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Measures with values in non-Archimedean fields, which are quasi-invariant and descend-
ing at infinity on topological vector spaces over non-Archimedean fields, are studied in
this paper. Moreover, their characteristic functionals are considered. In particular, mea-
sures having convolution properties like classical Gaussian measures are investigated in
the paper. Applications of such measures to pseudodifferential operators and stochastic
processes are considered. Nevertheless, it is proved that there does not exist the complete
non-Archimedean analog of Gaussian measures. Theorems about either equivalence or
orthogonality of measures from the considered class are proved. In addition, a pseudod-
ifferentiability of such measures is investigated.

1. Introduction

This paper is devoted to new results of investigations of quasi-invariant non-Archimedean
valued measures, which is becoming more important nowadays due to the development
of non-Archimedean mathematical physics, particularly, quantum mechanics, quantum
field theory, and theory of superstrings and supergravity [2, 3, 6, 10, 11, 15, 31, 32]. On
the other hand, quantum mechanics is based on measure theory and probability the-
ory. For comparison references are given below on works, where real-valued measures
on non-Archimedean spaces were studied. Stochastic approach in quantum field theory
is actively used and investigated especially in recent years [1, 11, 12, 13]. As it is well-
known in the theory of functions a very great role is played by continuous functions and
differentiable functions.

In the classical measure theory the analog of continuity is quasi-invariance relative to
shifts and actions of linear or nonlinear operators in the Banach space, differentiability
of measures is the stronger condition and there is a very large theory about it in the
classical case. Apart from it the non-Archimedean case was less studied. Since there are
no differentiable functions from the fieldQ� intoR or in another non-Archimedean field
Qp′ with p �= p′, then instead of differentiability of measures their pseudodifferentiability
is considered.

Effective ways to use quasi-invariant and pseudodifferentiable measures are given in
the papers of the author [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. I. V. Volovich was
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discussing with me the matter and was interested in results of my investigations of non-
Archimedean analogs of Gaussian measures, such as measures to satisfy as many Gaussian
properties as possible. He has planned to use such measures in non-Archimedean quan-
tum field theory. The question was not so simple. He has supposed that properties with
mean values, moments, projections, distributions, and convolutions of such measures
can be considered analogously. But a thorough analysis has shown that not all proper-
ties can be satisfied, because in such a case the linear space would have a structure of an
R-linear space. Nevertheless, many of the properties are possible to satisfy in the non-
Archimedean case also. Gaussian measures are convenient to work in the classical case,
but in the non-Archimedean case they do not play such a great role.

Strictly speaking, there do not exist nontrivial Gaussian measures in the non-Archime-
dean case, but measures having few properties analogous to that of the Gaussian can
be outlined. Supplying them with definite properties depends on a subsequent task for
problems they may be useful for. Certainly if each projection µY of a measure µ on a
finite-dimensional subspace Y over a field K is equivalent to the Haar measure λY on Y ,
then this is a good property. But in the classical case, as it is well-known, such property
does not imply that the measure µ is Gaussian, since each measure νY (dx)= f (x)λY (dx)
with f ∈ L1(Y ,λY ,R) is absolutely continuous relative to the Lebesgue measure λY on Y
and this does not imply Gaussian properties of moments or its characteristic functional
[4, 9]. The class of measures having such properties of projections is described by the
Kolmogorov and Kakutani theorems. At first it is mentioned below how measures on Ba-
nach spaces can be used for construction of measures on complete ultrauniform spaces,
then particular classes of quasi-invariant non-Archimedean valued measures descending
at infinity are considered.

2. Quasi-invariant descending at infinity measures

In [16, 18] non-Archimedean polyhedral expansions of ultrauniform spaces were inves-
tigated and the following theorem was proved.

Theorem 2.1. Let X be a complete ultrauniform space and K be a local field. Then there ex-
ists an irreducible normal expansion of X into the limit of the inverse system S= {Pn, f mn ,E}
of uniform polyhedra over K, moreover, limS is uniformly isomorphic with X , where E is
an ordered set, f mn : Pm → Pn is a continuous mapping for each m ≥ n; particularly for the
ultrametric space (X ,d) with the ultrametric d the inverse system S is the inverse sequence.

This structure theorem serves to prove the following theorem.

Theorem 2.2. Let X be a complete separable ultrauniform space and let K be a local field.
Then for each marked b ∈ Cs there exists a nontrivial F-valued measure µ onX which is a re-
striction of a measure ν in a measure space (Y ,Bco(Y),ν)= lim{(Ym,Bco(Ym),νm), f̄ mn ,E}
on X and each νm is quasi-invariant and pseudodifferentiable for b ∈ Cs relative to a dense
subspace Y ′m, where Yn := c0(K,αn), f̄ mn : Ym → Yn is a normal (i.e., K-simplicial nonex-
panding) mapping for each m≥ n∈ E, f̄ mn |Pm = f mn . Moreover, if X is not locally compact,
then the family � of all such µ contains a subfamily � of pairwise orthogonal measures with
the cardinality card(�)= card(F)c, c := card(Qp).
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Proof. Choose a polyhedral expansion of X in accordance with the cited above theo-
rem. Let Qp ⊂ K, s �= p are prime numbers, Qs ⊂ F, where F is a non-Archimedean field
complete relative to its uniformity. On each Xn take a probability F-valued measure νn
such that ‖Xn \Pn‖νn < εn,

∑
n∈E εn < 1/5. In accordance with [24, 25, 26, Sections 3.5.1

and 4.2.1] (see also [23]) each νn can be chosen to be quasi-invariant and pseudodiffer-
entiable for b ∈ Cs relative to a dense K-linear subspace Y ′n, since each normal map-
ping f mn has a normal extension on Ym supplied with the uniform polyhedra structure.
Since E is countable and ordered, then a family νn can be chosen by transfinite induc-
tion consistently, that is, f̄ mn (νm) = νn for each m ≥ n in E, f̄ mn (Y ′m) = Y ′n. Then X =
lim{Pm, f mn ,E}↩ Y . Since f̄ mn are K-linear, then ( f̄ mn )−1(Bco(Yn)) ⊂ Bco(Ym) for each
m≥ n∈ E. Therefore, ν is correctly defined on the algebra

⋃
n∈E f −1

n (Bco(Yn)) of subsets
of Y , where fn : X → Xn are K-linear continuous epimorphisms. Since ν is nontrivial and
‖ν‖ is bounded by 1, then by the non-Archimedean analog of the Kolmogorov theorem
[21, 27] ν has an extension on the algebra Bco(Y) and hence on its completion A f (Y ,ν).
Put Y ′ := lim{Y ′m, f̄ mn ,E}. Then νm on Ym is quasi-invariant and pseudodifferentiable
for b ∈ Cs relative to Y ′m. From

