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Via the variational methods, we prove the existence of a nontrivial solution to a singular
semilinear elliptic equation with critical Sobolev-Hardy exponent under certain condi-
tions.

1. Introduction

In this paper, we consider the following elliptic problem:

u |u|2*(s)72

—Au_ﬂw = Tu+a(x)|u|’*2u+lu, xRN, (1.1)

where N >3, 0<pu<pg=((N-2)/2)%0<s<2,1>0, and 2*(s) = 2(N —s)/(N —
2) is the critical Sobolev-Hardy exponent; note that 2*(0) = 2* = 2N/(N — 2) is the
critical Sobolev exponent. The space H = H(RY) is the completion of C§(RY) in the

norm
5 ) 1/2
Jull = (jw(wu —yW)dx> . (1.2)

By the Hardy inequality [8, 9], this norm is equivalent to the usual norm ( [y | Vu|?dx)">.
The scalar product in H is

(u,v)ij (Vqu—‘uﬂ)dx Yu,v € H. (1.3)
RN [x]2

We define H, ¢ H with
H, ={ueH, u(x)=u(|x])}. (1.4)
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The hypothesis for a(x) is as follows:

(A) a(x) is nonnegative and locally bounded in RN\{0}, a(x) = O(|x|~*) in the
bounded neighborhood G of the origin, a(x) = O(|x| ™) as x| — 00,0 <s<t<2,2%(t) <
r < 2*(s), where 2*(t) = 2(N — t)/(N —2) for 0 < t < 2.

The singular elliptic problems have received some attention in recent years. For exam-
ple, Janneli [10] and Ferrero and Gazzolo [7] studied the semilinear elliptic equation

—Au—ui =ul* 2u+lu, x€Q,
|x]2 (1.5)
u(x) =0, xeodQ,

where O C RN(N > 3) is a smooth bounded domain containing the origin 0. They proved
that (1.5) has a nontrivial solution under certain conditions for A and y. Moreover, Cao
in [4, 5] and Chen in [6] also studied the semilinear elliptic equation (1.5). They show
that (1.5) has nontrivial solutions and a sign-changing solution under some conditions
for y, A. Ghoussoub and Yuan in [9] considered the quasilinear problem

q-2
lul Yodul 2, xeq,
x| (1.6)

u(x) =0, xeo.

—Apu=p

They get that (1.6) has a positive solution and a sign-changing solution under some con-
ditions for A, y, 7, q.

In the case when Q is an unbounded domain in RY, the corresponding problem be-
comes more complicated since the Sobolev embedding W#(Q) < L1(Q)(p > 2) is not
compact for all g € [p, p*]. However, by the Strauss lemma (see [13]), the embedding
H,(RN) = L1(RN) is compact for all g € [2,2*). Therefore, we can discuss the nontriv-
ial solutions of (1.1) in H, by variational methods. But there are also some difficulties for
(1.1), because the embedding H, — LG (RN, x| %) is still not compact. In [11],as 1 =0,
the existence of a nontrivial solution is given for (1.1) with s = 0, so it will be meaningful
to study the existence of nontrivial solutions for (1.1) as s € [0,2) and A # 0. In this paper,
we obtain the following existence results.

TaEOREM 1.1. Suppose (A) and 0 <s<2,0 < u < j, A = 0. Assume that one of the following
conditions holds:
(i) A=0and

max{\/ﬁi\_]\;;__#,N_s_\/zﬁVﬂ_#,z*(t)}<r<2*(s), (1.7)

(i) 0<A <Ay () and 0 <y < i — 1, where A1 (u) = inf e o; (1ull?/ [gn u?dx).
Then problem (1.1) has at least a nontrivial solution in H,.

Throughout this paper, we will use the letter C to denote the natural various constants
independent of u, and [ -dx instead of [py -dx.



JuanLi 3215

2. Proof of the main result
We first give some definitions and lemmas.

Definition 2.1. Let {u,,} be a sequence in H,, if there exists a constant ¢ € R! such that

J () — ¢, J (4m) — 0 inH, ! (2.1)
as m — oo, then {u,,} is called a (PS), sequence in H,.
LemMma 2.2 (Hardy inequality [8, 9]). Assume that 1 < p <N and u € WYP(RYN). Then

s = () [ 1ol 22

LemMa 2.3 (Sobolev-Hardy inequality [9]). Assume that 1 < p < N and that p*(s) =
((N=3s)/(N = p))p, 0 <s < p. Then there exists a constant C > 0 such that for any u €
WLP(RYN),

