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ON ALMOST INCREASING SEQUENCES
AND ITS APPLICATIONS
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ABSTRACT. We prove a general theorem on |N,py;8 |, summability factors, which gener-
alizes a theorem of Bor (1994) on |N, py|x summability factors, under weaker conditions
by using an almost increasing sequence.
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1. Introduction. Let > a, be a given infinite series with partial sums (s;). Let (py)
be a sequence of positive numbers such that

Pn:va—»oo asn—o, (Pi=p_;=0,i=1). (1.1)

1 n
Tp=2- > PusSv (1.2)

defines the sequence (T;,) of the (N, p,) mean of the sequence (s, ), generated by the
sequence of coefficients (p,) (see [4]). The series > a, is said to be summable |N, p, |,
k = 1, if (see [1])

® Pn k-1
Z (?) |AT, 1K < o0 (1.3)
n=1 n

and it is said to be summable |N,p,;8lx, k =1 and § = 0, if (see [2])

Sk+k—-1
) AT, 1K < oo, (1.4)

Z ( -
n=1 ]511
Where

n

Pn
ATy 1 =— P,_ > 1. 1.
n-1 PPy, vgl v-1Ay, N = (1.5)

In the special case when § = 0, (respectively, p,, = 1 for all values of n) |N,p,;5|x
summability is the same as |N,p, |x (respectively, |C,1;8|x) summability.
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Mishra and Srivastava [6] proved the following theorem for |C, 1|, summability.

THEOREM 1.1. Let (X,) be a positive nondecreasing sequence and let there be se-
quences (By) and (A,,) such that

|AAn | < By (1.6)
Bn—0 asn— oo, 1.7)
[An | Xn=0(1) asn — o, (1.8)
D> n|ABn| Xn < . (1.9)
n=1
If
21
E|sn;":o(xm) asm — o, (1.10)
n=1

then the series Y. ay Ay, is summable |C, 1|, k = 1.

Bor [3] has generalized Theorem 1.1 for |N, p,|x summability in the form of the
following theorem.

THEOREM 1.2. Let (Xy,) be a positive nondecreasing sequence and the sequences (B,,)
and (A,,) such that conditions (1.6), (1.7), (1.8), and (1.9) of Theorem 1.1 are satisfied.
Furthermore, if (py) is a sequence of positive numbers such that

w=0(npy) asn— o, (1.11)
m
D> Shsplk=0(Xm) asm — oo, (1.12)
Py

then the series > anAy is summable |N,pnli, k = 1.

It should be noted that, if we take p,, = 1 for all values of n, then condition (1.12)
will be reduced to condition (1.10). Also, it can be noticed that in this case condition
(1.11) is obvious.

2. The mainresult. The aim of this paper is to generalize Theorem 1.2 for [N, p,; 8|k
summability under weaker conditions. For this we need the concept of almost increas-
ing sequence. A positive sequence (b,,) is said to be almost increasing if there exists
a positive increasing sequence (c,) and two positive constants A and B such that
Acy < by, < Bcy,. Obviously every increasing sequence is almost increasing sequence
but the converse need not be true as can be seen from the example b,, = ne=D" So
we are weakening the hypotheses of Theorem 1.2 replacing the increasing sequence
by an almost increasing sequence.

Now, we will prove the following theorem.

THEOREM 2.1. Let (X,) be an almost increasing sequence and the sequences ()
and (A,,) such that conditions (1.6), (1.7), (1.8), and (1.9) of Theorem 1.1 are satisfied.
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If (pn) is a sequence such that condition (1.11) of Theorem 1.2 is satisfied and

i (P")ak_1|5n|k=0(xm) asm — oo, (2.1)
n=1
) () ) @2

then the series > anAy is summable |N,pn;S|x fork=1and0 <6 <1/k.

REMARK 2.2. It may be noted that if we take (X,) as a positive nondecreasing
sequence and 6 = 0 in this theorem, then we get Theorem 1.2. In this case, condition
(2.1) reduces to condition (1.12) and condition (2.2) reduces to

Pn 1
(1), 23
PnPn—l Pv ( )

00

n=v+l
which always holds.
We need the following lemma for the proof of our theorem.