∑
n εn < 1/5 it follows that 1≥ ‖X‖µ ≥

∏
n(1− εn) > 1/2,

hence µ is nontrivial.
To prove the latter statement use the non-Archimedean analog of the Kakutani theo-

rem (see [24, 25, 26]) for
∏

n Yn and then consider the embeddings X↩Y↩
∏

n Yn such
that projection and subsequent restriction of the measure

∏
n νn on Y and X are nontriv-

ial, which is possible due to the proof given above. If
∏

n νn and
∏

n ν′n are orthogonal on∏
n Yn, then they give ν and ν′ orthogonal on X . �

3. Definitions and notes

A function f : K→Us is called pseudodifferentiable of order b, if there exists the follow-
ing integral: PD(b, f (x)) := ∫K[( f (x)− f (y))× g(x, y,b)]dv(y). We introduce the follow-
ing notation PDc(b, f (x)) for such integral by B(K,0,1) instead of the entire K. Where
g(x, y,b) := s(−1−b)×ordp(x−y) with the corresponding Haar measure v with values in Ks,
where Ks is a local field containing the field Qs, s is a prime number, b ∈ Cs and |x|K =
p−ordp(x), Cs denotes the field of complex numbers with the non-Archimedean valuation
extending that ofQs, and Us is a spherically complete field with a valuation group ΓUs :=
{|x| : 0 �= x ∈Us} = (0,∞)⊂R such that Cs ⊂Us, 0 < s is a prime number [5, 29, 30, 33].
For each γ ∈ (0,∞) there exists α = logs(γ) ∈ R, ΓUs = (0,∞), hence sα ∈ Us is defined
for each α ∈ R, where logs(γ) = ln(γ)/ ln(s), ln : (0,∞) → R is the natural logarithmic
function such that ln(e) = 1. The function sα+iβ =: ξ(α,β) with α and β ∈ R is defined
due to the algebraic isomorphism of Cs with C (see [14]) in the following manner. Put
sα+iβ := sα(si)β and choose si as a marked number in Us such that si := (EXPs(i))lns, where
EXPs : Cs → C+

s is the exponential function, C+
s := {x ∈ Cs : |x− 1|s < 1} (see [29, Propo-

sition 45.6]). Therefore, |EXPs(i)− 1|s < 1, hence |EXPs(i)|s = 1 and inevitably |si|s = 1.
Therefore, |sα+iβ|s = s−α for each α and β ∈ R, where | ∗ |s is the extension of the valua-
tion fromQs on Us, consequently, sx ∈Us is defined for each x ∈ Cs.

A quasi-invariant measure µ on X is called pseudodifferentiable for b ∈ Cs, if there
exists PD(b,g(x)) for g(x) := µ(−xz+ S) for each S∈ Bco(X) ‖S‖µ <∞ and each z ∈ Jbµ ,
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where Jbµ is a K-linear subspace dense in X . For a fixed z ∈ X such measure is called
pseudodifferentiable along z.

3.1. Definitions and remarks. Let X be a locally K-convex space equal to a projective

limit lim{Xj ,φ
j
l ,Υ} of Banach spaces over a local field K such that Xj = c0(αj ,K), where

the latter space consists of vectors x = (xk : k ∈ αj), xk ∈ K, ‖x‖ := supk |xk|K <∞, and
such that for each ε > 0 the set {k : |xk|K > ε} is finite, αj is a set that is convenient to con-

sider as an ordinal due to the Kuratowski-Zorn lemma [7, 30]; Υ is an ordered set, φ
j
l :

Xj → Xl is a K-linear continuous mapping for each j ≥ l ∈ Υ, φj : X → Xj is a projection

on Xj , φl ◦φjl = φj for each j ≥ l ∈ Υ, and φlk ◦φjl = φ
j
k for each j ≥ l ≥ k in Υ. Consider

also a locally R-convex space that is a projective limit Y = lim{l2(αj ,R),ψ
j
l ,Υ}, where

l2(αj ,R) is the real Hilbert space of the topological weightw(l2(αj ,R))= card(αj)ℵ0. Sup-
pose B is a symmetric nonnegative definite (bilinear) nonzero functional B : Y 2 →R.

Consider a non-Archimedean field F such that Ks ⊂ F and with the valuation group
ΓF = (0,∞) ⊂ R and F is complete relative to its uniformity (see [5, 8]). Then a mea-
sure µ= µq,B,γ on X with values in Ks is called a q-Gaussian measure if its characteristic
functional µ̂ with values in F has the form

µ̂(z)= s[B(vsq(z),vsq(z))]χγ(z) (3.1)

on a dense K-linear subspace Dq,B,X inX∗ of all continuous K-linear functionals z : X →K
of the form z(x)= zj(φj(x)) for each x ∈ X with vsq(z)∈DB,Y , where B is a nonnegative
definite bilinear R-valued symmetric functional on a dense R-linear subspace DB,Y in
Y∗, B : D2

B,Y → R, j ∈ Υ may depend on z, zj : Xj → K is a continuous K-linear func-
tional such that zj =

∑
k∈αj e

k
j zk, j is a countable convergent series such that zk, j ∈ K,

ekj is a continuous K-linear functional on Xj such that ekj (el, j) = δkl is the Kronecker
delta symbol, el, j is the standard orthonormal (in the non-Archimedean sense) basis
in c0(αj ,K), vsq(z) = vsq(zj) := {|sqordp(zk, j )/2|s : k ∈ αj}. It is supposed that z is such that
vsq(z)∈ l2(αj ,R), where q is a positive constant, χγ(z) : X → Ts is a continuous character
such that χγ(z) = χ(z(γ)), γ ∈ X , χ : K→ Ts is a nontrivial character of K as an additive
group (see [30] and [24, 25, 26, Section 2.5]).

Proposition 3.1. A q-Gaussian quasimeasure on an algebra of cylindrical subsets⋃
j π
−1
j (� j), where Xj are finite-dimensional over K subspaces in X , is a measure on a cov-

ering ring � of subsets of X (see [24, 25, 26, Section 2.36]). Moreover, a correlation operator
B is of class L1, that is, Tr(B) <∞, if and only if each finite-dimensional over K projection of
µ is a q-Gaussian measure (see Section 3.1).

Proof. From Section 3.1 it follows that each one-dimensional over K projection µxK of a
measure µ satisfies [24, 25, 26, conditions 2.1(i)–(iii)] the covering ring Bco(K), where
0 �= x = ek,l ∈ Xl. Therefore, µ is defined and finite additive on a cylindrical algebra:

U :=
⋃

k1,...,kn;l

φ−1
l

[(
φlk1,...,kn

)−1(
Bco

(
spanK

{
ek1,l, . . . ,ekn,l

}))]
, (3.2)
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where φlk1,...,kn : Xl → spanK(ek1,l, . . . ,ekn,l) is a projection. This means that µ is a bounded
quasimeasure on U. Since µ̂(0) = 1, then µ(X) = 1. The characteristic functional µ̂ sat-
isfies [24, 25, 26, Conditions 2.5.(3,5)]. In view of the non-Archimedean analog of the
Bochner-Kolmogorov theorem [24, 25, 26, Section 2.21 and Theorem 2.37] µ has an ex-
tension to a probability measure on a covering ring � of subsets of X containing U.

Suppose that B is of class L1. Then B(vq(z),vq(z)) and hence µ̂(z) is correctly de-
fined for each z ∈Dq,B,X . The set Dq,B,X of functionals z on X from Section 3.1 separates
points of X . From Section 3.1 it follows that µ̂(y) is continuous. Consider a diagonal
compact operator T in the standard orthonormal base, Tek,l = ak,lek,l, limk+l→∞ ak,l = 0.
Since B is continuous, then the correlation operator E corresponding to B is a bounded
K-linear operator on Y , ‖E‖ <∞. For each ε > 0 there exist δ > 0 and T such that max(1,
‖E‖)δ < ε and |ak,l| < δ for each k + l >N, where N is a marked natural number, there-
fore, ‖E|spanK{ek,l :k+l>N}‖ < ε. Hence for each ε > 0 there exists a compact operator T such
that from |z̃Tz| < 1 it follows, |µ̂(y)− µ̂(x)| < ε for each x− y = z, where x, y,z ∈ Y∗.
Therefore, by [24, Theorem 2.30] the characteristic functional µ̂ defines a Radon proba-
bility measure on Bco(X).

