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We present some integral formulas for compact space-like hypersurfaces in de Sitter space
and some equivalent characterizations for totally umbilical compact space-like hypersur-
faces in de Sitter space in terms of mean curvature and higher-order mean curvatures.

1. Introduction

It is well known that the semi-Riemannian (pseudo-Riemannian) manifolds (M,g) of
Lorentzian signature play a special role in geometry and physics, and that they are models
of space time of general relativity. Let M}*!(c) be an (1 + 1)-dimensional complete con-
nected semi-Riemannian manifold with constant sectional curvature ¢ and index p (see
[13, page 227]). It is called an indefinite space form of index p and simply a space form when
p =0. According to ¢ >0, ¢ =0, and ¢ <0, M{’“(c) is called de Sitter space, Minkowski
space, and anti-de Sitter space, and is denoted by St*'(c), R?*!, and H}*!(c), respectively.
In spite of the fact that the geometry of de Sitter space is the simplest model of space time
of general relativity, this geometry was not studied thoroughly. Let ¢ : M" — S7™!(c) be
a smooth immersion of an n-dimensional connected manifold into Sf*!(c). If the semi-
Riemannian metric of ${*!(c) induces a Riemannian metric on M" via ¢, M" is called a
space-like hypersurface in de Sitter space.

The study of space-like hypersurfaces in de Sitter space Sf*!(c) has been of increasing
interest in the last years, because of their nice Bernstein-type properties. Since Goddard
[7] conjectured in 1977 that complete space-like hyperspaces in Sf*!(c) with constant
mean curvature H must be totally umbilical, which turned out to be false in this original
statement, an important number of authors have considered the problem of character-
izing the totally umbilical space-like hypersurfaces in de Sitter space in terms of some
appropriate geometric assumptions. Actually, Akutagawa [1] proved that Goddard’s con-
jecture is true when H? < cif n = 2, and H? < (4(n — 1)/n?)c if n > 3. On the other hand,
Montiel [11] proved that Goddard’s conjecture is also true under the additional hypoth-
esis of the compactness of the hypersurfaces. We also refer to [14] for an alternative proof
of both facts given by Ramanathan in the 2-dimensional case. More recently, Cheng and
Ishikawa [5] have shown that compact space-like hyperspaces in S7*!(c) with constant
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scalar curvature S < n(n — 1)c must be totally umbilical. Aledo el al. [3] have recently
found some other characterizations of the totally umbilical compact space-like hypersur-
faces in de Sitter space with constant higher-order mean curvatures, under appropriate
hypothesis.

In this paper, we will study various equivalent characterizations of totally umbili-
cal compact space-like hypersurfaces in de Sitter space in terms of mean curvature and
higher-order mean curvatures. The whole paper is organized as follows. Section 2 gives
some preliminaries, Section 3 gives some inequalities on the normalized symmetric func-
tions, and Section 4 reviews some selfadjoint second-order differential operator. The
main results of this paper are contained in Section 5, which gives us a more specific and
complete picture of totally umbilical compact space-like hypersurfaces in de Sitter space.
For simplicity, we omit the volume form dV in all integrals.

2. Preliminaries

We consider Minkowski space R}*? as the real vector space R"*? endowed with the
Lorentzian metric (-, -) given by

n+l

(X,y) = —x0Yo+ > XiYi» (2.1)

i=1
for x, y € R"*2, Then de Sitter space S+ (c) can be defined as the following hyperquadric
of R7*2:

S (c) = {x € RI2 | [x[2 = %} (2.2)

The induced metric from (-, -) makes Sﬁ’“(c) into a Lorentzian manifold with constant
sectional curvature c. Moreover, if x € S?”(c), we can put

T.Si () = {v € R"™2 | (v,x) = 0}. (2.3)

We denote by V! and V the metric connections of R}* and S7*!(¢), respectively. Then,
we have

Viw-V,w=—c(v,w)x (2.4)
for all v,w € TS (c). Let
¢:M" — S (c) (2.5)

be a space-like hypersurface in S}*!(c) defined above. First, we want to know whether a
compact one is orientable. The following proposition gives us the affirmative answer (see
[11] or [2] for a proof).