P*(s) P/P*(S)
('”' dx) st|w|de. (2.3)

[x]$

LEMMA 2.4 [11]. Assume that hypothesis (A) holds. Then the embedding H — L' (RN, a(x))
is compact.
Consider the energy functional

_1 L[ e [acoruras -2 [ 1ur
J(u) IIuII—Z*(S) I’ dx—r a(x)|ul dx—2 lul“dx, (2.4)

T2
by Lemma 2.4, ] (u) is well defined and ] € C'(H,R); the critical points of the functional |

correspond to weak solutions of problem (1.1).
For 0 < u < fi, define the best Sobolev-Hardy constant:

I (IVul? — pu?/|x1?)dx

As ':As( ) = “(s) (2.5)
¢ weH 0} ( [ Iulz*(s)/lxlsdx)Z/z ()

In [12], the author found that A; is attained by the functions

() = — BN =9V e (2.6)
. || VEVEH (g 4 | x| G/ ) N2/ '
for all € > 0. Moreover, the functions y.(x) solve the equation
2%(s)-2

—Au—‘ui _ lul u in RN\{0}, (2.7)

IxI2 x|
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and satisfy

2%(s)
J<|vy£|2_ ||}’£||2 )d _ |yT)|C|5 dx=A§N_S)/(2_5). (2.8)

In the following, we first give some estimates for the extremal functions.
Let

26— p)( V- ~ yex)
C- (FEREED) T e - 2, 29)

By = {x € RN, |x| <2I} ¢ Gwith]>0and Gis the domain in hypothesis (A),let 0 < ¢ <
lbea cutting off function in C§°(RYN) N H,, such that ¢(x) = 1 in B; and ¢(x) = 0in RN \
Bai. Set ue(x) = ¢(x) ye(x) and ve = ue(x)/([ |ue|> O/ |x|* )1/2*(3) so that [([ve[2"®0)/|x]*) =
1.1In [12], the author proved that the following estimates are true:

||vel|” = As+ O (eN-212-9), (2.10)
. N
O (e Vi) , l<g<——,
( ) RNEN
_ N
ve|9dx = 1 O(eVF2=9)|1ng|), g=——, 2.11
J Ireltax= o ) T @1
O(e\/ﬁ(N‘q\/ﬁV((z‘s)\/ﬂ)), < q<2*.
\/—+1/

Moreover, we also need the following results.

LEMMA 2.5. Supposethaty = \Jii+\Jii — i, Y = \Ji — Ji — 4, 0 < p < i, and 0 < s < 2, then,

ve(x) satisfies the following estimates:

rc1s\/ﬁq/(2—s)’ 1< q < N—S’
4
q _ N—
[ve dx > | VP9 Ing|, q=—, (2.12)
|x]$ y
3 VAN =) —g)/2=s) Jip N-s_ g <2*(s),
L 4

where ¢; (i = 1,2,3) are positive constants.
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Proof. Let wy denote the surface area of the (N — 1) sphere SN ! in RN, For 1 < g < 2*(s),
we have

q q 2%(s) —q/2*(
T S aTTEIALY
[xl¢ P P PE
2-s) y
=BC§(O(1)+wNJ (s+r(2 S)/E= /\/—) N‘S‘l““’dr>

- BC? (O(l) + szfq((NfZ)/(ZfS))Jr(\/ﬁ(Nfsf)"q)/(ZfS)«/;2*/4)

1A/ (s=2)\JE=p)
XJ (1 +r(zfs)\/ﬂ/\/ﬁ>—q(N—2)/(2—s)rN—s—l—q)’/ dr),
0
(2.13)
where B = ([ |u:[2"®)/|x|3dx) "),
If -2qJii—p+N —s—ypq =0, thatis, g = (N —s)/y,

1eV/B/((s=2)\Ji=p)

| ve | J_ ¢ o /E0/(2-5)
;dr > BéevH [Inel, (2.14)

[x]$

1

dx=BC?<O(l)+wNI

where ¢; > 0 is a constant.
If -2q /i —p+N —s—9q <0, thatis, g > (N —s)/y,

q
J’ Tvel® _ Bcd (O(l)+O<€—q((N—2)/(2—s))+(\/ﬁ(N—sf)')q)/(Zfs)\//ItTy)))

|x* (2.15)

> Béye(WEN=5)-)/2-9) =g

b

where ¢, > 0 is a constant.
If -2q\ /i —p+N —s—pq >0, thatis, g < (N —s)/y,

q ! _ _ —q(N-2)/(2—s) )
[vel dx = BC? (O(l) + wNJ (s + r(z’s)\/’""/\/p) K rN‘S_l_qux)
0