Vice versa suppose that each finite-dimensional over K projection of µ is a measure of
the same type. If for a given one-dimensional over K subspaceW inX there is the equality
B(vq(z),vq(z)) = 0 for each z ∈W , then the projection µW of µ is the atomic measure
with one atom. Show B ∈ L1(c0(ω0,K)) and γ ∈ c0(ω0,K). Let 0 �= x ∈ X and consider
the projection πx : X → xK. Since µxK is the measure on Bco(xK), then its characteristic
functional satisfies [24, 25, 26, conditions of Theorem 2.30]. Then µ̂ for xK gives the same
characteristic functional of the type

µ̂xK(z)= s[bx(vsq(z))2]χδx(z) (3.3)

for each z ∈ xK, where bx > 0 and δx ∈ K are constants depending on the parameter
0 �= x ∈ X . Since x and z are arbitrary, then this implies that B ∈ L1 and γ ∈ c0(ω0,K). �

Corollary 3.2. A q-Gaussian measure µ from Proposition 3.1 with Tr(B) <∞ is quasi-
invariant and pseudodifferentiable for some b ∈ Cs relative to a dense subspace Jµ ⊂Mµ =
{x ∈ X : vsq(x)∈ E1/2(Y)}. Moreover, if B is diagonal, then each one-dimensional projection
µg has the following characteristic functional:

µ̂g(h)= s(
∑

j β j |gj |q)|h|q χg(γ)(h), (3.4)

where g = (gj : j ∈ ω0)∈ c0(ω0,K)∗, βj > 0 for each j.

Proof. Using the projective limit it is possible to reduce consideration to the Banach space
X . Take a prime number s such that s �= p and consider a field Ks such that K is compatible
with Ks, which is possible, since K is a finite algebraic extension ofQp and it is possible to
take in particular Ks =Qs. Recall that a group G for which o(G) ⊂ o(TK) is called com-
patible with K, where o(G) denotes the set of all natural numbers for whichG has an open
subgroup U such that at least one of the elements of the quotient group G/U has order n,
T denotes the group of all roots of 1, and TK denotes its subgroup of all elements whose
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orders are not divisible by the characteristic p of the residue class field k of K. A character
of G is a continuous homomorphism f :G→ T. Under pointwise multiplication charac-
ters form a group denoted by G.̂. A group G is called torsional, if each compact subset
V of G is contained in a compact subgroup of G. In view of [30, Theorem 9.14] K.̂ is
isomorphic with K. A K-valued character of a group G is a continuous homomorphism
f :G→ TK. The family of all K-valued characters form a group denoted by G.̂

K. Since K is
compatible with Ks and limn→∞ pn = 0, then K.̂ is isomorphic with K.̂

Ks
. If G is a torsional

group, then the Fourier-Stieltjes transform of a tight measure µ∈M(G) is the mapping
µ̂ : G.̂

K → K defined by the formula: µ̂(g) := ∫G χ(x)µ(dx), where χ ∈ G.̂
K. In view of [30,

Schikhof Theorem 9.21] the Fourier-Stieltjes transformation induces a Banach algebra
isomorphism L(G,�,w,K) with C∞(G.̂

K,K), where w is a nontrivial Haar K-valued mea-
sure on G. Therefore, in this situation there exists the Banach algebra isomorphism of
L(K,�,w,Ks) with C∞(K.̂

Ks
,Ks). �

Therefore, from the proof above and [24, Theorem 2.30] it follows that the measure
µq,B,γ is quasi-invariant relative to shifts on vectors from the dense subspace X ′ in X such
thatX ′ = {x ∈ X : vsq(x)∈ E1/2(Y)}, which is K-linear, since B isR-bilinear and B(y,z)=:
(Ey,z) for each y,z ∈ Y and vsq(ax)= |a|q/2vsq(x) and vsq(xj + t j)≤max(vsq(xj),vsq(t j)) for
each x, t ∈ X and each a∈K, where E is the nondegenerate positive definite of trace class
R-linear operator on Y , x =∑ j x je j , xj ∈ K, since l∗2 = l2 and E can be extended from
DB,Y on Y .

Consider sa+ib as in Section 3. Note, that |(|z|p)|s = 1 for each z ∈K, where the field K
is compatible with Ks.

The pseudodifferential operator has the form

PD
(
b, f (x)

)
:=
∫

K

[
f (x)− f (y)

]
s(−1−b)×ordp(x−y)w(dy), (3.5)

where w is the Haar Ks-valued measure on Bco(K), b ∈ Cs, particularly; also for f (x) :=
µ(−xz +A) for a given z ∈ X ′, A ∈ Bco(X), where x, y ∈ K. Using the Fourier-Stieltjes
transform write it in the form: PD(b, f (x)) = F−1

v (ξ(v)ψ(v)), where ξ(v) := [Fy( f (x)−
f (y))](v), ψ(v) := [Fy(s(−1−b)×ordp(y))](v), Fy means the Fourier-Stieltjes operator by the
variable y. Denoting A− xz =: S we can consider f (x) = 0 and f (y) = µ((x− y)z + S)
− µ(S), since S ∈ Bco(X). Then f (y) = ∫S(µ((x − y) + dg)− µ(dg)) = ∫S[ρµ(y − x,g)−
1]µ(dg). The constant function h(g)= 1 is evidently pseudodifferentiable of order b for
each b ∈ Cs. Hence the pseudo-differentiability of µ of order b follows from the existence
of pseudodifferential of the quasi-invariance factor ρµ(y,g + x) of order b for µ-almost ev-
ery g ∈ X . In view of [24, Theorem 3.5] and the Fourier-Stieltjes operator isomorphism
of Banach algebras L(K,�,w,Ks) and C∞(K.̂

Ks
,Ks) the pseudo-differentiability of ρµ fol-

lows from the existence of F−1(µ̂ψ), where µ̂ is the characteristic functional of µ. We have

F( f )(y)=
∫

K
χ(xy) f (x)w(dx)=

∫
K
χ(z) f (z/y)

[|y|p]−1
w(dz) (3.6)
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for each y �= 0, where x, y,z ∈ K, particularly, for f (x) = s−(1+b)×ordp(x) we have f (z/y)
= f (z) f (−y) and F( f )(y)= ΓK,s(1 + b) f (−y)|y|−1

p , where

ΓK,s(b) :=
∫

K
χ(z)s−b×ordp(x)w(dz), (3.7)

f (−y)= s(1+b)×ordp(y), since ordp(z/y)= ordp(x)−ordp(y). For a nontrivial character of
an order m∈ Z from the definition it follows that ΓK,s(b) �= 0 for each b with Re(b) �= 0,
since |s−bn|s = sRe(b)n for each n ∈ Z. Therefore, ψ(y) = s(1+b)×ordp(y)|y|−1

p , consequently,

|ψ(y)|s = s−(1+Re(b))×ordp(y) for each y �= 0, since |(|y|p)|s = 1. On the other hand,
|µ̂(z)| = s−B(vsq(z),vsq(z)) and F−1(µ̂ψ) exists for each b ∈ Cs with Re(b) >−1, since Tr(B) <
∞, which is correct, since Cs is algebraically isomorphic with C and ΓUs ⊃ (0,∞).

Corollary 3.3. Let X be a complete locally K-convex space of separable type over a local
field K, then for each constant q > 0 there exists a nondegenerate symmetric positive definite
operator B ∈ L1 such that a q-Gaussian quasi-measure is a measure on Bco(X) and each
one dimensional over K projection of this measure is absolutely continuous relative to the
nonnegative Haar measure on K.

