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Simplest results presented here are the stability criteria of collocation methods for the
second-order Volterra integrodifferential equation (VIDE) by polynomial spline func-
tions. The polynomial spline collocation method is stable if all eigenvalues of a matrix are
in the unit disk and all eigenvalues with || = 1 belong to a 1 X 1 Jordan block. Also many
other conditions are derived depending upon the choice of collocation parameters used
in the solution procedure.

1. Introduction

In order to discuss the numerical stability, we consider the linear second-order Volterra
integrodifferential equation of the form

1

L -t
Y1) = q(6)+ S iy (1) + > jo ki(t,s)yD(s)ds, tel:=[0,T], (1.1)
i=0

i=0

with

yO0) =y,  yP(0) =y, (1.2)

where g: I = R, p;:I = R,and k;: D — R(i=0,1) (with D:= {(t,s): 0 <s <t < T}) are
given functions and are assumed to be (at least) continuous in the respective domains. For
more details of these equations, many other interesting methods for the approximated
solution and stability procedure are available in earlier literature [1, 2, 3, 4, 5, 6, 9, 10,
12, 13]. The above equation is usually known as basis test equation and is suggested by
Brunner and Lambert in [4]. Since then, it has been widely used for analyzing the stability
properties of various methods.

Second-order VIDEs of the above form (1.1) will be solved numerically using poly-
nomial spline spaces. In order to describe these approximating polynomial spline spaces,
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let [[y:0=1ty<t; <---<ty =T be the mesh for the interval I, and set

0= [tustur1],  hni=ty—te, n=0,1,...,N—1,
h=max{h,:0<n<N-1}, (mesh diameter), (1.3)
Zni=1{t,:n=12,..,N—1}, Zn =ZnU{T}.

Let 71,144 be the set of (real) polynomials of degree not exceeding m + d, where m > 1
and d = —1 are given integers. The solution to initial-value problem (1.1) will be approx-
imated by an element u in the polynomial spline space,

Sm+d(ZN) {1/{ = u(t)|tea,, = un(t) € MTptd>, N = 0,1,....,N—1,

()

G) (1.4)
w () = wi’ (t,) for j =0,1,...,d, t, € ZN};

that is, by a polynomial spline function of degree m + d which possesses the knots Zy
and is d times continuously differentiable on I. If d = —1, then the elements of S( b 1(ZN)
may have jump discontinuities at the knots Zy. There are many other papers which had
treated such problem using SO (Zy) and S% (Zy) [3, 4, 6] polynomial spline spaces.

According to Micula et al. [11], an element u € Sifid(ZN) has the following form (for
alln=0,1,...,N—1and t € 0,):

d uilr—)l(tn) r = d+r
u(t) = u,(t) = ZT(t—tn) + > an, (t—1,)"", (1.5)
r=0 : r=1
where
u’,(0) := [%”(t)]ko =y10), r=0,1,..,d. (1.6)

From (1.5), we see that the element u Sm +d(ZN) is well defined provided that the
coefficients {a,,},=1,..m foralln =0,1,...,N — 1 are known. In order to determine these

.....

coefficients, we consider a set of collocation parameters {c;};-1,.m> where 0 <¢; < -+ <
< 1, and define the set of collocation points as

N-1
X(N):=J Xy, with X,y := {tu :=ta+cijhy, j = 1,2,...,m}. (1.7)

n=0

The approximate solution u € Sijl 4(Zn) will be determined by imposing the condition
that u satisfies the initial-value problem (1.1) on X(N) and the initial conditions, that is,

W0 = )+ S p O +ijts 9ds, ViEX(N),  (18)

i=0

with
u(0) =y,  ul0) =y (1.9)

with a uniform mesh sequence {[ [y}, h, = h, foralln =0,1,...,N — 1.
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2. Numerical stability

In [7], Danciu studied the numerical stability of the collocation method for first-order
integrodifferential equations. He studied the behavior of the method as applied to the
initial-value problem integrodifferential test equation

t
Y () = q(8) + a0y (1) +vL y(s)ds, v#0. (2.1)

Equation (2.1) has been suggested by Brunner and Lambert in 1974 (see [4]), since then
it has been extensively used as a basis for investigating the stability properties of several
other methods.