ProposiTION 2.1. Let ¢ : M" — St (c) be a space-like hypersurface in i+ (c), n > 2. IfM"
is compact, then M" is diffeomorphic to S". In particular, compact totally umbilical space-like
hypersurfaces in St*1(c), n = 2, are round n-spheres.
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Throughout the following, we will exclusively deal with compact space-like hypersur-
faces in S7*!(c), n = 2. The above proposition ensures that M" is orientable. Let N be a
time-like unit normal vector field for the immersion ¢. The field N can be viewed as the
Gauss map of M" into hyperbolic space:

N:M" — H™, (2.6)

where H™! = {x € R"? | |x|> = —1, xo > 1}. We will say that M" is oriented by N. A
well-known result is that the Gauss map N is harmonic if and only if the mean curvature
H is constant. For a proof, one can refer to [4].

Let V be the Levi-Civita connection associated to the Riemannian metric on M" in-
duced from (-, -). Then, we have

h(viw) =V, w—V,w=—(Av,w)N,

_ 2.7
Av=-V,N = -VIN, 27

where 9 stands for the shape operator of the immersion ¢ with respect to N and v, w are
vector fields tangent to M". The operator L = — is the Weingarten endomorphism. The
eigenvalues of the operator L are called the principal curvatures and will be denoted by
Ats...sA4. The Codazzi equation is expressed by

(VoA)yw = (Vyl)v. (2.8)
For a suitably chosen local field of orthonormal frames ey,...,e, on M", we have

&461‘ = —A,-e,; (29)

The kth mean curvature of the space-like hypersurface M" is defined by

Z Aip o Ay (2.10)
(k)

<ik

Note that when k = 1, H; is the mean curvature H, and when k = n, H, is the Gauss-
Kronecker curvature. We can easily see that the scalar curvature

2
S=nn—-1)c— (Z)L,») +Z/\,2=n(n—l)(c—H2) (2.11)
and the characteristic polynomial of sd can be written in terms of the Hy’s as

det(t] — o) = Z() Hit" K, (2.12)

where Hy = 1.
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Minkowski formulas provide us with a convenient tool in the study of hypersurfaces.
One can refer to [12] for the well-known version for space forms. Many interesting results
have been got in the study of hypersurfaces by means of Minkowski formulas, for exam-
ple, [9, 10, 12, 16, 17], and so forth. The proof in [12] followed the idea in [15]. Similar
to it, one can easily give the proof of Minkowski formulas for compact space-like hyper-
surfaces in de Sitter space (see [3]). The following proposition is Minkowski formulas for
compact space-like hypersurfaces in de Sitter space.

PrOPOSITION 2.2. Let ¢ : M"™ — Si+1(c) be a compact space-like hypersurface in St (c), n >
2, then
J CHi(¢,a) — Hist (N,a) =0, k=0,1,...n—1, (2.13)
MYL

for any a € R"2,

3. Inequalities on the normalized symmetric functions

Letxi,...,x, € R. The elementary symmetric functions of # variables x1,..., x, are defined
by

o = z Xi - X, k=0,1,...,n, (3.1)

1<ij<---<ix<n

where 0y = 1. For our purpose, it is useful to consider the normalized symmetric func-
tions by dividing each oy by the number of its summands. We denote the normalized
symmetric function by

jak, k=0,1,...,n, (3.2)

where Ey = 1. Since

(x=x1) - (x—x) = D.(~Diox" " = Z(—l)i(?>Eix”i, (3.3)
i=0

i=0
we see that at least r of x;’s are zero if and only if E,, 4y = -+ - =E, =0.
PropositioN 3.1. All x; = 0 if and only if all E; = 0, and all x; > 0 if and only if all E; > 0.