Proof. A space Y from Section 3.1 corresponding to X is a separable locally R-convex
space. Therefore, Y in a weak topology is isomorphic with Rℵ0 from which the existence
of B follows. For each K-linear finite-dimensional over K subspace S a projection µS of
µ on S ⊂ X exists and its density µS(dx)/w(dx) relative to the nondegenerate Ks-valued
Haar measurew on S is the inverse Fourier-Stieltjes transform F−1(µ̂|S∗) of the restriction
of µ̂ on S∗. For B ∈ L1 each one dimensional projection of µ corresponding to µ̂ has a
density that is a continuous function belonging to L(K,Bco(K),w,Ks). �

Proposition 3.4. Let µq,B,γ and µq,E,δ be two q-Gaussian measures with correlation opera-
tors B and E of class L1, then there exists a convolution of these measures µq,B,γ ∗µq,E,δ , which
is a q-Gaussian measure µq,B+E,γ+δ .

Proof. Since B and E are nonnegative, then (B +E)(y, y)= B(y, y) +E(y, y)≥ 0 for each
y ∈ Y , that is, B +E is nonnegative. Evidently, B +E is symmetric and of class L1. More-
over, µq,B+E,γ+δ is defined on the covering ring UB+E containing the union of covering
rings UB and UE on which µq,B,γ and µq,E,δ are defined correspondingly, since ker(B+E)⊂
ker(B)∩ ker(E). Therefore, µq,B+E,γ+δ is the tight q-Gaussian measure together with µq,B,γ

and µq,E,δ in accordance with Proposition 3.1 on the covering ring �µq,B+E,γ+δ which is the
completion of the minimal ring generated by UB+E. Since µ̂q,B+E,γ+δ = µ̂q,B,γµ̂q,E,δ , then
µq,B+E,γ+δ = µq,B,γ ∗µq,E,δ . �

3.2. Remark and definition. A measurable space (Ω,F) with a probability Ks-valued
measure λ on a covering ring F of a set Ω is called a probability space and it is denoted by
(Ω,F,λ). Points ω ∈Ω are called elementary events and values λ(S) probabilities of events
S∈ F. A measurable map ξ : (Ω,F)→ (X ,B) is called a random variable with values in X ,
where B is a covering ring such that B⊂ Bco(X), Bco(X) is the ring of all clopen subsets
of a locally K-convex space X , ξ−1(B)⊂ F, where K is a non-Archimedean field complete
as an ultrametric space.
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The random variable ξ induces a normalized measure νξ(A) := λ(ξ−1(A)) in X and a
new probability space (X ,B,νξ).

Let T be a set with a covering ring � and a measure η : �→Ks. Consider the following
Banach space Lq(T ,�,η,H) as the completion of the set of all �-step functions f : T →H
relative to the following norm:

(1) ‖ f ‖η,q := supt∈T ‖ f (t)‖HNη(t)1/q for 1≤ q <∞;
(2) ‖ f ‖η,∞ := sup1≤q<∞‖ f (t)‖η,q, where H is a Banach space over K.

For 0 < q < 1 this is the metric space with the metric
(3) ρq( f ,g) := supt∈T ‖ f (t)− g(t)‖HNη(t)1/q.

If H is a complete locally K-convex space, then H is a projective limit of Banach spaces
H = lim{Hα,παβ ,Υ}, where Υ is a directed set, παβ : Hα → Hβ is a K-linear continuous
mapping for each α ≥ β, and πα : H → Hα is a K-linear continuous mapping such that
παβ ◦ πα = πβ for each α ≥ β (see [28, Section 6.205]). Each norm pα on Hα induces a

prednorm p̃α on H . If f : T →H , then πα ◦ f =: fα : T →Hα. In this case Lq(T ,�,η,H) is
defined as a completion of a family of all step functions f : T →H relative to the family
of prednorms

(1′) ‖ f ‖η,q,α := supt∈T p̃α( f (t))Nη(t)1/q, α∈ Υ, for 1≤ q <∞;
(2′) ‖ f ‖η,∞,α := sup1≤q<∞‖ f (t)‖η,q,α, α∈ Υ, or pseudometrics;

(3′) ρq,α( f ,g) := supt∈T p̃α( f (t)− g(t))Nη(t)1/q, α∈ Υ, for 0 < q < 1.
Therefore, Lq(T ,�,η,H) is isomorphic with the projective limit lim{Lq(T ,�,η,Hα),
παβ ,Υ}. For q = 1 we write simply L(T ,�,η,H) and ‖ f ‖η. This definition is correct, since

limq→∞ a1/q = 1 for each ∞ > a > 0. For example, T may be a subset of R. Let Rd be the
field R supplied with the discrete topology. Since the cardinality card(R)= c= 2ℵ0 , then
there are bijective mappings of R on Y1 := {0, . . . ,b}N and also on Y2 :=NN, where b is a
positive integer number. Supply the sets {0, . . . ,b} and N with the discrete topologies and
Y1 and Y2 with the product topologies. Then zero-dimensional spaces Y1 and Y2 supply
R with covering separating rings �1 and �2 contained in Bco(Y1) and Bco(Y2), respec-
tively. Certainly this is not related with the standard (Euclidean) metric in R. Therefore,
for the space Lq(T ,�,η,H) we can consider t ∈ T as the real-time parameter. If T ⊂ F
with a non-Archimedean field F, then we can consider the non-Archimedean time pa-
rameter.

If T is a zero-dimensional T1-space, then denote by C0
b(T ,H) the Banach space of all

continuous bounded functions f : T →H supplied with the norm
(4) ‖ f ‖C0 := supt∈T ‖ f (t)‖H <∞.

If T is compact, then C0
b(T ,H) is isomorphic with the space C0(T ,H) of all continuous

functions f : T →H .
For a set T and a complete locally K-convex space H over K consider the product

K-convex space HT :=∏t∈T Ht in the product topology, where Ht :=H for each t ∈ T .
Then take on either X := X(T ,H)= Lq(T ,�,η,H) or X := X(T ,H)= C0

b(T ,H) or on
X = X(T ,H)=HT a covering ring B such that B⊂ Bco(X). Consider a random variable
ξ : ω �→ ξ(t,ω) with values in (X ,B), where t ∈ T .

Events S1, . . . ,Sn are called independent in totality if P(
∏n

k=1 Sk) =∏n
k=1P(Sk). Sub-

rings Fk ⊂ F are said to be independent if all collections of events Sk ∈ Fk are independent
in totality, where k = 1, . . . ,n, n∈N. To each collection of random variables ξγ on (Ω,F)
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with γ ∈ Υ is related the minimal ring FΥ ⊂ F with respect to which all ξγ are measur-
able, where Υ is a set. Collections {ξγ : γ ∈ Υ j} are called independent if so are FΥ j , where
Υ j ⊂ Υ for each j = 1, . . . ,n, n∈N.