In order to discuss the numerical stability for second-order integrodifferential equa-
tions, we study the numerical stability of the collocation spline method when applied to
the initial-value problem integrodifferential test equation of the following form:

Y () =qt) +ay(t) + oy (t) + vJO y(s)ds, v#0, (2.2)
y(0) =y, ¥y (0)=y, (23)

where a, a,, and » are constants, and the given function g: I — R is sufﬁciently smooth.
For simplicity, we use a polynomial spline collocation method in the space Sm M d(ZN),
as an (m,d)-method (see [8]).

Definition 2.1. An (m,d)-method is said to be stable if all solutions {u(#,)} remain
bounded, as n — o0, h — 0 while h,, remains fixed.

From (1.5), we observe that the first d + 1 coefficients of the u € Sm +d(ZN) are de-
termine by the smooth conditions, and then the collocation conditions can be used to
determine the last m coefficients. Thus, for convenience, we introduce the following no-
tations:

()
rl ’ (2.4)
Bn:= (ﬁn,r)r=1,...,m’ with f,, := an,rhdﬂ) n=0,1,...,N.

,,,, »  withn,, =

Using (2.4) in (1.5), for all t := t, + Th € 0,,, we have the following equation:
u(t) = uy (t, +h) Z Mg T+ Zﬁm , Vre(0,1],n=0,1,...,N. (2.5

By applying the collocation method to test (2.2) for the case d > 2 and using (2.5) we
have the following collocation equation:

VBy=Wn,+h*R,, Vn=0,1,...,N-1, (2.6)
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where V is the m X m matrix, W is the m X (d + 1) matrix, and R,, is the m-vector, whose
elements are given by

3
Viri= [(d+ r)(d+r—1)— (Xohzc§ - oclh(d+r)cj — 4((1 _:)]:+ D C?]c}j“‘z,
rvh3cj ifr=0,
W3
aoh’c; +V7612- ifr=1,
Wir = gl + 2a0he; 'L ¢ if r =
0 cJ+20c1 c]+v3c] ifr=2,
K . (2.7)
[aoh2cf+a1hrcj+vmc;—r(r— 1)]cj 2 if3<r<d,
r‘](to,j)_Q(to) ifn=0,
‘J(tn,j) - Q(tnfl,rn) g (tao1,m) =ty ()
R”’J' =) +0‘0[”an (tn) — Up-1 (tnfl,m)] ta [”;171 (tn) - ”;1—1 (tnfl,m)]
1
+vhj ty 1 (bn 1+ Th) dr ifn>0.
L Cm

By direct differentiation of (2.5) and using the smooth conditions of the approxima-
tion u € Siﬂd(ZN), we get a relationship between vector 7,41 and vectors 7, and f3,, as
follows:

Hn1 = Ay + BBy, Vn=0,1,....N—1, (2.8)

where A is the (d + 1) X (d + 1) upper triangular matrix and B is the (d + 1) X m matrix,
whose elements are given by

0 if1’<j, <d+r> (29)

1= (:) ifr=j, bir=

For h small enough, the matrix V is invertible since the determinant of V is a
Vandermonde-type determinant for & = 0. Hence from (2.6) and (2.8), we have

fne1 = Aty + BV W, + W2R,]

2.10
= (A+BV 'W)n,+h*BV 'R, (2.10)

Thus we have the following recurrence relation:
Hue1 = My, + W*BV IR, (2.11)

where

M:=A+BV~'W. (2.12)
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Therefore, we have the following theorem which represents a stability criterion for the
present method. The proof of this theorem is quite similar to the proof given by Danciu
[7] for first-order VIDEs.

THEOREM 2.2. An (m,d)-method is stable if and only if all eigenvalues of matrix M = A +
BV ='W are in the unit disk and all eigenvalues with || = 1 belong to a 1 X 1 Jordan block.

Remark 2.3. Note that the dimension of the matrix M is d + 1. Moreover, if we denote by

M the matrix M with h = 0, and by A(?)-and A the eigenvalues of My and M, respectively,

then it follows that the matrix My has /150) = Ag"’ = /lgo) =1,form=>1andd=>2.

3. Applications

In this section, we will investigate the following special cases.
(I) For the case d = 2, the approximation space is Si,z,iZ(ZN). From Theorem 2.2 and
Remark 2.3, we have the following theorem.

Tueorem 3.1. For every choice of the collocation parameters {c;} j-1,m, an (m,2)-method is
stable for allm > 1.

