DIMENSIONS OF SUBSETS OF CANTOR-TYPE SETS
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We define the Cantor-type set E first, and then the Besicovitch subset B, of E. We mainly
show the dimensions of subsets of Cantor-type set E in compatible case and incompatible
case.
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1. Introduction

Let I = [0,1] be the unit interval on the real line and m > 1 be an integer. Let ] = {0,1,...,
m — 1}. For every point x € I, there is a unique base-m representation x = X;° | jxm <
with jx € J except for countable many points. Since countable sets do not interfere with
our work, we neglect them here.

For each j €], x € [0,1], and n € N, let 7;(x,n) = #{k : iy = j, 1 < k < n}, then the
limit 7;(x) = lim, .« (1/1)7;(x, n) is called the frequency of number j in the base-m repre-
sentation of x. Here and in the following context, the notation “4A” denotes the number
of elements in set A.

A classical result of Borel [3] says that for Lebesgue almost every x € [0, 1], we have
7;(x) = 1/m. As for another problem, for a given probability vector p = (po, p1>-..>Pm-1)
such that Z;¢;p; = 1, consider the set

A (P> P1sevs pm—1) = {x € [0,1] : 7j(x) = pj, for j € J}. (1.1)

That is, the set Ay (po, p15--.> Pm—1) is composed of the number in [0, 1] having a ratio pj
of digits equal to j in its base-m representation for each j. A precursor theory is due to
Besicovitch, when he showed in [1] that if p € (0,1/2), then

plogp+(1—p)log(1-p)
—log2 '

dimA(p,1—-p) = (1.2)
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2 Dimensions of subsets of cantor-type sets

Eggleston generalized this formula for m > 2. He showed in [4] that

_Zjejpjlogp;

(1.3)
logm

dimAm (po,pl,. .. ,mel) =
From then on, A, (po,p15..., pm-1) is called Besicovitch set. And later, Billingsley fur-
thered their work and the related information can be found in his book [2].
The research developed in this paper is motivated by Moran and Rey’s work, and
some of the proofs are edified by the methods mentioned in their article [7]. Let M =
{1,2,...,m} and forany je M, w =i1ip - - - ip - - - € M™, n € N, we define

dj(w,n) = ¢lk:ix=j, 1 <k <n}. (1.4)
Whenever there exists the limit
8(@) = lim -8)(w,m), (15)

it is called the frequency of number j in infinite length word w. Then for a given prob-
ability vector p = (p1, p2,..., pm), we define the Besicovitch set B, to be the subset of
Cantor-type set E (see Section 2) given by

By = {9p(w) : §j(w) = pj, w € M™, forany j € M}. (1.6)

Here ¢ is a bijective between M® and the Cantor-type set E and M® is the set of all
infinite length sequences consisted by M. A remark from [7] says that B, is a Borel set.
In this paper, we give the Hausdorff dimension of B, for any given probability vector
p = (P1,p2s-.., pm) With p; >0 for j € M as the following theorem.

THEOREM 1.1. Denote

. > jempilogp;

- , 1.7
2 jempjlogr; (17)

dimBy, =, and s < a, where a is uniquely decided by Zjeyrj = 1. The equality is attained
when p coincides with (r{,r5,...,75).

Furthermore, we will show that there exists a subset B of Besicovitch set B, such that B
has full yp-measure (see Section 2) but zero Hausdorff measure when p # (r{,r5,...,7%),
which is described as follows.

Tueorem 1.2. There exists a Borel subset B of By such that uy(B) = 1 and 3€(B) = 0 in the
incompatible case, that is, p # (r{,15,...,7%).

As a corollary of Theorem 1.2, we can easily have that y,, %, and %P* are equivalent
on E in the compatible case, that is, p = (r{,r5,...,r5) (see Corollary 3.7). Furthermore,
we can get another byproduct (see Corollary 3.8) that the set E \ B, has zero * and
%2-measure when p is substituted by (1{,75,...,7%).