Consider T such that card(T) > n. For X = C0
b(T ,H) or X =HT define X(T ,H ; (t1, . . . ,

tn);(z1, . . . ,zn)) as a closed submanifold in X of all f : T → H , f ∈ X such that f (t1) =
z1, . . . , f (tn)= zn, where t1, . . . , tn are pairwise distinct points in T and z1, . . . ,zn are points
in H . For X = Lq(T ,�,η,H) and pairwise distinct points t1, . . . , tn in T with Nη(t1) >
0, . . . ,Nη(tn) > 0 defineX(T ,H ; (t1, . . . , tn);(z1, . . . ,zn)) as a closed submanifold which is the
completion relative to the norm ‖ f ‖η,q of a family of �-step functions f : T →H such
that f (t1)= z1, . . . , f (tn)= zn. In these cases X(T ,H ; (t1, . . . , tn);(0, . . . ,0)) is the proper K-
linear subspace ofX(T ,H) such thatX(T ,H) is isomorphic withX(T ,H ; (t1, . . . , tn);(0, . . . ,
0))⊕Hn, since if f ∈ X , then f (t)− f (t1)=: g(t)∈ X(T ,H ; t1;0) (in the third case we use
that T ∈� and hence there exists the embedding H↩X). For n= 1, t0 ∈ T , and z1 = 0
we denote X0 := X0(T ,H) := X(T ,H ; t0;0).

3.3. Definitions. We define a (non-Archimedean) stochastic process w(t,ω) with values
in H as a random variable such that

(i) the differences w(t4,ω)− w(t3,ω) and w(t2,ω)− w(t1,ω) are independent for
each chosen (t1, t2) and (t3, t4) with t1 �= t2, t3 �= t4, such that either t1 or t2 is
not in the two-element set {t3, t4}, where ω ∈Ω;

(ii) the random variable ω(t,ω)−ω(u,ω) has a distribution µFt,u , where µ is a prob-
ability Ks-valued measure on (X(T ,H),B) from Section 3.2, µg(A) := µ(g−1(A))
for g : X → H such that g−1(�H) ⊂ B and each A ∈ �H , a continuous linear
operator Ft,u : X → H is given by the formula Ft,u(w) := w(t,ω)−w(u,ω) for
each w ∈ Lq(Ω,F,λ;X), where 1 ≤ q ≤∞, �H is a covering ring of H such that
F−1
t,u (�H)⊂ B for each t �= u in T ;

(iii) we also put w(0,ω)= 0, that is, we consider a K-linear subspace Lq(Ω,F,λ;X0) of
Lq(Ω,F,λ;X), where Ω �= ∅, X0 is the closed subspace of X as in Section 3.2.

Definition 3.5. Let B and q be as in Section 3.1 and denote by µq,B,γ the corresponding q-
Gaussian Ks-valued measure onH . Let ξ be a stochastic process with a real time t ∈ T ⊂R
(see Section 3.3), then it is called a non-Archimedean q-Wiener process with real time
(and controlled by Ks-valued measure), if

(ii)′ the random variable ξ(t,ω)−ξ(u,ω) has a distribution µq,(t−u)B,γ for each t �=u∈T .
Let ξ be a stochastic process with a non-Archimedean time t ∈ T ⊂ F, where F is a local

field, then ξ is called a non-Archimedean q-Wiener process with F-time (and controlled
by Ks-valued measure), if

(ii)′′ the random variable ξ(t,ω)− ξ(u,ω) has a distribution µq,ln[χF(t−u)]B,γ for each t �=
u ∈ T , where χF : F→ T is a continuous character of F as the additive group (see
[24, 25, 26, Section 2.5]).

Proposition 3.6. For each given q-Gaussian measure a non-Archimedean q-Wiener pro-
cess with real (F resp.) time exists.

Proof. In view of Proposition 3.4, for each t > u > b a random variable ξ(t,ω)−ξ(b,ω) has
a distribution µq,(t−b)B,γ for real-time parameter. If t, u, and b are pairwise different points
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in F, then ξ(t,ω)− ξ(b,ω) has a distribution µq,ln[χF(t−b)]B,γ, since ln[χF(t−u)] + ln[χF(u−
b)]= ln[χF(t− b)]. This induces the Markov quasimeasure µ

(q)
x0,τ on (

∏
t∈T(Ht,Ut)), where

Ht =H and Ut = Bco(H) for each t ∈ T . In view of [24, 25, 26, Theorem 2.39] there ex-
ists an abstract probability space (Ω,F,λ), consequently, the corresponding space L(Ω,F,
λ,Ks) exists. �

Proposition 3.7. Let ξ be a q-Gaussian process with values in a Banach spaceH = c0(α,K),
a time parameter t ∈ T (controlled by a Ks-valued measure), and a positive definite corre-
lation operator B of trace class and γ = 0, where card(α)≤ ℵ0, either T ⊂R or T ⊂ F. Then
either

lim
N∈α

Mt
[
vsq
(
e1(ξ(t,ω)

))]2
+ ···+

[
vsq
(
eN
(
ξ(t,ω)

))]2 = tTr(B) (3.8)

or

lim
N∈α

Mt
[
vsq
(
e1(ξ(t,ω)

))]2
+ ···+

[
vsq
(
eN
(
ξ(t,ω)

))]2 = [ ln
(
χF(t)

)]
Tr(B), (3.9)

respectively.

Proof. Define Us-valued moments

m
q
k

(
e j1 , . . . ,e jk

)
:=
∫
H
vs2q
(
e j1 (x)

)···vs2q(e jk (x)
)
µq,B,γ(dx) (3.10)

for linear continuous functionals e j1 , . . . ,e jk on H such that el(ej)= δlj , where {ej : j ∈ α}
is the standard orthonormal base in H .

Consider the operator

P∂
uψ(x) := F−1( f̂u−1(y)ψ̂(y)|y|p

)
(x), (3.11)

where fu(x) := s−(1+u)×ordp(x)/ΓK,s(1 + u) and F( fu)(y) = ΓK,s(1 + u) fu(−y)|y|−1
p (see

Corollary 3.2), where F denotes the Fourier-Stieltjes operator defined with the help of
the Ks-valued Haar measure w on Bco(K), F(ψ)=: ψ̂, Re(u) �= −1, and ψ : K→Ks. Then

P∂
u fb(x)= F−1(ΓK,s(u) fu−1(−y)ΓK,s(1 + b) fb(−y)|y|−1

p

)= f(u+b)(x) (3.12)

for each u with Re(u) �= 0, since

F−1(s−(1+u+b)×ordp(−y)|y|−1
p

)
(x)= (ΓK,s(1 +u+ b)

)−1
s−(1+u+b)×ordp(−y)(x). (3.13)

For u = 1 we write shortly P∂1 = P∂ and P∂
u
j denotes the operator of partial pseudo-

differential (with weight multiplier) given by (3.11) by the variable xj . A function ψ for
which P∂

u
j ψ exists is called pseudodifferentiable (with weight multiplier) of order u by
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variable xj . Then

m
q/2
2k

(
e j1 , . . . ,e j2k

)(
ΓK,s

(
q

2

))2k

:=
∫
H
s−qordp(xj1 )/2 ···s−qordp(xj2k )/2µq,B,γ(dx)

=P∂
q/2
j1 ···P ∂

q/2
j2k µ̂q,B,γ(0)

=
([q/2

PD

]2k
µ̂(x)

)
|x=0 ·

(
e j1 , . . . ,e j2k

)
,

(3.14)

where (
q/2
PD f (x)) · e j :=P ∂j f (x). Therefore,

m
q/2
2k

(
e j1 , . . . ,e j2k

)(
ΓK,s

(
q

2

))2k

= (k!)−1[q/2
PD

]2k[
B
(
vsq(z),vsq(z)

)]k · (ej1 , . . . ,ej2k
)

= (k!)−1
∑
σ∈Σ2k

Bσ( j1),σ( j2) ···Bσ( j2k−1),σ( j2k),
(3.15)

since γ = 0 and χγ(z)= 1, where Σk is the symmetric group of all bijective mappings σ of
the set {1, . . . ,k} onto itself, Bl, j := B(ej ,el), since Y∗ = Y for Y = l2(α,R). Therefore, for
each B ∈ L1 and A∈ L∞ we have