Proof. We prove it by induction on #. For n = 1, the proposition holds clearly. Now as-
sume that n > 1 and the proposition holds for n — 1. Let P(x) = (x —x;) - - - (x — x,,) and
Q(x) = (1/n)P'(x) = (x — y1) - - - (x — ). By Rolle’s theorem, yi,..., y,—1 are all real and
X1 <Y1 <X <+ <Xy_1 < Ypo1 < Xxp. Clearly, the inductive assumption applies to yi,
..o>¥n—1. Thus, it follows easily that the proposition holds for #. O

There are some well-known inequalities on the normalized symmetric functions, for
example, Newton-Maclaurin inequalities. One can refer to [8] for the case of n positive
numbers. For the sake of completeness, we include here a proof of Newton’s inequalities
for the general case.
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ProrosiTION 3.2.
E} > Ex_1Eg, k=1,...,n—1, (3.4)

and each equality holds if and only if x, = - - - = xy, or Ex = 0 = Ex_1Eg41.

Proof. We prove it by induction on n. For n = 2, the inequality holds clearly and the
equality holds if and only if x; = x; since E; = 0 = EyE, = E, implies that x; = x, = 0.
Now assume that n > 2 and the proposition holds for n — 1. Let P(x) = (x —x1) - - - (x —
x,) and Q(x) = (1/n)P’(x). Then

P(x) = X (~1oix"" = > (~1) (':)Ex
i=0

i=0
(3.5)

n—1 .
Q(x)—%P’(x)—Z(—l)"n;( )E il Z( 1 ( )E i
i=0

On the other hand,

Qlx) = (x=y1) -+ (x = yu1) Z (n_.1> Ei(y15.. s yne1) X", (3.6)

where y1,...,y,—1 are n— 1 roots of the polynomial Q(x). Comparing the coefficients of
the powers of x in the above two expressions for Q(x) gives us

Ei(y15->¥n-1) = Ei(x1,...,%0), i=0,...,n—1. (3.7)

By Rolle’s theorem y,...,y,-; are all real. Clearly, y; = - -+ = y,_; if and only if x; =
- = x,. Thus the inductive assumption applies to E;(y1,..., yu-1), i = 0,...,n—1, and
the proposition holds for k = 1,...,n — 2 by (3.7).
It remains to prove for k = n — 1, that is,

E2_ (x1,..05%n) = Enoa (X150 5%0) En (X150 05 %0 (3.8)

with equality if and only if x; = - - - = x,, or E,-1 = 0 = E,, »,E,.

Case 1. If some x; = 0, then E,(xi,...,%,) = x1---x, = 0. Clearly, (3.8) holds with
equality if and only if E,; = (1/n)[];4;x; = 0, and thus if and only if some x; = 0, j # i.

Case 2. Ifall x; # 0, let x; = 1/x;. Then, we have

Ei(Xl,...,Xn) ’ ’

—— =E,_i(x},...,x,). 3.9
E,(x1,...,%,) i (X0 27) (3.9)
Since E,(x1,...,X,) = X1 + - - X, # 0, we see that (3.8) is equivalent to

E3(x},...,x)) = E2(x,...,x)), (3.10)

which is true since n > 2.
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This completes the proof. O

Remark 3.3. For our future purpose, we concern most when each of the above equalities
holds if and only if x; = - - - = x,, that is, to find some restrictions on x;’s to exclude
the possibility of Ex = 0 = Ex_;Ex41 and x;’s are not all zero. We only know that E} = E,
holdsifand onlyifx; = - - - = x,, since E; = 0 = EoE, = E, implies thatx; = - - - = x,, = 0,
while we cannot expect it for k = 2 even if all x; > 0, for example, when only one of
x;’s is positive. In particular, when all x;’s have the same sign, that is, nonnegative or
nonpositive simultaneously, and at least k of x;’s are nonzero (equivalently, E; - - - Ex # 0)
or E; = --- = E, =0, we have that E,% = E¢_1E4 holds ifand only if x; = - - - = x;,.