[x|* (2.16)

= BC! - O(1) = Bé3e Vi),

where é; > 0 is a constant.
By

* /2% ( /2% (s)
B: |u£|2 (S —q J |¢ —4q S
x| les

| | 2*%(s) 7‘1/2 (s)
> Ve dx _ A§2—N)q/2(2—5))
(s

(2.17)

we have finished the proof of Lemma 2.5. O
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LEMMA 2.6. Suppose (A) and 0 <s<2,0 <pu<p, A > 0. Assume that one of the following
conditions holds:
(i) A=0and

N-—s N-s=2i—u _, .
ax{ﬁ+m, 7 ,2 (t)}<r<2 (s), (2.18)

(i) 0<A<A(u)and0<pu<p-1
Then, there exists ug € H,, ug # 0, such that the following inequality holds:

2-s
0 <sup](tup) < AWN=9/C2=s), 2.19)
tZ(}))]( 0) SN =) (

Proof. For t > 0, we consider the functions

r 2
Lja(x)|v£|rdx—£f|v£|2dx,
r 2

)
e e

g(t) =J(tve) = || vell -
(2.20)

Note that lim;_ g(t) = —c0, g(0) = 0, and g(t) >0 as t — 0%, therefore, sup,.,g(t) >0
must be attained by some 0 < ¢, < +c0 and g'(t.) = 0. So we have

g (t) = l‘5||v£||2 — 27Oyl Ja(x) [ ve |rdx—/\tsj |v£|2dx =0. (2.21)
Then
ol = 2 [t e [ P 202, a7
(2.22)

Moreover, by hypothesis (A), we have

[vel|? = £27 92 4 |20 ”j +/1J|v€| dx. (2.23)

By |x |‘
From (2.23) and (2.10)—(2.12), as € small enough, we get
792> %. (2.24)

By the simple computation, we know that the function g(¢) attains its maximum at
to = ||vell?"©)=2) and is increasing in the interval [0,%,]. So, by (2.10), (2.22), and (2.24),
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we have
) 1 As>r/(2*(s)—2) ve|” 1 (AS>2/(2*(5)—2)J )
gl =g(0) ~+ (5 - 3(4 velPdx
2—s 2AN-9)/(2-s) J|Ve|r J 2
_ _ 2.25
< 2(N—s)||v£|| C P C| |vel dx (2.25)
2—s /(2 92— |v |r 2
_ (N=s)/(2~s) (N=-2)/(2-s)\ _ e
_2(N—S)AS s S+O<£ 5) C PR CJ|V3| dx.
In case (i), since
s N-s—2Ji-u
r>max{N S, S = o ‘“,2*(1‘)}, (2.26)
Y Nz

by (2.12), we have

r
Tvel” ey VAN =s=Jr)/2=9), 5

IxI* (2.27)
VAN =s— i) _N-2 |
Q2-s)Ji—u 2-s"
Let uy = v¢, choosing ¢ small enough, from (2.25), we can deduce that
2—s
_ (N=s)/(2~3)
Stlzlg)](l’uo) g(t) < 2(N—s)AS . (2.28)
In case (ii), 0 < A < Ay (). By (2.11),asy=jg— 1,
J |ve | i O(e(N*Z)/(zfs) | lns\), (2.29)
as0=spu<p-—1,
J [ve|* = 0N/, (2.30)

Choosing € small enough, we also get (2.28). The proof of Lemma 2.6 is completed. [

LEMMA 2.7. Suppose that ¢ € (0,(2 —s)/(2(N — s))AgN_S)/(z_S)). Then ] (u) satisfies (PS),
condition.

Proof. Let {u,,} € H, be a (PS),. sequence. Then we have

2%(s)

1 1 m
J(thm) = 5||“m||2_ 2% (s) J%

dx — Ha(x)Iudex—%J |t | 2dx = c +0(1),
(2.31)

[ |

|x|s

J (up), i) = ||um||2 - dx — Ja(x) | um|rdx—/lj |t |2dx = 0o(1)||tm]].

(2.32)
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Let (2.31) x 2 — (2.32), we have

2%(s)

2 ) |”rn|

2¢+0(1) +0(1)] ]| = (1‘ 2%(s) I

dx + (1 - %) Ja(x) lum | dx. (2.33)

From

2%(s)
etml” = 2T (1) + 2*2(5) J%daﬁ— % Ja(x) | um|'dx+/lj L |2dx,  (2.34)

we get

2 (un|*®, 2 ,
(I_T)”umn _2] um) 2*(5) de+;]a(x)|um| dx

<o(1)+o(1)||uml|| + C.