If the gap condition (see Section 2) holds, we will see that not only B, and the Cantor-
type set E have the same Hausdorff measure and packing measure, but also both of them
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are a-sets in the case of p = (r{,15,...,r5) (see Corollary 3.11). This can be regarded as
a corollary from Corollary 3.7. When it comes to the incompatible case, the Hausdorff
measure of By, is infinity (Proposition 3.12), and so is the packing measure.

From Corollary 3.8, we see that the complementary of B, with respect to E has zero
Jd*-measure in the compatible case, which implies that it is rather small from the view-
point of measure theory.

The following section will give the basic definitions and notations of the paper, and
the proofs of the above results are displayed in Section 3.

2. Definitions and notations

Let I = [0, 1] be the unit interval and M = {1,2,...,m}. Let Q, be the set of all sequences
of length n with each sequence consisting of letters in M and let Q = |J;;_, Q,,. Suppose
that a sequence of closed subsets {I, : w € Q,} of I satisfies

(1) Iyxi C I, foranyw € Qandi e M,

(2) Lyxi NIyxj = ¢ forany w € Q and i, j € M with i # j,

(3) y«il/lIy| = ri with r; € (0,1) forany w € Q and i € M.
Then the set E = ,_; Uypeq, Lo is called a Cantor-type set.

Notice that (), Ii,i,...;, consists of a single point which we will denote by ¢(w) since
w € Oy, and we write [ j,...;, for I, sometimes. We can easily see that ¢ : M* — E is 1-1
and onto.

We denote by v, the probability measure on M defined by the infinite product p x
pXpX---.Let y, be the projected measure supported by E, that is, yp = vp 0 ¢, then
for any n-level basic interval I,(w = ii; - - - iy, € Q,), we have p,(I,) = H;Llp,-j. By the
strong law of large numbers, we see that up(Bp) = 1 and since B, C E, thus pp(Bp) =
p(E) = 1. Such a measure iy, is called Bernoulli measure.

For the use in next section, we give some notations here.

Let ¥ = {I,: w € Q}, we define

95,5 (E) = inf{zuz;r AL} cF, |IL| <8, Ec Uzz;},

j (2.1)
H5(E) = }sina%fw(E).
Similar to the definition of Hausdorff dimension, we define
dimg E = sup {s > 0: #3(E) = oo}
2.2
=inf {s>0: 93 (E) = 0}. (22)
Now, we would like to define y;,-measure as follows:
U (E,8) = inf<|2yp(U,-)s up(Uy) <68, EC U,},

i (2.3)

pp(E) = léiggy;(E,S)
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then the yp-dimension of E is given by

dim,, E = sup {s = 0: yy(E) = oo}

=inf {s > 0: 43, (E) = 0}. (2.4)

We see that if y,(E) > 0, then dim, E = 1.

3. Proofs
Now we set to prove the results displayed in Section 1. First, let us look at some lemmas.

LEmMma 3.1 [5]. Suppose that p = (pi1, pa2s..., Pm) is a probability vector with Xjcyp; = 1
and p; > 0. For any qi,...,qm € R,

% pi( —logpi+qi) <logZi” e, (3.1)

The equality is attained if and only if p; = e%(Z]"e%)~! fori € M.

LEmMA 3.2. For any subset F C E, a = 0, there exists a constant ¢ > 0 such that ¢35 (F) <

96 < HE(F).

Proof. Denote r = minj<j<m{ti}, A(,") = {I, : " < |I,| < r""1}. For any §-covering {U;}
of F, for any U, there exists n; such that % < |U;| < r"~!. For any x € U;, Fn U; C
UL eari,nvizg lo € B(x,2r™71), then we have #{l, : I, € A¥'I, N U; # ¢} < 4r™~!/r" =
4/r, so for this Uj, there exists a sequence {Ii'}"}{:ll,’zz,’_'_'_"li Cc A suchthat FNn U; C Uﬂf: . Ii(]f“"),
i < 4/r. Since |Uj| = " = r|I”| for j = 1,2,...,1;, then [|U;|* = Z4_,r*| 1" |2, we fur-
ther get (4/r)22, | Uil = r*=2, 21, |17 |2, thus we get H(F) = (r+'/4) % (F). Letting
¢ = r%1/4, we have c#5(F) < #* < H5(F). O
To prove Theorem 1.1, we need another lemma.