Newton’s inequalities have a very important consequence, Maclaurin’s inequalities, by
investigating that

k
E’E* - B = (BB (EiEs)’ - - - (Exo1 B (3.11)

where all x; > 0. When all x; >0 and 2 < k < n— 1, we have

Ekl/k > Ek+11/(k+l)) (312)
with equality if and only if x; = - - - = x,,. If some of x;’s are zero and the rest of them are
positive, then for 2 < k < n— 1, we still have

Ekl/k > Ek+]1/(k+l), (313)
with equality if and only if x; = - - - = x,,, or at least n — k + 1 of x;’s are zero.

CoROLLARY 3.4. Ifallx;> 0,1 <k <n—1, then

Ekl/k > Ek+1l/(k+1), (314)

with equality if and only if x; = -+ - =%, 0t Ep_jy1 = -+ - = E, = 0.
CoroLLARY 3.5. IfE; >0,...,Ex >0and 2 <k < n, then
E > EY>... > EVk (3.15)

with each equality if and only if x; = - - - = x;,.

Now we can give a result on the positiveness of mean curvature and higher-order mean
curvatures of the compact space-like hypersurfaces in de Sitter space.

THEOREM 3.6. Let ¢ : M" — S{*'(c), n > 2, be a compact space-like hypersurface in de
Sitter space with Hy > 0 and 2 < k < n. If there exists a point of M", where H,,...,Hy_, are
positive, then H,,...,Hk_, are positive everywhere on M", that is, H; >0,...,Hx_; >0.
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Proof. We prove it by an open-closed argument. Let
U={xeM"|Hx)>0,...,Hx1(x) > 0}. (3.16)
Clearly U is open, and it is nonempty by the assumption. To prove that U = M", we only

need to prove that U is also closed by the connectedness of M". Since Hx >0 and M" is
compact, we have

azgglivll}qu(x) > 0. (3.17)

For any x € U, we have
Hi(x) 2 Hy(x)"? 2 -+ = Hie (0 7Y 2 He(0) 7 2 a7 > 0, (3.18)
by Corollary 3.5. Thus U is closed. This completes the proof. O

Finally, we give another two sets of important inequalities by investigating that

E{E}, - -E’ = (Ex1Exn1) (ExExv2) - - - (Ei-1Epa)s

Ekl/k . _El_ll/(l—l)El(l+1)/l > Ek+11/(k+1) . 'Ell/lElJrl’ (3'19)

whereall x; > 0 and 1 < k <[ < n — 1. Using the argument above leading to Corollary 3.4,
we can get the following important inequalities.

THEOREM 3.7. Ifallx;=0and 1 <k <l <n—1, then
ExE; = Ex_1Epp, (3.20)

with equality if and only if x; = - -+ = Xp, 0t Ey_jyy = -+ - = E, = 0.

THEOREM 3.8. IfEx_; >0,...,E1 >0and 1 <k <l<n-—1, then
ExE; = Ex_1Ep, (3.21)

with equality if and only if x; = -+ - = x,,.

TaeoreM 3.9. Ifallx;>0and 1 <k <l <n—1, then
E/YE; = Eppa, (3.22)

with equality if and only if x, = -+ - =xy, 0r Ep_jy1 = -+ - = E, = 0.
TaEOREM 3.10. IfE; >0,...,E1 >0and 1 <k <l <n—1, then

E}/*E; > Epy, (3.23)

with equality if and only if x; = -+ - = x,,.
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4. Some selfadjoint second-order differential operators

First, we introduce two known selfadjoint second-order differential operators, the Laplace
operator A and the Cheng-Yau operator [J. For any C2-function f defined on M", we
consider the symmetric bilinear form

(vzf)(wav) = V(Wf) - (vvw)f' (4~1)

The Laplace operator A acting on any C?-function f defined on M" is given by
Af = Z (V21) (eirei). (4.2)