∫
H
A
(
vq(x),vq(x)

)
µq,B,0(dx)= lim

N∈α

N∑
j=1

N∑
k=1

Aj,km
q/2
2

(
ej ,ek

)= Tr(AB), (3.16)

since Cs ⊂Us and algebraically Cs is isomorphic with C.
In particular for A = I and µq,tB,0 corresponding to the transition measure of ξ(t,ω)

we get Formula (3.8) for a real-time parameter, using µq,ln[χF(t)]B,0 we get Formula (3.9)
for a time parameter belonging to F, since ξ(t0,ω)= 0 for each ω. �

Corollary 3.8. Let H =K and ξ,B = 1, and γ be as in Proposition 3.7, then

M
[∫

t∈[a,b]
φ(t,ω)vs2q

(
dξ(t,ω)

)]=M[∫ b
a
φ(t,ω)dt

]
(3.17)

for each a < b ∈ T with real time, where φ(t,ω)∈ L(Ω,U,λ,C0
0(T ,R)) ξ ∈ L(Ω,U,λ,X0(T ,

K)), (Ω,U,λ) is a probability measure space.

Proof. Since

∫
t∈[a,b]

φ(t,ω)vs2q
(
dξ(t,ω)

)= lim
max j (t j+1−t j )→0

N∑
j=1

φ
(
t j ,ω

)
vsq
(
ξ(t j+1,ω

)− ξ(t j ,ω)) (3.18)

for λ-almost all ω ∈ Ω, since Cs ⊂ Us and Cs is algebraically isomorphic with C, then
from the application of Formula (3.8) to each vs2q(ξ(t j+1,ω)− ξ(t j ,ω)) and the existence
of the limit by finite partitions a= t1 < t2 < ··· < tN+1 = b of the segment [a,b] it follows
Formula (3.17). �
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4. Definitions and notes

Consider a pseudodifferential operator on H = c0(α,K) such that

A=
∑

0≤k∈Z; j1,..., jk∈α
(−i)kbkj1,..., jk P∂j1 ···P∂jk , (4.1)

where bkj1,..., jk ∈R, P∂jk :=P ∂
1
jk . If there exists n :=max{k : bkj1,..., jk �= 0, j1, . . . , jk ∈ α}, then

n is called an order of A, Ord(A), where P∂j is defined by formula (3.11). If A= 0, then
by definition Ord(A)= 0. If there is not any such finite n, then Ord(A)=∞. We suppose
that the corresponding form Ã on

⊕
k Y

k is continuous into C, where

Ã(y)=−
∑

0≤k∈Z; j1,..., jk∈α

(−i)kbkj1,..., jk y j1 ··· yjk
lns

, (4.2)

y ∈ l2(α,R)=: Y . If Ã(y) > 0 for each y �= 0 in Y , then A is called strictly elliptic pseudo-
differential operator.

Let X be a complete locally K-convex space, and let Z be a complete locally Us-convex
space. For 0 ≤ n ∈ R a space of all functions f : X → Z such that f (x) and (kPD f (x)) ·
(y1, . . . , yl(k)) are continuous functions on X for each y1, . . . , yl(k) ∈ {e1,e2,e3, . . .} ⊂ X∗,
l(k) := [k] + sign{k} for each k ∈ N such that k ≤ [n] and also for k = n is denoted
by P�n(X ,Z), and f ∈P �n(X ,Z) is called n times continuously pseudodifferentiable,
where [n] ≤ n is an integer part of n, 1 > {n} := n− [n] ≥ 0 is a fractional part of n.
Then P�∞(X ,Z) :=⋂∞n=1 P�n(X ,Z) denotes a space of all infinitely pseudodifferentiable
functions.

Embed R into Cs and consider the function vs2 : Up →R⊂ Cs, then for t = vs2(θ), θ ∈
K ⊂ Up, put ∂tu(t,x) := limθ,K,θ∈K,vs2(θ)→t P∂θu(vs2(θ),x) for t ≥ 0, when it exists by the
filter of local subfields K in Cp, which is correct, since vs2(Up)= [0,∞),

⋃
K⊂Cp

K is dense
in Cp, ΓCp = (0,∞)∩Q.

Theorem 4.1. Let A be a strictly elliptic pseudodifferential operator on H = c0(α,K),
card(α) ≤ ℵ0, and let t ∈ T = [0,b] ⊂ R. Suppose also that u0(x− y) ∈ L(H ,Bco(H),µtÃ,
Us) for each marked y ∈ H as a function by x ∈ H , u0(x) ∈P �Ord(A)(H ,Us). Then the
non-Archimedean analog of the Cauchy problem

∂tu(t,x)= Au, u(0,x)= u0(x) (4.3)

has a solution given by

u(t,x)=
∫
H
u0(x− y)µtÃ(dy), (4.4)

where µtÃ is a Ks-valued measure on H with a characteristic functional µ̂tÃ(z) := stÃ(vs2(z)).

Proof. In accordance with Sections 3 and 4 we have Y = l2(α,R). The function stÃ(vs2(z))

is continuous on H↩H∗ for each t ∈ R such that the family H of continuous K-linear
functionals on H separates points in H . In view of [24, Theorem 2.30], which defines
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a tight measure on H for each t > 0. The functional Ã on each ball of radius 0 < R <∞
in Y is a uniform limit of its restrictions Ã|⊕

k[spanK(e1,...,en)]k , when n tends to the infin-

ity, since Ã is continuous on
⊕

k Y
k. Since u0(x− y)∈ L(H ,Bco(H),µtÃ,Us) and a space

of cylindrical functions is dense in the latter Banach space over Us, then in view of [30,
Theorems 9.14, 9.21] and the Fubini theorem it follows that limP→I FPxu0(Px)µ̂tÃ(y +Px)
converges in L(H ,Bco(H),µtÃ,Us) for each t, since µt1Ã ∗ µt2Ã = µ(t1+t2)Ã for each t1, t2,
and t1 + t2 ∈ T , where P is a projection on a finite-dimensional over K subspace HP :=
P(H) in H , HP↩H , P tends to the unit operator I in the strong operator topology, and
FPxu0(Px) denotes a Fourier transform by the variable Px ∈HP . Consider a function v :=
Fx(u), then ∂tv(t,x) = −Ã(vs2(x))v(t,x) lns, consequently, v(t,x) = v0(x)stÃ(vs2(x)). From
u(t,x) = F−1

x (v(t,x)), where Fx(u(t,x)) = limn→∞Fx1,...,xnu(t,x), it follows that u(t,x) =
u0(x)∗ [F−1

x (µ̂tÃ)] = ∫
H u0(x − y)µtÃ(dy), since u0(x − y) ∈ L(H ,Bco(H),µtÃ,Us) and

µtÃ is the tight measure on Bco(H). �

Note 4.2. In the particular case of Ord(A) = 2 and Ã corresponding to the Laplace op-
erator, that is, Ã(y) =∑l, j gl, j yl y j , (4.3) is (the non-Archimedean analog of) the heat
equation on H .

For Ord(A) <∞ the form Ã0(y) corresponding to sum of terms with k =Ord(A) in
Formula (4.2) is called the principal symbol of the operator A. If Ã0(y) > 0 for each y �= 0,
then A is called an elliptic pseudodifferential operator. Evidently, Theorem 4.1 is true for
elliptic A of Ord(A) <∞.