(IT) For the case m = 1, this choice of m corresponds to a classical spline function, that
is, the approximate solution u € Si‘i)d(ZN). Using notations from Remark 2.3 (i.e., M is
the matrix M with k = 0, and 1(9) and A are the respective eigenvalues of My and M), we
have

A =20+ 0(h). (3.1)

If ¢; € (0,1] is the collocation parameter, then for all d > 1, using the binomial expansion,
we find that for matrix M, the trace is,

1 114!

TI‘(M())=d+2+m—(1+—) . (32)
(o] C1

As regard the stability of the spline collocation method, we have the following result.

THEOREM 3.2. A (1,d)-method is stable if and only if one of the following conditions is true:
(i) d=2andc €(0,1],
(i) d=3andc, = 1.

Proof. For the case d = 2, this theorem follows from Theorem 3.1. If d = 3, then the
fourth eigenvalue of M, is )Lio) =1-(2/c;) < -1 for ¢; € (0,1], and its absolute value
is 1, ifand only if ¢; = 1. If d = 4, then setting p = d — 1 in (3.2), we have

1 1\?
Tr(Mo):p+3+g—<1+a) , (3.3)

soifd >4 and ¢; € (0,1], then

00 <Tr(My) < —p=—(d—1). (3.4)
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Since Tr(Mg) = A\ + A3 + - - - +/1£(10+)1 <—d+1,and \” = 1, it results that there exists an
eigenvalue (¥ whose value is smaller than —1. If d = 4 then from (3.2), )Lio) + )téo) < —4,
and therefore /L&O) <-1lor /léo) < —1. Thus from Theorem 2.2 we have that, for d > 4, a
(1,d)-method is unstable for any choice of the collocation parameter ¢; € (0,1]. O

(IIT) For m = 2, we can prove the following result but the proof is the same as in [7].

THEOREM 3.3. Let 0 < ¢; < ¢c; < 1 be the collocation parameters, then
(1) a (2,2)-method is stable for every choice of the collocation parameters,
(ii) a (2,3)-method is stable if and only if c; + ¢, = 3/2,
(iii) if c; = 1, then a (2,d)-method is unstable for all d > 4.

(IV) For the case d = 3, the approximation u € S$l3(ZN) and the dimension of the
matrix M is 4 and its first p + 1 eigenvalues are A(lo) = )é(’) = /\go) = 1. To compute the
fourth eigenvalue, we need the following results. But, first we introduce the following
notations:

m
Sk = Sk(cts..oscm) = Z cici, ¢y, forl<k<m,
1<i)<---<ix<m
(3.5)
S() = So(C],...,Cm) = 1,
Skji=Sk(CsesCim15Cjs15.sCm), forl<k<=m-1,1<j<m.
LEMMA 3.4. Let0< ¢ <cy < -+ <cy < 1 be the collocation parameters, then
2 i1 i+l
I g g - q ¢l o
1 ) C% - (:1271 C12+1 . C;” m
. =Sui [ (-a)  (36)
. I<k<j<m
2 i1 i+l m
1 o ¢ o Co Cm

Proof. We will prove the lemma by induction on the dimension of the matrix, starting
with 2 X 2 matrices. For the 2 X 2 matrices, the result is clearly true. For m X m matrices
(m > 2), we define

1 C1 C% - Czl_l C11+1 - C;n
1 (o) C% - Clz_l C12+1 - C;”
f)=r : : : : : E (3.7)
2 i—1 i+1 m
L o Cm-1 """ Cm-1 Cpm—1 """ Gy
1 x xz xz—l xz+1 . XM
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Note that
1 1 C% - 6171 Cll+l - C’In
1 c) C% - Cg_l C§+1 - an
= f(cm)- (3.8)
1 ocm €3 -+ cb (it cm
Now, since f(c1) = f(c2) =+ -+ = f(cm—1) = 0, we have
m—1
f)=alx-b[] (x-c), (3.9)
i=1
where g, b are constants to be determined. By the induction hypothesis, we obtain
m—1
a=Su_1-i(clr...sCm-1) H (cj—cx)- (3.10)
k<j
Moreover, from (3.9),
f(0)=a(=1)"cicy- - cm-1b. (3.11)

On the other hand, from the definition of f and by the induction hypothesis, we have