Since M" is compact and oriented, the Laplace operator A is selfadjoint relative to the
L2-inner product of M", that is,

| seo-] @pe (43)

Following Cheng and Yau [6], we introduce an operator [J acting on any C?-function f
defined on M" by

Of = Z [nH (eiej) + (Aeie;) | (V2 ) (eirej) = Z (nH = 1) (V2 f) (eirei). (4.4)
i,j i

Note that the following holds at umbilical points:

Of = > (n—1H(V*f) (ene;) = (n— 1)HAS. (4.5)

By the Codazzi equation and [6, Proposition 1], we can prove that the operator [J is
selfadjoint relative to the L?-inner product of M", that is,

| so0=] ©pg (46)

Naturally, we may ask the following question.

Question 4.1. Can we find other selfadjoint second-order differential operators in terms
of the shape operator s, mean curvature, and higher-order mean curvatures?

Fortunately, we do have such a selfadjoint second-order differential operator & for
each k =0,1,...,n — 1. The idea is contained in [15, 17]. Following [3], we introduce the
kth Newton transformation T} associated to the shape operator s4:

k
T =S (’Z) Hsd*, (4.7)

i=0
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or inductively,

To=1, Tp-= (Z) Hl+ ATy . (4.8)

It follows from (2.12) that T,, = 0. Since the shape operator o is selfadjoint, it follows
easily that the Newton transformations Tj’s are selfadjoint. Clearly, the orthonormal basis
{e1,...,en} diagonalizes the Newton transformations T%’s since it diagonalizes the shape
operator A.

ProposiTiON 4.2. If the shape operator A is negative definite, the Newton transformations
T’s, k = 0,1,...,n — 1, are positive definite.

Proof. Since the shape operator o is negative definite, all A; > 0. Without loss of gener-
ality, to prove that T} is positive definite, we only need to prove that (Txe;,e;) > 0. Let
A; = Ai/A, i=1,...,n, then we have

k
(Tk81,61> = Z (?)Hi(_Al)kt
i=0
‘ k
:ZGI(AI)' >An)(_Al) ! (49)
i=0
k
=M (=)0 (1,45,...,A7)
i=0
Now we prove that
Z( D 0i(Lx2s. .0 %0) >0, k=0,1,...,n—1, (4.10)

by induction on n, where x,,...,x, > 0. Clearly, (4.10) holds for k = 0 or n = 1. Now
assume that m > 1, 0 <[ < m — 1, and (4.10) holds for all n < m and all k <[ for n = m.
Let n = m and k = [, then we have

k k
Z(_l)k_iai(l)xZ)---)xn) = Z(_l)k_iai(l)xZ)---)xnfl)
i=0 i=0

k

+ X, Z(—l)kiiO'i_l (I,XZ,...,Xn)
- (4.11)

k
Z( l)k IJI 1x2) )xnfl)

k-1

+Xn z (—1)k717"(7i(1,xz,...,x,,) >0
i=0

by the inductive assumption and the fact that Zfzo(—l)k’iai(l,xz,...,x,,_l) =0fork=
n — 1. This completes the proof. O
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The following algebraic properties of Tx can be easily established from the definitions.

Ty = (n—k)(Z)Hk =n(n;1>Hk, (4.12)

tr(Tksﬁ)=—(k+1)<kzl>Hk+1 = —n(n;1>Hk+1, (4.13)

tr(Tk&dz) = n(k:l_ I)HHkH —(k+2) (k+2)Hk+2

(4.14)
<k+ 1>HHk+1 <k 1)I‘Ik+2
One can also easily derive the identities
n
tr(TkvV&g') - _<k+1) <VHk+l)V>: (4'15)

where v is any vector field tangent to M". Now for each k = 0,1,...,n — 1, we can define a
second-order differential operator &y acting on any C?-function f defined on M" by

Pif =div(TiV f). (4.16)

It can be easily seen that the operators £’s are selfadjoint. Clearly when k = 0, the opera-
tor ¥ is the Laplace operator A = divo V. Later, we will see that when k = 1, the operator
£, is the Cheng-Yau operator [.