5. Remark and definitions

Let the linear spaces X over K and Y over R be as in Corollary 3.2 and B be a symmet-
ric nonnegative definite (bilinear) operator on a dense R-linear subspace DB,Y in Y∗. A
quasi-measure µ with a characteristic functional

µ̂(ζ ,x) := sζB(vsq(z),vsq(z))χγ(z) (5.1)

for a parameter ζ ∈ Cs with Re(ζ) ≥ 0 defined on Dq,B,X is called an Us-valued (non-
Archimedean analog of Feynman) quasi-measure and we denote it by µq,ζB,γ also, where
Dq,B,X := {z ∈ X∗ : there exists j ∈ Υ such that z(x)= zj(φj(x))∀x ∈ X , vsq(z)∈DB,Y}.
Proposition 5.1. Let X =Dq,B,X and B be positive definite, then for each function f (z) :=∫
X χz(x)ν(dx) with an Us-valued tight measure ν of finite norm and each Re(ζ) > 0 there

exists

∫
X
f (z)µζB(dz)= lim

P→I

∫
X
f (Pz)µ(P)

ζB (dz)=
∫
X
s(ζB(vq(z),vq(z)))χγ(z)ν(dz), (5.2)

where µ(P)(P−1(A)) := µ(P−1(A)) for each A∈ Bco(XP), P : X → XP is a projection on a K-
linear subspace XP , a convergence P→ I is considered relative to a strong operator topology.
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Proof. From the use of the projective limit decomposition of X and [24, 25, 26, Theorem
2.37] it follows that there exists∫

X
f (z)µζB(dz)= lim

P→I

∫
X
f (Pz)µ(P)

ζB (dz). (5.3)

Then for each finite-dimensional over K subspace XP∫
X
f (Pz)µ(P)

ζB (dz)=
∫
XP

{
sζB(vsq(z),vsq(z))χγ(z)

}|XPνXP (dz), (5.4)

since ν is tight and hence each νXP is tight. Each measure ν j is tight, then due to [24, 25, 26,
Lemma 2.3 and Section 2.5] there exists the limit

lim
P→I

∫
XP

{
sζB(vsq(z),vsq(z))χγ(z)

}|XPνXP (dz)=
∫
X
sζB(vsq(z),vsq(z))χγ(z)ν(dz). (5.5)

�

Proposition 5.2. If conditions of Proposition 5.1 are satisfied and

f (Px)∈ L(XP ,Bco
(
wXP

)
,Us
)

(5.6)

for each finite-dimensional over K subspace XP in X and

lim
R→∞

sup
|x|≤R

∣∣ f (x)
∣∣= 0, (5.7)

then Formula (5.2) is accomplished for ζ with Re(ζ) = 0, where wXP is a nondegenerate
Ks-valued Haar measure on XP .

Proof. In view of [24, 25, 26, Theorem 2.37] for the consistent family of measures
{ f (Px)µXPq,iB,γ(dPx) : P} (see [24, 25, 26, Section 2.36]) there exists a measure on (X ,�),
where projection operators P are associated with a chosen basis in X . The finite-dimen-
sional over K distribution µXPq,iB,γ/w

XP (dx) = F−1(µ̂q,iB,γ)|XP is in C∞(XP ,Us) due to [30,
Theorem 9.21], since µ̂∈ L(XP ,Bco(Xp),wXP ,Us). In view of conditions (5.6), (5.7) above,
and the Fubini theorem and using the Fourier-Stieltjes transform we get Formulas
(5.2), (5.3). From taking the limit by P→ I Formula (5.2) follows. This means that µq,ζB,γ

exists in the sense of distributions. �

Remark 5.3. Put

F

∫
X
f (x)µq,iB,γ(dx) := lim

ζ→i

∫
X
f (x)µq,ζB,γ(dx) (5.8)

if such limit exists. If conditions of Proposition 5.2 are satisfied, then ψ(ζ) :=∫
X f (x)µq,ζB,γ(dx) is the pseudodifferentiable of order 1 function by ζ on the set {ζ ∈
Cs : Re(ζ) > 0} and it is continuous on the subset {ζ ∈ Cs : Re(ζ)≥ 0}, consequently,

F

∫
X
f (x)µq,iB,γ(dx)=

∫
X
s{iB(vsq(x),vsq(x))}χγ(x)ν(dx). (5.9)
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Above non-Archimedean analogs of Gaussian measures with specific properties were
defined. Nevertheless, there do not exist usual Gaussian Ks-valued measures on non-
Archimedean Banach spaces.

Theorem 5.4. Let X be a Banach space of separable type over a locally compact non-
Archimedean field K. Then on Bco(X) there does not exist a nontrivial Ks-valued (prob-
ability) usual Gaussian measure.

Proof. Let µ be a nontrivial usual Gaussian Ks-valued measure on Bco(X). Then by the
definition its characteristic functional µ̂ must be satisfying [24, 25, 26, conditions
2.5.(3,5)] Us-valued function and lim|y|→∞ µ̂(y) = 0 for each y ∈ X∗ \ {0}, where X∗

is the topological conjugate space to X of all continuous K-linear functionals f : X → K.
Moreover, there exist a K-bilinear functional g and a compact nondgenerate K-linear op-
erator T : X∗ → X∗ with ker(T) = {0} and a marked vector x0 ∈ X such that µ̂x0 (y) =
f (g(Ty,Ty)) for each y ∈ X∗, where µx0 (dx) := µ(−x0 + dx), x ∈ X . Since K is locally
compact, then X∗ is nontrivial and separates points of X (see [28, 30]). Each one-
dimensional over K projection of a Gaussian measure is a Gaussian measure and products
of Gaussian measures are Gaussian measures, hence convolutions of Gaussian measures
are also Gaussian measures. Therefore, µ̂x0 : X∗ → Us is a nontrivial character: µ̂x0 (y1 +
y2)= µ̂x0 (y1)µ̂x0 (y2) for each y1 and y2 inX∗. If char(K)= 0 and K is a non-Archimedean
field, then there exists a prime number p such thatQp is the subfield of K. Then µ̂(pny)=
(µ̂(y))p

n
for each n ∈ Z and y ∈ X∗ \ {0}, particularly, for n ∈N tending to the infinity

we have limn→∞ pny = 0 and limn→∞ µ̂x0 (pny)= 1, limn→∞(µ̂x0 (y))p
n = 0, since s �= p are

primes, limn→∞ µ̂x0 (p−ny) = 0 and |µ̂x0 (y)| < 1 for y �= 0. This gives the contradiction,
hence K cannot be a non-Archimedean field of zero characteristic. Suppose that K is a
non-Archimedean field of characteristic char(K)= p > 0, then K is isomorphic with the
field of formal power series in variable t over a finite field Fp. Therefore, µ̂x0 (py) = 1,
but µ̂x0 (y)p �= 1 for y �= 0, since limn→∞ µ̂x0 (t−ny) = 0. This contradicts the fact that µ̂x0

need to be the nontrivial character, consequently, K cannot be a non-Archimedean field
of nonzero characteristic as well. It remains the classical case of X over R or C, but the
latter case reduces to X over R with the help of the isomorphism of C as the R-linear
space with R2. �

Theorem 5.5. Let µq,B,γ and µq,B,δ be two q-Gaussian Ks-valued measures. Then µq,B,γ is
equivalent to µq,B,δ or µq,B,γ ⊥ µq,B,δ according to vsq(γ− δ) ∈ B1/2(DB,Y ), or not. The mea-
sure µq,B,γ is orthogonal to µg,B,δ , when q �= g. Two measures µq,B,γ and µg,A,δ with positive
definite nondegenerate A and B are either equivalent or orthogonal.