LEMMA 2.3 (see [5]). Under the conditions on (X,), (Bn), and (A,,) as taken in the
statement of the theorem, the following conditions hold, when (1.9) is satisfied:

NnPnXn =0(1) asn — oo, (2.4)

[Me

BnXn < oo. (2.5)

n=1

PROOF OF THEOREM 2.1. Let (T;,) denotes the (N, p,,) mean of the series > a,A,
Then, by definition and changing the order of summation, we have

1z v 12
Tn = P Z pPv ZaiAi =P Z (Pn—Py_1)ayy. (2.6)
n ; n

Then, for n > 1, we have

Tn—Ty1 = > Pyiavdy. 2.7)

By Abel’s transformation, we have

Pn
Tn—Ty-1 = A(Py_1Ay A
n—In-1 Pnpn ! Z v-1Ay) Sy + Pnsn n
- (2.8)
= PnPn . Z pvstv+PnPn : ZPvSvAAv+P Sndn

= Tn,l + Tn,Z + Tn,3’
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where T, ;, i = 1,2,3, denotes the ith term in the sum. Since
k k k k
| T+ Tnz+ T < 3%(1 Tt [+ [ T2 |“+ | Tz ), (2.9)
to complete the proof of the theorem, it is enough to show that

o P Ok+k—1 X
> (p—”) | Tpy | <00 forr=1,2,3. (2.10)
=1 n

Now, when k > 1 applying Holder’s inequality with indices k and k', where 1/k+1/k’ =
1, we have

P Ok+k—1 m+1 P ok—1
(27 = 3 () ean) zmsvm |
n=2

Pn

k

m+1 n-1 k-1
G S (i )

v=1

m m+1 Sk—1
P, 1

—om Y puls NI Y ()5
v=1 n-1

n-v+l \Pn

m P ok—1 B
—om Y (34) Ise KAl A *!
v_1 \Pv

m P, 6k—1
DY () Islfal
v=1 ‘Pv

m-1 v P Sk—1 X
—om YAl Y () s
v=1 =1 \Pr

m P Ook-1
L0 Al X () Isul*
v=1 pv

m—1
=0(1) > AN | Xy +O0(1) | Am | Xm
v=1

m-—1

=0(1) > BuXu+O0(1) [ A | Xom

v=1

=0(1) asm — oo,
(2.11)

by virtue of the hypotheses of Theorem 1.2 and Lemma 2.3.
Since vB, = O(1/X,) by (2.4), using the fact that P, = O(vp,) by (1.11), and
|AA, | < By by (1.6), and after applying Holder’s inequality again, we have
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m+1 P, \ Skrk-1 X m+1 P, \ %1 k
< RTS8 RPN b WIS WY
n

n=2 p n=2 Pn v=1
m+1 P Sk—1 X n-1 k
=0(1) (l> (Pno1)” (vav3v|5v|>
n= \Pn v=1
mil p \Sk-1 1 n-l k=1
=0 Z ( ") = > B puls] ( Zvv)
neo> \Pn Py vl -

m m+1 ok—1
=0 Y (B pulsul* > (P*") Pnl—l

v=1 n=v+1 \Pn

—o0a ﬁ (vBy) (%)6k_1 |50 |¥

v=1 Pv
m-—1
=0(1) | v By |Xv +0(1)mMPBmXm
v=1
m-—1 m-1
=0(1) D v|ABy | Xy +0(1) D Bui1Xvs1 +O(1)MPmXm
v=1 v=1

=0(1) asm — oo,
(2.12)

by virtue of the hypotheses of Theorem 1.2 and Lemma 2.3.
Finally, using the fact that P, = O(vp,) by (1.11), as in Ty,1, we have

i (&)5k+k_l|Tn,3|k:O(1)i (P—">6k_1|5n|k|7\"|

no1 \Pn ne1 \Pn (2.13)
=0(1) asm — oo.

Therefore, we get (2.10) and this completes the proof of the theorem. O

If we take p, = 1 for all values of n in this theorem, then we get a result concerning
the |C,1;6|; summability factors.
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