C1 C% P Clifl Cll+1 P C’i”
C2 C% P Céfl C12+1 - C;n
f(0) = (-1)™*!
A (3.12)
Cm-1 Cfn—l T Clm—ll Clr;ll Tt O
m—1
=(=1D)"™"crcp - cmo1Sm—i(ClyenesCmot) 1_[ (¢j—cx).
k<j
Thus, from (3.11) and (3.12), we have
m—1
—ab=Sp-i(ct,..rem-1) [ | (¢j — ), (3.13)
k<j
and so
m—1
flem) =alc
i=1
m—1
= [Cmsm—l—i(clx---:cm—l) 1_[ (Cj _Ck) (3.14)
k<j

+Sm_,~(cl,...,cm_1)rﬁ (¢ —ck):| T (em —ci)-

k<j i=1
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However, since

Cmsm—lfi(cl) 5 Cm— l) +Sm I(CI)---)Cmfl) = Sm—i(cl)---’cm) = Sm—i)

m—1 m—1 m
(3.15)
1_[ _Ck 1_[ n(cj_ck)>
k<j i=1 k<j
we have
m
fcm) :Smfil_[(cj_ck)) (3.16)
k<j
which proves the lemma. O

Remark 3.5. Note that in Lemma 3.4, if i = m, then we have the Vandermonde determi-
nant.

COROLLARY 3.6. Let Vy be the matrix V with h =0, d = 3, that is, Vy is the m X m matrix
whose elements are

(Vo);, = ((r+3)(r+2))Ci*". (3.17)

Then, V! is the matrix whose elements are

(VoD = s (18, Sy [ (—a) [] (k+2)(Kk+3), (3.18)

det (Vo) I<k,(Lk4j) k=1,(k#r)
where
det (V) = [n(k+2)(k+3)n(ck—q)}82m. (3.19)
k=1 I<k
Proof. From Lemma 3.4, we have
det (Vo) = []‘[ (k+2)(k+3) l_[(ck—cl)}an. (3.20)
k=1 1<k
Now
1 Adj(Vo)

vyl = det (V)" (3.21)
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where Adj(Vy) is the adjoint matrix of Vj, however,

Adj(Vo),; = (=D, [T (k+2)(k+3)

k=1,(k#r)
1 ¢ a2 !
1 o ¢ a7 !
: : : (3.22)
2 r—2 r m—1
X |1 cj-1 ¢y €1 € Cio1
2 r—2 r m—1
L ¢ cjn Ciri  Cjn €l
1 cn c it cm-l

Again, by Lemma 3.4 and using relations

Sm-1-(r—1) (€150 5Cj=15Cj15-56m) = Sm—r (C1r-- s €= 1>Cj415-w5Cm) = Sm—r,jp  (3.23)

we have
1 ¢ o a? o e gt
1 (o) C% P C572 CE P C£n71
: : : : : m
1 ¢ 6]2-_1 C;Zf Gy e c;”__ll =Sm-rj || (x—c). (3.24)
2 -2 ~1 .
L cjinn cjp il Gttt G I<hbk£])
1 cn c =t cm-l
Thus,
1 ‘ i
(Vo'),,; = det (Vo) (DS 1 iSmrj |1 (a—a) [] (k+2)(k+3), (3.25)
0 I<ky(Lk#j) k=1,(k#r)
which completes the proof of the corollary. O

Now, we can derive a formula for computing the p + 2-eigenvalue of the matrix Mo.

THEOREM 3.7. For the case d = 3 and m = 1, the p + 2-eigenvalue of My can be computed
by using the following relation:

/15;0) _ S —2Sm_1+3Sm_2+ - +S(—1)’”*1m81 +(=1)"™(m+ 1)' (3.26)
m
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Proof. Let V, and W, be the matrices V and W, respectively, with h = 0, then for d = 3,

W) is an m X 4 matrix whose elements are given by

(W) . 0 ifr=0,1,2,
07 jor = —6cj ifr=3.

Now, the fourth eigenvalue of My = A+ BV, ' Wy is
m
A =14+ (B)ay (Vo ' Wo), 4

From (2.8), the entries of the last row of matrix B are

(B)a, = (T) .

Moreover, from (3.27) and Corollary 3.6, we have

(V(;l WO ) r’4 |: (r+])SZ l,jsm—r,j Cj
m
x [] (x-a) J] (k+2)(k+3)].
I<k,(Lk#7) k=1,(k#r)
Therefore,

20 _ < < 3+1’ 1)(r+j+h)
4 det Z Z ) Sm 1]Sm rjCj

r:1]:1

x [ (a-a) ][] (k+2)(k+3)].