Finally, we can easily derive the following useful expression for £ (see [3]):

Lif = Z (TVeV fre) = > (Trener) V2 f (eirer) (4.17)

i

for any C?-function f defined on M".
Remark 4.3. More specifically,

k
Dif =2 Z( ) )V f (ener). (4.18)
i j=0

Clearly when k = 1, the operator & is the Cheng-Yau operator (] = > ;(nH — A;) V2. Note
that the following holds at umbilical points:

P f = ZZ() A IV f (ener) Z( 1)k (i)-HkAf. (4.19)

i j=0
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Remark 4.4. When Ty is positive definite, the operator & is elliptic. In particular, when
the shape operator s is negative definite, the operator ¥ is elliptic by proposition 4.2.

5. Main results

Let ¢ : M" — S7*'(c), n > 2, be a compact space-like hypersurface in de Sitter space, N a
time-like unit normal vector field for ¢, and a € R}*? arbitrary. We consider the height
function (¢, a) and the function (N,a) on M". Using (2.4), (2.7), we can get the following
expressions for the gradient and Hessian of the above two functions:

(V(d,a),v) = (v,a), (V(N,a),v) = —(dv,a),
(VXp,a)) (v,w) = wy(¢,a) — (Vyv)($,a)
—c(v,w)(¢,a) — (Av,w)(N,a), (5.1)
(VX(N,a))(v,w) = wv(N,a) — (V,,v)(N,a)
= c(dAv,w)($,a) + (Av,dw)(N,a) — ((V,d)v,a),

where v, w are vector fields tangent to M". Thus, we have

k n
2( ) VIV, a) (erer)

j=0

$k<¢)a> Z

(”,>Hj( )~ ) + AN, )]

- -
i Mx- i M»
[=) (=]

(-1)k f( .)H,-ZA,-H - (¢,a)
i (5.2)
k
+2 (=D ('7)sz;¢+11 -(N,a)
=0 J i
=—c(n—- k)( )Hk<¢> a)+(k+1)< )Hk+1<N a)

= n(”; 1) [ - cHik(¢,a) + H1(N,a)].

Note that the Minkowski formulas in Proposition 2.2 are regained by the selfadjointness
of the operators &j’s.
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For any vector field v tangent to M", we have

V,V(N,a) = cdv(¢,a) + 4*v(N,a) — (V,sd)a’,

(5.3)

by the selfadjointness of the operator V,s, where a” is the tangent component of a to

M". Thus by (2.8), (4.13), (4.14), and (4.15), we have

Lk(N,a) = > (TkV,V(N,a),e;)

1

= Z (cTrslei(p,a) + TrA*e;(N,a) — Tx (V. A)al,e;)

= ctr (TxA)(p,a) + tr (TxA*)(N,a) — Z (Tr(Vosl)a,e;)

1

= ctr (Tesd) (¢,a) +tr (Tesd?) (N, a) — > (Te(Varsd)es,e;)

i

=ctr (TpsA) (p,a) +tr (TesA?) (N, a) —tr (T Vo)

~1 ~1
= —cn<nk )Hk+1(¢,a>+n[<k_tl)HHk+1 - (Z+1>Hk+2] (N,a)
+ <ki 1) (VHis,a®)
~1 —1
- —cn(”k )Hk+1<¢,a>+n[(kjl)HHkﬂ - (Z+1)Hk+z] (N,a)

n
+ <k—|— 1) <VHk+1,a>.

Remark 5.1. In particular, when k = 0, we have

A(N,a) = Lo(N,a) = —cnH{¢,a) + [n*H* — n(n — 1)H,|(N,a) + n{VH,a).

ProposITION 5.2.
Li(N,a) = =L {$,a) + (ki 1) [Hii1 A(¢,a) + (VHi1,a)]

fork=0,1,...,n—1.
Proof. By (5.2), we have

1 1
;Hk+1A<¢aa> - mgkﬂ (¢,a)

k+1
= (HiHg+1 — Hi2) (N, a).

