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Starting from the power series expansions of (sin”' x)4, for 1 < g < 4, formulae are ob-
tained for the sum of several infinite series. Some of these evaluations involve {(3)
1. Introduction
n [10], Choe deduced the formula
2

Z%_l (11)

from the power series expansion of sin '(x) (see also [1, 16]). By applying a general-
ization of the procedure used by Choe to the power series expansions of (sin™' x)4 for
1 < g <4, we obtain explicit formulae for the sum of several infinite series, see (2.1),
(2.2), (2.3), (2.4), (2.5), and (2.6). For other applications based on the procedure used by
Choe, see [11, 12, 17].

2. Main results

Let m denote an integer. For m > 0, we have the following theorems.

THEOREM 2.1.

et L S0

n
= |- (2.1)
k=0 2k +1)( 2k+2m+1)<2k+2m) d

THEOREM 2.2.

00 2k+2m>
Z ( k+m
k(%)

k=1

i (2m> (2’”)%2. (2.2)

r=1
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THEOREM 2.3.
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THEOREM 2.4.
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In addition, we have the following theorems.

THEOREM 2.5.

Z k(2k+1 Z 1)2 = 7 log2-5¢0),
2

- 1 1 7 3
2 (k+1)(2k+1)j§j_2 = 3 log2= (0.

THEOREM 2.6.

2

d k 1 m
§ (k+1)(2k+1)(2k—1) ;]_2 - _%+§1°g2+_1°g2_ G

In (2.5) and (2.6), { represents the Riemann zeta function.
The following result in [14] (m = 0) should be compared with (2.1) :

s

(Zkk) o (2m>2
o (2k+2m+1)(2k+4m+ 1) (30m) -~ 28m3 \m )

k+2m

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

Also, the series appearing above in (2.3), (2.4), (2.5), and (2.6) bear some resemblance
to Euler sums (see, e.g., [3, 4, 5, 9]). A very broad generalization which generalizes both
Euler sums and polylogarithms is studied in [6]. For other interesting evaluations of series

involving binomial coefficients, see, for example, [7, 8, 15, 18].
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3. Proofs of Theorems 2.1, 2.2, 2.3, and 2.4

The power series expansions of (sin~'x)4 for 1 < g < 4 (valid for |x| < 1) are given by
(see [10], [2, pages 262-263])

(3.1)

(sin'x)* =3 2 1) o2
P <2k> o7 (k+1)(2k+1)"

Multiplying each of (3.1) by x>™, where m is an integer, putting x = sin 6 and integrating
with respect to 8 from 6 =0 to 6 = 7/2, and using the well-known results (valid for
nonnegative integers p)

/2 22p
| sinertode - 2,
0 p+1)( If)
(3.2)
/2 2 (2p) T
Jo sin‘?0do = ETIEL
we obtain
/2 ) , i (zkk)
Osin”" 0dO = 2°™ , m=0, (3.3)
L S 2k +1)(2k +2m+1) (%)
- o (2£+2m)
2m +m
Jo 0%sin“"0do = 22m+2 Z k2<2k) , m=—1, (3.4)

2 2 2m1y S <2kk> :
6% sin®" 0d6O = 3 (2% , > -1,
Jo n Z 2k+1)(2k+2m+1)(2k+2”’>g‘1 1)2 "

<2k+2m+2)
k+m+1

/2 *
6*sin*" 0dO =
L 22m+3,§1(k+1)(2k+1)

(2k> > iz 2. (3.6)

]:1]
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For m > 0, we evaluate the integrals on the left of (3.3), (3.4), (3.5), and (3.6) using the

following formula valid for a nonnegative integer m (see [13, page 31])

m—1
Z (=1)™+i2 (271) cos (2(m—j)0) + (2’;;1)]», (3.7)

sin®™ @ =27
j=0

and the following easily checked formulae (valid for positive integers /)

n/2 1) =
| ocoscaie) o - LU=
1
J 62 cos(210)d6 = * 4112”,
(3.8)
/2 (_1)lﬂ2 1_(_1)1
3 =
|, 6 costateydo 3( ]
/2 2
4 —(— ”__i>
| ot cosaimrae = (-in (55 - 5

After some simplification, we obtain (2.1), (2.2), (2.3), and (2.4)

4. Special cases of Theorems 2.1, 2.2, 2.3, and 2.4

We record the special cases corresponding to 0 < m < 2
Putting m =0, 1, 2 in (2.1), we get