I<k,(Lk# ) k=1,(k#r)
By using relations

2
C]'Sf’nfl,j = S Smfl j,

6(3;’> [] (+2)(k+3) = r+1]f[k+2)k+3)

k=1,(k#r)

and det(V)), the above expression can be simplified as follows:

M =14

S [ i<k (cx — 1)

Z:H:I( 1) (r+1)z ( 1) JH)Sm l] m— r]l_[l<k (Lk#3j) (Ck—Cl)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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However, from Lemma 3.4, we have

1 1 C% - qul Cq+l - an
m A 1 ¢ & - ot gttt o
Z(_l)(frl)smfl,jsmfr,j 1—[ (Ck_Cl) = . .
j=1 <k (Lk ) : :
1 cn ¢ - ¢t it cm
m
=Spm_r l—[ (ck — ).
I<k
(3.34)
Hence,
0 S (=D (r+ 1)Sm-
A;_Zz =1+ r=1 Sm m—r
m. o q\r
_ Zr:O( l)s(r+ l)sm—r (335)
m
Sm—28m-1+3Sm—2+ -+ (=1)"ImS; +(-1)"(m+1)
= Sm b
which concludes the proof of Theorem 3.7. O

Remark 3.8. Theorem 3.7 proves the conjecture asserted by Danciu [7] for first-order
integrodifferential equations (p = 1,d = 2).

As an application to Theorem 3.7, we can prove the following results. The proofs are
quite similar to [7] for the first-order Volterra integrodifferential equation.

COROLLARY 3.9. An (m,3)-method is stable if and only if

[d/de(t- Ru(®)]ie | _

R,,(0) <1, (3.36)

where R,,(t) is the polynomial of degree m whose zeroes are the collocation parameters

Regarding the stability of local superconvergent solution u € 35314(2”), we have the
following corollary.

.....

,,,,,

then (m,3)-method is unstable for m > 2.

(iii) If the collocation parameters {c;}-1,..m are the Gauss points in the interval (0,1],
then (m,3)-method is unstable for m = 2.
terval (0,1) and the last collocation parameter is ¢, = 1, then (m,3)-method is stable for
m=2.
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4. Stability of S\v (Z,,)

In this section, we will investigate the stability when d = 0.
From (2.5), the restriction of u € S (Z,) to the subinterval g,, is given by

m
u(t) = uy(ty +th) = uy_1 (t,) + Z[SMT’, fort€ (0,1}, n=0,1,....,N—1.  (4.1)
r=1
If we denote by u,,; and by u},,, the vectors with m elements

T " T

tnet = (Un(ta+¢h) iy o tfer o= (U (tnt ch)) iy (4.2)

then from (4.1), we obtain
Upe1 = (L1,..., )T, (t,) + EByy  forn=0,1,...,N -1, (4.3)
u,,, =h?E"B,, forn=0,1,...,N—1. (4.4)

Here the matrices E and E” are m X m matrices defined by E := (c})j,r:hm,m and E" :=

In this case, the collocation equation becomes
VB = 2W (tpy (1), ity (£a)s sy (t2)) " +H2Ry, (4.5)

forn=0,1...,N — 1, where W’ is the m X 3 matrix whose elements are

vhe; ifr=1,
(W)jri=q-—ar ifr=2, (4.6)
1 if r =3,

and the matrix V and the vector R,, are defined in (2.6) when d = 0.
Since V = E” + O(h), the elimination of 3, between (4.4) and (4.5) yields
() = (1+O(h) uy,_ () + (1+O(h)) uy_y (£4)
+O(h)tn-1(ta) + (1+O(h)) Ry, (4.7)
forj=1,2,....m (n=0,1,....N—1).

For 7 € [0, 1], the second derivatives of the approximation u € S\ (Z,) may be written
in the form

u, (t+th) = zLj(T)u;'(t,,,j), forn=0,1,....,N -1, (4.8)
j=1
where
y (1—c) .
Li(t):= 1_[ , forj=0,1,...,m, (4.9)
= Litj (¢j—ci)
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are the Lagrange fundamental polynomials associated with the collocation parameters

{c;j}j=1,m- Now, replacing u” (¢, ;) in (4.8) with its values given by (4.7), for n = 0,1,...,
N — 1, we obtain

u;'<tn+1)=(1+o<h>>(,,l(tn )+ 5 1>Rﬂj)