(5.4)

(5.5)

(5.6)

(5.7)
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Thus by (5.2) and (5.4), we have
(") !

i(N,a) = (n,1>££k+1<¢,a> T (kf 1) [Hk+la<¢,a> - (,11)5£k+1<¢,a>}

k+1 k+1

+ <k_’z 1) (VHys1,a) (>8)

= _$k+l<¢)a)+ (k:l_l) [Hk+1A<¢)a>+<VHk+l)a>:|- |:|

THEOREM 5.3. Let ¢ : M" — ST*(c), n > 2, be a compact space-like hypersurface in de Sitter
spaceand 0 <i< j <n—1, then

)
n("

1 1
J ) [—ini — Tﬁ&'HJ’] (¢,a) + (Hi1Hj — HiHj1){N,a) = 0, (5.9)
weln() ()
or equivalently,

1 1 1
I o <(—TiVHj - TT]‘VH,',Q> + (H,'HH]‘ —H,'Hj+1)<N,lZ> =0, (5.10)

’07 any vector a € [Rl .

Proof. By (5.2), we have

LH]‘S&QP,&) - ——<Hi%Lj{¢,a) = (Hi1Hj — HiH;;1)(N,a). (5.11)

n(") n(")

Thus,

| HS ) - M) = [ (HiHy - HiHja) (N,a). (5.12)

n(") n("")

Since the operators &1 ’s are selfadjoint, we have

| [%$'H~—#£&Hj] (¢,0) + (HinHy — HiHj) (Nya) =0, (5.13)
"I n

n—1 JE n—1
) ()
or equivalently,
1 1 1
J o <<—T,'VH]‘ - —TjVH,-,a> + (H,'+1Hj —HiHj+1)<N,u) =0 (5.14)

n\ (")) (")

since the operators £y = divo TV, for any vector a € R}*2. O
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THEOREM 5.4. Let ¢ : M" — St*'(c), n > 2, be a compact space-like hypersurface in de
Sitter space, a € R*? any unit time-like vector with the same time-orientation as N, and
0<k=<n-2,then

-1 -1
J ) <<Z+ 1>TkVHk+1 — (i’l 3 >Tk+1VHk,a> >0, (5.15)

and the equality holds if and only if M" is totally umbilical when k = 0, or additionally if
H{,,+H}!H,, #0when1<k<n-2.

Proof. For any unit time-like vector a € [R{”Z with the same time orientation as N, that is,
|x|?> = —1and xp > 1, we have (N,a) < —1. Thus by taking i = k, j = k+ 1 in Theorem 5.3
and Proposition 3.2, we can deduce that

~1 ~1
JMn <<’Z+ 1) Ty VHiy — (” . )Tk+1VHk,a> >0, (5.16)

and the equality holds if and only if M" is totally umbilical when k = 0 or additionally if
Hf,, +H{H},,#0whenl <k<n-2. O

Remark 5.5. In particular, when k = 0, we have
[ vma=o, (5.17)
and the equality holds if and only if M" is totally umbilical for any unit time-like vector

a € R}*? with the same time orientation as N.

Remark 5.6. In particular, if Hy and Hyy; are constant, 0 < k < n — 2, then M" is to-
tally umbsilical when k = 0, or additionally if H?,, + HfH{,, # 0 when 1 < k < n — 2. See
also [3].

THEOREM 5.7. Let ¢ : M" — S{*'(c), n > 2, be a compact space-like hypersurface in de
Sitter space with Hy > 0,...,H, > 0, a € R any unit time-like vector with the same time
orientation as N, and 0 <i< j<mn—1, j=i+2, then

J n <<H;I>T,-VHj - (”: 1>TjVH,-,a> >0, (5.18)

Moreover, ifzzzn,jﬂ H} +# 0, then the equality holds if and only if M" is totally umbilical.

