn— oo,

(x HV2(Sxkn) T, ) = (Skkn,x H12Th) — (S,x 12T¢), asn— ,
(2.23)

for every ¢ € B,,.
Hence, the product that we have defined between two elements of H L’, extends the
usual product of a function in Hy by a distribution in H,,.

PROPOSITION 2.6 (The interchange formula). Let S,T € H,,. Assume that the pair
(S8,T) has the (P)-property. Then, we have

h, (S#T) = x *"Y2h,(S) - h, (T). (2.24)
PROOF. We only have to prove that, for every ¢ € By,
(xTH2 (hy, (S) % kn)hy (T), ) — (hy, (S#T), ), asn — oo, (2.25)

where {k, },en is @ Hankel approximated identity.
Let ¢ € B, and let {k,}»cn be a Hankel approximated identity. There exists a > 0
such that ¢ € By 4. Choose b > a and x € B, such that x(x) = x#*1/2, x € (0,b).
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According to [19, Thm. 5.4-1], h,(¢) € H, and h,(Xx) € H,. Hence, since (S,T) has
the (P)-property, from Proposition 2.5(i), it follows that

[ (5 ma(@) 0 (T (0 ()

[

= lim . (Sxhyu () (xX)(T*hyu (X)) ()xH V2R, (ky) (x) dx.

(2.26)

Suppose that {x;, }.en is also a Hankel approximated identity. By [15, Prop. 4.5], we
can write

(H 2y (o) (S % Ry (), (T # () x7H7 2Ry (k) )
= (2 Ry (oom) (S e ())) (T 5y (0) x4 2 hy (k) (2.27)
= ((xH12PR(S)) * Otm, (x HV2xR,(T)) xkn), N, meN.
Since (T * hy (x))x #'2h,(ky) € H, ([15, Prop. 3.5]), n € N, also (x#~1/2xh, (T)) *
k. € Hy, n € N. Hence, by Proposition 2.5(iii), we have, for each n € N,
((xH12ph;, (S)) * Cm, (X H2xh, (T)) % kn)
— (X THR PR (8), (x H 2R, (T)) % ky), asm — oo, (228

Moreover, since (S, T) has the (P)-property and according to Proposition 2.5(i), one
has, for every n € N,

(X2 (otm) (S * hyu (), (T Ry (X)) x 7712 hyy (k) )

= L XTH 2Ry (06n) () (S * iy () () (T x hy (X)) ()X H7Y2 Ry, (k) (x) dx

[ () () (T (0) ()32 ) ()

= (Sxhy(P), (T*hu(x))x #2h,(ky)), asm — .
(2.29)

Hence, for every n € N,

(Sxhy(P),(Txhy(x))x ™ 2 hy(kn))

2.30
= (xR Ph(S), (xTHTH X, (T)) * kn). 230

On the other hand, since x(x) = x#*+1/2 x € (0,b), being b > a, there exists ng € N
such that

(x B2 (), (x 12X (T)) K k)

2.31
= (h,(S),x *12¢(h,(T)xky)) forevery n > ny. @3D

Moreover, according to [15, Prop. 3.5],
(hy (S#T), ) = (S#T,hy(Pp)) = (S#T,hy(x H12xp)) 2.32)

= (S#T,hy () x hy (X)) = ((S#T) * hy (), hu(X)).
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By combining (2.26), (2.30), and (2.32), it follows that
(h, (S#T),$) = ((S#T) * hyy (), hy (X))

= lim L (Skhu(P)) () (T *hyu(x)) (xX)xHV2hy,(ky) (x)dx  (2.33)
= lim (x™#72RG (8) (hy, (T) % k), ).
Thus, the proof is complete. O
REMARK. Propositions 2.4 and 2.6 are extensions of [15, Props. 4.5 and 4.7].
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