(4.10)
+O(h)up_1 (t,), forj= 1,2,...,m (n=0,1,...,N—1).
By integrating relation (4.8), for T € [0,1], and using relation (4.7), we obtain
Uy (tne1) = h(1+Oh)uy_ (tn) + (L+h(1+ O(h)) )uy, (tn)
+hO(h)u,—1(t,) + h(1+O(h)) Ll (éLj(r)Rn,j) dr, (4.11)

forj=1,2,....m (n=0,1,...,N—1).
Integrating (4.8) one more time and using relation (4.7) yields
n (tn1) = W (1+ O(R)) (- (ta) + 1,y (1)) + (1 4+ H2O(R)) -1 (t)
+12(140(h)) Ll J:(iLj(T)Rn,j) drds, (4.12)
=1
forj=1,2,....m (n i 0,1,...,N —1).

Equations (4.7), (4.11), and (4.12) together form a system which may be written in the
form

un(tn+1) un—l(tn)
() | =M |41 (6) |+ (HOMIR, form=0,1, N1, (813)
u

;,(tnﬂ) u;l,—l(tn)

where

ho(h)  (1+h(1+0(h))  h(1+O(h))

(1+h*0O(h)) h2(1+O(h)) R (1+0(h))
M =
( O(h) (1+0(h)) (1+0(h)) )

h2jl JS (iLJ-(T)RM) drds

| o (Sem )

Z (DR

(4.14)

Equation (4.13) has the same form as (2.11). Since h = 0 implies that the matrix M’
has eigenvalues A} = A, = 15 = 1, we can prove the following theorem.
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.....

is stable for all m > 1.

5. Stability of S\, (Z,,)

In this section, we will investigate the stability when d = 1.
From (2.5), the restriction of u € S(,,Brl (Zy) to the subinterval o, is given by

m

u(t) = un(t+7h) =1 (ta) + 1) () T+ D Buy7™,

r=1

forte€(0,1], n=0,1,...,N — 1.
In this case, the collocation equation becomes
rr ’ rr T
VBu=WW" (up-1(tn), up,_y (tn), 1ty (ta)) " +H* Ry,

forn=0,1...,N — 1, where W"' is the m X 3 matrix whose elements are

’Vth ifr = 1,

vhe;
(W”)j,riz th((Xo'l'T]) ifr=2,
1 ifr =3,

and the matrix V and the vector R, are defined in (2.6) when d = 1.
Using the same procedure as in Section 4, we can derive the system

un(tﬂﬂ) unfl(tn)

) (ty1) | =M | up_ () |+ (1+O(h))R",, forn=0,1,...,N—1,
uy (tns1) Uy (tn)

where

hO(h)  1+hO(h)  h(1+O0(h))
O(h) O(h) 1+0(h)

1 rs m
% f ( Lj(T)Rn,j) dr ds
—1

0J0

(1+h20(h) hW20(h) h2(1+O(h)))
M”: bl

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

Equation (5.4) has the same form as (2.11). Since h = 0 implies that the matrix M"

has eigenvalues A} = A, = 15 = 1, we can prove the following theorem.
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.....

is stable for all m= 1.

6. Numerical examples

The (3,d)-method is tested using the following three examples in the interval [0,1] with
step size h = 0.05. The following notations will be used in the presentation.

er:=|y(t) —u(t)], ens = | y(0.5) —u(0.5) ], en:=|y(1)—u(l)], (6.1)

where u € 8¢, ,(Z,) is the approximate solution.

Example 6.1. Consider the following integrodifferential equation of second order:

yo=1+ 20l Yo y0=2  yo=2, (6.2)

where y(#) = 2¢' is the exact solution.

Example 6.2. Consider the following integrodifferential equation of second order:

t
y'(t)=q(t) - 16)/ "(t)+ Jo t*sy'(s)ds, y(0) =1, y'(0) =4, (6.3)

where g(t) is chosen so that y(t) = sin4t is the exact solution.

Example 6.3. Consider the following integrodifferential equation of second order:

Y (£) = g0+ pr(B)y (1) + pa(b)y j y(s)d
t (6.4)
+J ts*y'(s)ds, y(0) =2, y'(0) =
0
with
pi(t)=—+2t—1,  py(t)=1-2¢, (6.5)

where ¢(t) is chosen so that y(¢) = 1 +cost is the exact solution.

(a) If the collocation parameters are uniformly distributed, that is, ¢; = 1/3, ¢; = 2/3,
and c3 = 1, then we have Tables 6.1, 6.2, and 6.3 corresponding to Examples 6.1,
6.2, and 6.3, respectively.