Proof. For any unit time-like vector a € R}*? with the same time orientation as N, we
have (N,a) < —1. Thus by Theorems 5.3 and 3.7, we can deduce that

J n <<nj1>T,-VHj - (”i 1) T]-VH,-,a> > 0, (5.19)

and when 3>}, i H 2 # 0, the equality holds if and only if M" is totally umbilical. [
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COROLLARY 5.8. Let ¢: M" — St*1(c), n > 2, be a compact space-like hypersurface in de
Sitter space with Hy > 0,...,H, > 0 and constant Zf;ll aiHi+Hy, 0;=0,2<k<n-11If
S ki HE # 0, then M" is totally umbilical.

Proof. Fix a unit time-like vector a € R?*? with the same time orientation as N. By The-
orems 5.4 and 5.7, we have

J (VHya) =0, i=1,..k (5.20)

Since

k-1 k-1
0= I ) <v<i_z1 aiHi+Hk),a> = ;ai JM»« (VHj,a) + JMn (VH,a) =0,  (5.21)
we have
I (VH,a) =0. (5.22)

Thus, M" is totally umbilical by Theorem 5.7. O

THEOREM 5.9. Let ¢ : M" — ST+ (c), n > 2, be a compact space-like hypersurface in de Sitter
space with Hiy >0, a € Ry*2 any unit time-like vector with the same time orientation as
N,and0<i<j<k<n-1, j=i+2. If there exists a point of M", where H,,...,Hy are

positive, then
n—1 n—1
J << ] )T,‘VHJ‘ - ( ; >TjVHi,a> >0, (523)

with equality if and only if M" is totally umbilical.

Proof. For any unit time-like vector a € R}*? with the same time orientation as N, we
have (N,a) < —1. Thus by Theorems 5.3, 3.6, and 3.8, we can deduce that

J <<HJ_,1>T,-VHj - (”: 1) TjVHi,a> > 0, (5.24)

and the equality holds if and only if M" is totally umbilical. O

Let a € R""? be a unit time-like vector. The intersection of $t*(c) € R7*? and the
space-like hyperplane {x € R7*? | (x,a) = 0} defines an n-sphere which is a totally geo-
desic hypersurface in S7*!(c). We will refer to that sphere as the equator of Si*!(c) deter-
mined by a. This equator divides the de Sitter space into two connected components; the
future which is given by

{x € RI*? | (x,a) <0}, (5.25)
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and the past given by
{x € RI*? | (x,a) >0}. (5.26)

Following [3], we can easily get the following corollary.

COROLLARY 5.10. Let ¢ : M" — ST (c), n > 2, be a compact space-like hypersurface in de
Sitter space and 2 < k < n — 1. If M" is contained in the chronological future (or past) relative
to the equator of S7*'(c) determined by a unit time-like vector a € R} with the same time
orientation as N and Hyy, >0 (or (=1)*"'Hy,, >0), then

JH(VHi,a)ZO (or(—l)"“J H(VHi,a)ZO), 2<i<k, (5.27)

with each equality if and only if M" is totally umbilical.

Proof. First we prove the future case. By Theorem 5.9, it is sufficient to prove that there
exists a point of M", where all H; > 0. Since M" is contained in the chronological future
relative to the equator determined by a and M" is compact, there exists a point xo € M"
such that

max (¢(x),a) = (¢(x),a) <0. (5.28)

Thus by maximum principle, we have

—c(¢(x0),a) +Ai(N(x0),a) = —c{eie1) ($(x0),a) — (sheie;) (N (x0),a)
0.

V2(¢,a) (e, e;) < (5.29)

Since a € R}*? is a unit time-like vector with the same time orientation as N, we have
(N,a) < -1.So

<¢(X()),a>

Aizecr7——>0, i=1,..,n 5.30
=N Go)a) 530
Thus all H; > 0. For the past case, we only need to replace N and a by —N and —a, respec-
tively, and the proof for the future case applies. This completes the proof. O
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