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A NOTE ON CENTRALIZERS
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ABSTRACT. For prime rings R, we characterize the set UNCgr([U,U]), where U is a right
ideal of R; and we apply our result to obtain a commutativity-or-finiteness theorem. We
include extensions to semiprime rings.
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Let R be an arbitrary ring with center Z. For x,y € R, denote by [x,y] the com-
mutator xy — yx; and for an arbitrary nonempty subset S of R, denote by [S,S]
the set {[x,y] | x,y € S}. Denote by Cg(S) the centralizer of S in R—i.e., the set
{xeR|[x,s]=0forallseS}.

Itis proved in [2] that if R is semiprime and I is anonzero ideal of R, then Cg ([1,I]) <
Cr(I). Tt follows that C([I,I]) NI < Z, since in a semiprime ring R the center of a
nonzero right ideal is contained in the center of R. The first goal of this note is to study
the subring H = Cr([U,U]) N U, where R is prime or semiprime and U is a nonzero
right ideal. The information obtained is used to prove commutativity-or-finiteness
results extending [1, Theorem 3].

1. Preliminaries. We shall use standard notation for annihilators—that is, for a
nonempty subset S of R, A;(S) and A(S) will be the left and two-sided annihilators
of S. A subring S will be said to have finite index in R if (S, +) is of finite index in
(R,+). We shall use without explicit mention the commutator identities [xy,z] =
x[y,z]+[x,z]y and [x,yz] = y[x,z] +[x,y]z.

We begin with a revealing example.

EXAMPLE 1.1. Let F be an arbitrary field, let R be the ring of 2 x 2 matrices over
F, and let U = e;;R. Then R is prime, U is a right ideal, and [U,U] = F,,,. Note that
Cr([U,U])nU = Fey2» = A([U,U]) nU, and note that this set does not centralize U.
Thus, the result in [2] for two-sided ideals does not hold for one-sided ideals, even in
the case of prime rings.

2. The case of R prime

THEOREM 2.1. Let R be a prime ring, U a right ideal of R, and H = Cr([U,U])NU.
Then either H=UNZ, or H is a zero ring and H = A([U,U]) nU. In any case, H is a
commutative subring of R.
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PROOF. We begin as in the proof of [2, Lemma 1]. Let z € Cg([U,U]). Then for all
x,y €U, z[x,xy] = [x,xy]z; hence zx[x,yv] = x[x,y]z = xz[x,y] and therefore
[z,x][x,y] = 0. Replacing v by yz, we get [z,x]U[z,x] = {0} for all x € U; and
since [z,x]U is a nilpotent right ideal, we have [z,x]U = {0} for all z € Cr([U,U])
and x € U. Taking z € H, we obtain [z,x]z=0=z[z,x] for all z € H and x € U; and
replacing x by xv for arbitrary » € R yields zU[z,7] = {0}, hence

zUR[z,v]1=1{0} forallze Hand*» €R. (2.1)

Since R is prime, (2.1) shows that either z € Z or zU = {0}; hence H = (HN Z) U
(HNA;(U)). Since the abelian group H cannot be the union of two proper subgroups,
wehave H=HnZorH=HnNA;(U),sothat H< Z or H< A;(U). In the first case,
H is clearly equal to Un Z, so suppose H < A;(U). Since H < U, H? = {0}; moreover,
HcA([U,U])NCr([U,U]),so H< A([U,U]) and hence H = A([U,U])nU.

We now proceed to a commutativity-or-finiteness result. O

THEOREM 2.2. LetR be a prime ring and U a right ideal of finite index inR. If [U, U]
is finite, then R is either finite or commutative.

PROOF. Suppose that [U,U] = {x1,X2,...,Xm}. For each i = 1,2,...,m define ®; :
U — U by ®;(x) = [x;,x] for all x € U. Then ®;(U) is finite, hence Ker®; is of finite
index in U. Letting H = (", Ker®;, we see that H = UN Cg([U,U]) and that H is of
finite index in U. Now U is of finite index in R, so H is of finite index in R. It follows
by a theorem of Lewin [3] that H contains an ideal I of R which is also of finite index
in R. If I = {0}, then R is finite; if I + {0}, Theorem 2.1 implies that R has a nonzero
commutative ideal and hence R is commutative. O

3. The case of R semiprime. Let R be semiprime, U a right ideal, and H = U n
Cr([U,U]). Let {Py | x € A} be a collection of prime ideals such that NP, = {0}. Now
(2.1) holds in R, hence for each « € A and each z € H, either [z,R] € Py or zU < Py,.
Since each of these conditions defines an additive subgroup of H, we see that [H,R] <
Py or HU < Pg; therefore [H,H] < P for all x € A. Thus [H,H] = {0}—that is, H is a
commutative subring of R.

Revisiting the proof of Theorem 2.2, we see that in the semiprime case, either R
is finite or R contains a nonzero commutative ideal I. But in a semiprime ring, a
commutative ideal is central; hence we have the following extension of Theorem 2.2.

THEOREM 3.1. Let R be a semiprime ring and U a right ideal of finite index in R. If
[U,U] is finite, then either R is finite or R contains a nonzero central ideal.
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