(b) If the collocation parameters are the Radau II points, that is, ¢; = (4 — 1/6)/10,
¢, = (44+/6)/10, and c; = 1, then we have Tables 6.4, 6.5, and 6.6 corresponding
to Examples 6.1, 6.2, and 6.3, respectively.

(c) If the collocation parameters are the Gauss points, that is, ¢; = (5 — +/15)/10, ¢; =
1/2, and ¢; = (5+ +/15)/10, then we have Tables 6.7, 6.8, and 6.9 corresponding
to Examples 6.1, 6.2, and 6.3, respectively.

(d) If the first two collocation parameters are the Gauss points, that is, ¢; = (3 —
3)/6, ¢c; = (3++/3)/6, and c¢3 = 1, then we have Tables 6.10, 6.11, and 6.12 cor-
responding to Examples 6.1, 6.2, and 6.3, respectively.
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Table 6.1. Approximate error for Example 6.1.

d e EN/2 eN

2 0 0 1.00 x 1077
3 0 1.00 x 107 3.00x 107°
4 0 2.40 x 10'° 1.46 x 1038

Table 6.2. Approximate error for Example 6.2.

d € EN/2 eN

2 1.3x107° 3.32x107* 2.10x 1073
3 3.00x10710 3.32x107* 2.11x1073
4 3.00%x10710 420x 108 2.56 X 10*!

Table 6.3. Approximate error for Example 6.3.

d €1 EN/2 eN

2 0 8.36x107° 1.04x 1073
3 1.00x10710 8.35x107° 1.04x 1073
4 0 2.02 x 10"2 1.24 x 10%

Table 6.4. Approximate error for Example 6.1.

d €] en/2 eN

2 0 0 7.00 x 107°
3 0 7.35%x107* 6.23x 108
4 0 8.02 x 105 7.81 x 109

Table 6.5. Approximate error for Example 6.2.

d (4] eny2 en

2 1.40x107° 3.32x10°* 2.1x1073
3 2.00x10°1 4.52x1072 3.87 x 1010
4 8.00x10°1 5.61 x 10% 5.48 x 10%

Table 6.6. Approximate error for Example 6.3.

d e en/2 eN

2 0 8.36 X 107° 1.04x 1073
3 1.00x107! 8.55x 1073 7.34 % 10°
4 3.00x10710 2.34 x 107 2.28 x 109

From these numerical examples, we observe that a (3,d)-method is stable for d = 2 and
it is unstable for d = 4. In the case d = 3, this method is stable if the collocation parame-
ters are uniformly distributed (i.e., ¢j := j/3, for j = 1,2,3) asin case a, or ¢; = (3 —/3)/6,
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Table 6.7. Approximate error for Example 6.1.

d €1 EN/2 eN

2 1.55x107° 2.55x 1073 2.46 X 1072
3 9.30x10°° 7.84 x 10% 1.80 x 10°¢
4 1.01x107* 5.42 x 102 5.03 x 10'1¢

Table 6.8. Approximate error for Example 6.2.

d €1 EN/2 eN

2 1.6 x107° 3.59x107* 1.00x 107*
3 1.10x107° 4.19x 10V 3.78 X 103
4 9.40x107° 4.80 x 10% 4.47 x 10112

Table 6.9. Approximate error for Example 6.3.

d €1 EN/2 eN

2 0 4.83%x 1073 3.65x 1072
3 0 3.40 x 105 1.44 x 10
4 2.00x107* 9.96 x 10 9.40 x 1011°

Table 6.10. Approximate error for Example 6.1.

d e eny/2 en

2 1.00x107° 4.00x107° 1.20x 1078
3 0 0 7.00 x 107°
4 0 4.45x 1013 5.12 x 104

Table 6.11. Approximate error for Example 6.2.

d e eny en

2 1.10x107° 3.32x107* 2.11x1073
3
4

6.00 x 10710 3.32x 1074 2.11x 1073
3.00x 10710 5.43 x 10'° 6.26 x 10%°

Table 6.12. Approximate error for Example 6.3.

d €1 EN/2 eN

2 0 8.36 X 107° 1.04x 1073
3 1.00x1071° 8.36 X 107° 1.04x 1073
4 1.00x10710 3.06 x 10%° 3.54 X 10%

¢ =(3++/3)/6, and c3 = 1 as in case (d). These examples illustrate the conclusions of
Theorem 5.1.
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