> 1 m?
Z < (2k+12 8’
§44EL4f1+ﬁ
& (2k+12(2k+3) 8 32 (4.1)
i <2k) B L . 372
o k+1)(2k+5)() 64 1024

Putting m = 0,1,2 in (2.2), we get

-1
2
00 2k+2) )
K m
,é k2 (%}) IR (4.2)
i <2kk:;) LV}
e (})

The first results of (4.1) and (4.2) are of course well-known classical results
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Putting m = 0,1,2 in (2.3), we get

0 k 4

1 1 T
é(2k+1)2;(2j—1)2 384’

< (2k> L -1 mt
—t o+ , 4.3
&k + 1)k +3)(57) ]; ]—1 ~ 64 256 ' 3072 (4.3)
i (%) i I R Vi
1 (2k+ 1)(2k+5) (Zkk;r24> i 2] — 1 56 16384 16384

Putting m = 0,1,2 in (2.4) gives

g1 gl
Sk 1)2 22 120

=17
) 2k+4) k
(k+2 1 27[2 7'[4
DTty 4.4
& Rk +D () glﬁ 3750 (4.4)

4

i (&) i%:__ 177 n

o e+ DK+ D)) 5 6 10

We note that the first series evaluated in (4.4) is an Euler sum and the result is classical
and was known to Euler (see, e.g., [5]).

5. Proof of Theorem 2.5

We consider the case m = —1 of (3.5), (3.6) (the case m = —1 of (3.4) gives a trivial result).
We need the following result valid for a positive integer n and |x| < 27 (see [2, page 260]):

ut _ nwy S ;+1)/2M n=j 1.
J cot( >du cos( 5 )n( (n+1) ;) F(n+17j)x Cljs (%),
(5.1)
where
[e°] . k
ity 5 50
k=l (5.2)
00 k N
Clopi1(x) = > szij)’

k=1
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and T and { represent the Gamma function and the Riemann zeta function respectively.
We note that

ClZn(n):O)
Cloy(m) = (53— 1)¢@n+ 1), n=1, (5.3)

Cly () = —log2.

Putting x = 7 in (5.1), we obtain

/2
2" JO 0" cot0d6 = n!cos (nzn) {(n+1) Z( 1)iG+1/ ((Z—Jlrl)]) Vi Cljyy (7).
(5.4)
Using
/2 1 /2
J 6" cot0d6 = —J 6" s 09, n =1, (5.5)
0 n+1Jo
in (5.4), we get
2n /2
J 67! csc? 0.d6
n+1Jo (5.6)
n 5.
I'(n+1) .
=pn! — G221 ) =il
= ntcos (") ¢n-+ 1) JZO( 1y e T Tl ).
From (5.6) and (5.3) we obtain
/2
J 6 csc? 6dO = mlog2, (5.7)
0
/2
J 63 cs20d6 = > nlog2 — 21¢(3), (5.8)
0 4 8
/2 7.[3 9
J 0*csc 00 = Z-log2 - 2n(3), (5.9)
0

Putting m = —1in (3.5) and (3.6) and using (5.8) and (5.9) give (2.5).

6. Proof of Theorem 2.6

We consider the case m = —2 of (3.6). We need to evaluate 0 294 csc* 0 d6. We have

/2 /2
J 0*csc*0d0 = 0% csc? 9(—c0t9)]g/2+J cot@i(e‘*csc2 0)de
0 0

do

/2 /2 (61)
= 4J 6 cot9csc26d9—2j 0* csc? G cot? O do.
0 0
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Using cot? f = csc? @ — 1 in the second integral on the right gives

/2 4 /2 2 /2
J 6% csct 00 — & J 6% cotBesc? 0.d0+ —J 6% csc? 0.6, 6.2)
0 3Jo 3Jo
Also,
/2 2 /2 d
J 6% cotOcsc?0d0 = 0° cscO(—csch)],  + J CSCQ% (6°csch)do
’ 3 2 ’ w2 (6.3)
I3
= —§+3J GZCSCZGdG—J 03 cotOcsc? 4o,
0 0
so that
/2 33
J 63 cotOcsc20d0 — - + 2 J 62 csc 0.d6. (6.4)
0 16 2 0
From (6.2), (6.4), (5.7), and (5.9), we obtain
/2 3 3
j 01 csct0d0 = - +2mlog2+ " log2 — >7((3). 6.5)
0 12 3 2

Putting m = —2 in (3.6) and using (6.5), we obtain (2.6).

7. Final remarks

In a future paper, we plan to investigate what happens when we multiply (3.1) by x*"*!
and carry out the same steps as we did here.
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