Theorem 5.6. The measures µq,B,γ and µq,A,γ are equivalent if and only if there exists a
positive definite bounded invertible operatorT such thatA= B1/2TB1/2 andT − I ∈ L2(Y∗).

Proof. Using the projective limit we can reduce consideration to the Banach space X .
Let z ∈ X be a marked vector and Pz be a projection operator on zK such that P2

z = Pz,
z =∑ j z je j , then the characteristic functional of the projection µzK

q,B,γ of µq,B,γ has the form

µ̂zK
q,B,γ = s[(

∑
i, j Bi, j v

s
q(zi)vsq(zj ))vs2q(ξ)]χγ(z)(ξ) for each vector x = ξz, where each zj and ξ ∈ K,

since vs2q(ξ) = (vsq(ξ))2. Choose a sequence {nz : n} in X such that it is the orthonormal



3814 Quasi-invariant descending at infinity measures

basis in X and the operator G : X → X such that Gnz =n anz with na �= 0 for each n ∈N
and there exists G−1 : G(X)→ X such that it induces the operator C on a dense subspace
�(Y) inY such thatCBC : Y → Y is invertible and ‖CBC‖ and ‖(CBC)−1‖ ∈ [|π|,|π|−1].
Then

µq,A,γ(dx)

µq,B,γ(dx)
= lim

n→∞

[
µVnq,A,γ

(
dxn

)
λVn
(
dxn

) ][µVnq,B,γ

(
dxn

)
λVn
(
dxn

) ]−1

, (5.10)

where Vn := spanK( jz : j = 1, . . . ,n), xn ∈ Vn. Consider xn = G−1(yn), where yn ∈ G(Vn),
then

[
µVnq,B,γ

(
G−1dyn

)
λVn
(
G−1dyn

) ],

[
µVnq,B,γ

(
G−1dyn

)
λVn
(
G−1dyn

) ]−1

(5.11)

are in L(λVn(G−1dyn)) for each n such that there exists m∈N for which

∥∥∥∥∥
[
µVnq,B,γ

(
G−1dyn

)
λVn
(
G−1dyn

) ]∥∥∥∥∥,

∥∥∥∥∥
[
µVnq,B,γ

(
G−1dyn

)
λVn
(
G−1dyn

) ]−1∥∥∥∥∥∈ [|π|,|π|−1] (5.12)

for each n >m, where ‖∗‖ is taken in L(λVn(G−1dyn)). ThenNµVn
q,CBC,γG−1

(yn)∈ [|π|,|π|−1]

for each n >m. Then the existence of µq,A,γ(dx)/µq,B,γ(dx)∈ L(µq,B,γ) is provided by using
operatorG and the consideration of characteristic functionals of measures, [24, Theorem
3.5] and the fact that the Fourier-Stieltjes transform F is the isomorphism of Banach
algebras L(K,Bco(K),v,Us) with C∞(K,Us), where v denotes the Haar normalized by
v(B(K,0,1)) = 1 Ks-valued measure on K. If g �= q then the measure µq,B,γ is orthogo-
nal to µg,B,δ , since

lim
R > 0,R+n→∞

sup
x∈Xc

R,n

∣∣∣∣∣
(
µq,B,γ

)
Xn(

µg,B,δ
)
Xn

∣∣∣∣∣(x)= 0 (5.13)

for each q > g due to Formula (3.6), where Xn := spanK(em :m= n, n+ 1, . . . ,2n), Xc
R,n :=

Xn \B(Xn,0,R), (µq,B,γ)Xn is the projection of the measure µq,B,γ on Xn. Each term βj in
[24, Theorem 3.5] is in [0,1] ⊂ R, consequently, the product in this theorem is either
converging to a positive constant or diverging to zero, hence two measures µq,B,γ and
µg,A,δ are either equivalent or orthogonal. �

Theorem 5.7. Let X be a Banach space of separable type over a locally compact non-
Archimedean field K and J be a dense proper K-linear subspace in X such that the embed-
ding operator T : J↩X is compact and nondegenerate, ker(T) = {0}. Then a set �(X , J)
of probability Ks-valued measures µ on Bco(X) quasi-invariant relative to J is of cardinality
card(Ks)

c. If J ′, J ′ ⊂ J , is also a dense K-linear subspace in X , then �(X , J ′)⊃�(X , J).
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Proof. Since X is of separable type over K, then we can choose for a given compact op-
erator T an orthonormal base in X in which T is diagonal and X is isomorphic with c0

over K such that in its standard base {ej : j ∈N} the operator T has the form Tej = aje j ,
0 �= aj ∈ K for each j ∈ N, lim j→∞ aj = 0. As in [24, 25, 26, Theorem 3.15] take gn ∈
L(K,Bco(K),w′(dx/an),Ks), gn(x) �= 0 for v-almost every x ∈ K and ‖gn‖ = 1 for each n,
for which converges

∏∞
n=1βn > 0 for each y ∈ J and such that

∏m
n=1 gn(xn)w′(dxn/an) =:

νLn(dxn) satisfies [24, 25, 26, conditions of Lemma 2.3], where βn := ‖ρn‖φn , 0 �= an ∈
K for each n ∈ N, ρn(x) := µn(dx)/νn(dx), φn(x) := Nλn(x), λn(dx) := gn(x)w′(dx/an),
then use [24, 25, 26, Theorem 3.5] for the measure νn(dx) := gn(x)w′(dx/an) and µn(dx)
:= νn(−yn + dx), xn := (x1, . . . ,xn), x1, . . . ,xn ∈ K for each n ∈ N. The family of such se-
quences of functions {gn : n∈N} has the cardinality card(Ks)

c, since in L(ν) the subspace
of step functions is dense and card(Bco(X))= c. The family of all {gn : n} satisfying con-
ditions above for J also satisfies such conditions for J ′. From which the latter statement
of this theorem follows. �

Theorem 5.8. Let X be a Banach space of separable type over a locally compact non-
Archimedean field K and J be a dense proper K-linear subspace in X such that the embedding
operator T : J↩X is compact and nondegenerate, ker(T)= {0}, b ∈ C. Then a set �b(X , J)
of probability Ks-valued measures µ on Bco(X) quasi-invariant and pseudodifferentiable of
order b relative to J is of cardinality card(Ks)c. If J ′, J ′ ⊂ J , is also a dense K-linear subspace
in X , then �b(X , J ′)⊃�b(X , J).

Proof. As in [24, Theorem 4.5] choose for T an orthonormal base in X in which T is di-
agonal and X is isomorphic with c0 over K such that in its standard base {ej : j ∈N} the
operator T is characterized by Tej = aje j , 0 �= aj ∈K for each j ∈N, lim j→∞ aj = 0. Take
gn from Theorem 5.7, where gn ∈ L(K,B f (K),w′(dx/an),Ks), satisfy conditions there and
such that there exists limm→∞PD(b,

∏m
n=1 gn(xz)) ∈ L(X ,Bco(X),ν,F) by the variable x

for each z ∈ J , where x ∈ K, Ks ∪Cs ⊂ F, and F is a non-Archimedean field. Evidently,
�b(X , J)⊂�(X , J). The family of such sequences of functions {gn : n∈N} has the cardi-
nality card(Ks)c, since in L(ν) the subspace of step functions is dense and the condition
of pseudodifferentiability is the integral convergence condition (see [24, 25, 26, Sections
4.1 and 4.2]). �
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