(2.35)

So, we conclude that {u,,} is bounded in H,. Passing to a subsequence (still denoted by
{tm}), as m — oo, we get that

Uy — uweakly in H,,

Uy — u strongly in L1(RY), g€ [2,2%),
oy (2.36)
Uy, — ua.e in RY,

Uy — ustrongly in L™ (RN, a(x)).

It follows from the Sobolev-Hardy inequality (see [9]) that |u,,|>"®)~%u,, is bounded in
LF /2 O-D(RN | x| %), thus we have that

[ 4 |2*(S)72um — |u|*" =2y weakly in L*" (V@ =D (RN x| =), (2.37)

Since J' (u;,) — 0, from (2.36) and (2.37), we obtain

2*
J (w),u) = lull® - |u|| B dx — Ia(x)\ul dx — /\J\ul dx = hm {J (um),u) =0.
(2.38)
Set vy = Uy — u, by Brezis-Lieb lemma [2], we have
il [* = [[vall” + 2l + 0(1), (2.39)

2%(s) 2%(s) 2*%(s)
L N B TN A7 dx+o(1). (2.40)
[x]s [x|s [x]$
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It follows directly from (2.31)—(2.40) that

2%(s)
’ u r
o()||uml| = " (um)>thm) = ||um||2 - %dx—‘l’a(xﬂuﬂ dx—AJ |um|2dx
2%(s) 2%(s)
_ 2 | Vm | _ 2_J|VM|
= (J'(w),u) +||val| J T dx+0(1) = ||[vml| P dx+o(1),
()
- | P TR PO
](”)—](um)_znvrn” +2*(S) x| dx+o(1)
2%(s)
1 2 1 v
=c— 5||vm|| + ) %dx+o(l).
(2.41)
Since {[|v,y]l} is bounded, without loss of generality, we may assume that
Tim [[v,[|* = k. (2.42)
Then we get that
. |VWI|2*(S) _
By the Sobolev-Hardy inequality,
[y | *
J T = ATy (244)
for all m € N. Then by taking m — +o0, we obtain
k<A, (2.45)

*(s)/(2* (s

If k >0, we have that k > A? -2, By (2.41) we deduce that

_ 1 1 2%(s) =2 sy 9)-2) _ 28 L (N-9)2-s)
Jw) =c (2 2*(5))1(3(: 225 (s) s =T oo <0,
(2.46)

but from (2.38), we get

B 1, (1 1 lu?"®) 1 1 s
) =) = 340" @) = (5 - 2*(5)) o ax+ (5-1) [atourar=o,
(2.47)

this contradiction implies k = 0. By the definition of v,,, we conclude that J(u) satisfies
(PS), condition. We have completed the proof of Lemma 2.7. O
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Proof of Theorem 1.1. By the Sobolev-Hardy inequality and Lemma 2.4, for any ue H,\{0},
we have

1 1 7 1
J(w) =5 ull> - 2*(5) |u||x|5 - ;Ja(x)lul’dx— %Jlulzdx
l c 2*(5)_9 r
= (5= g 1 = 5y 1 = S (248)
/11(!4)_)L *(5)— _
2( 2\ 2%(s)-2 r—2
=l ("~ O O ¢ )).

Clearly, for p > 0 small enough, there exists 8 > 0 such that J(u) > fforallu € 9B, = {u €
H,, llull = p}. For uy € H,\{0}, t = 0, we have

_ £ [ A
J (tuo) = > [[uo] | 27(5) P dx Ja(x)IuOI dx I lup| *dx. (2.49)
Obviously, lim;—. 4« J(t1g) = — o0, so we may choose £ large enough, such that [|fyuoll >

lluoll = p for some uy € 0B, and J(touo) < 0. By Lemmas 2.6 and 2.7 and the mountain
pass theorem given in [1] (or [3]), we get a sequence {u,} C H;, u,, — u strongly for
some u € H,, and J(u) = ¢, J'(u) = 0. Thus u is a nontrivial solution of problem (1.1). we
have finished the proof of Theorem 1.1. O

Remark 2.8. If A = 0, using similar ways, we can prove that problem (1.1) has at least a
nontrivial solution in H when r, y satisfy the condition (i) of Theorem 1.1.
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