LEmMmA 3.3. If

T IOng(Iw) _
EcC {(p(w) : ‘{11‘13100 fog|la] ot (3.2)

then dimE = § dim,, E.

Proof. With Lemma 3.2, we can get the same dimension result if we use the basic intervals
to cover E, so we first prove that if

. loguy (Iy)
EcC {go(w) l}g‘l_l'gf log | 10| >0, (3.3)

then dimE > §dim,, E.
If p(w) € E, then for any € > 0, there exists N > 0 such that for any n > N, we have
pp o) < |1, |9=¢. Thus there are only many finite w such that I, does not satisfy the above
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inequality. Let

Ek={¢(w)€E:|Iw|> or pp (I, {I| } (3.4)

We see that Ej is increasing. On the other hand, since we have y,(I,) > 0 for any w € Q,
then there exists k such that [I,| > 1/k for any given w € Q, which implies that ¢(w) € Ej.
Thus we have E = |, Ex.

For any (1/k >)p >0, & >0, & >0, there exists a sequence of intervals {I]} C % such
that I} < P> I, N Ey # ¢, and E; C U]Iw Since dimg E = dimE and Ej C E, we have

%SlmE*SZ(Ek) < &, that is, >[I |dimErer &1, which follows Z(‘L{P(Ic{))) dimE+e;)/(0-2) < ¢,
Thus we have dim,,, Ex < (dimE +¢,)/( — €). Since € and ¢, are arbitrary small, we have
dimE > § dim,,, Ex, which further implies dimE > § dim,, E

With the same method we can prove that if

1 logpy (L)
EcC {(p(a)) : h‘rj‘lilolop og |1, | <0y, (3.5)
then dimE < §dim,,, E
With the above arguments, we complete the proof. O

Proof of Theorem 1.1. For any w € Q,

1 I >"_logp;.
im 0g#pla) _ %1 l08 P
|w]— o0 lOg |Iw| |w]— o0 Zj:llogri].

— lim jeM&(w l’l)lngj
|~ Zjepdj(w,n)logr;

(3.6)

_ Zjempjlogp; _
ngij IOg Tj
Since pp(Bp) = 1, by Lemma 3.3 we have dim B, =s.

Put g; = logr{* in Lemma 3.1, we get s < a. Furthermore, if we put

@ ay "1
pi= €8z o) = e, (3.7)

we have s = a. O

LEmMA 3.4 (law of iterated logarithm (Hartman-Winter)). Suppose that {X, :n = 1}
is a sequence of independent, identically distributed random variables (i.i.d.r.v.) satisfying
E(X,) = 0 and E(X2) = 0% € (0,+), then

X
limsup——===—— =1, pae,
n—e . [2no?loglogno?
- 3 (3.8)
liminf =-1 pae

n=e L\ [2no?loglogno?
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Remark 3.5. We suppose that E denotes the mathematical expectation and V denotes the
mean variance here and in the following context.

Proof of Theorem 1.2. Put p = pp o ¢, X; = log p; — slogr;, i € M, then {X;} is a sequence
of i.i.d.r.v. with respect to p. We see that E(X;) = 2| p;(log p; — slogr;) = 0. Suppose that
p # (r},...,r%), then

0<E(X?) :Z?llpi(logpi—slogri)z =: 0% < 0. (3.9)
Set
B = {(p(w):limsupzilxi = 1}, (3.10)
n—c 2no?loglogno?

then pp(B’) = 1 by Lemma 3.4. Since p,(Bp) = 1. Let B = B' N By, we get 1p(B) = 1.
With the above arguments, we see that Z;‘;lXij = o a.e, that is,

I, p;
log H]Jlf? — o, asn— o, (3.11)
j=1 i]
from which we also have
I
o) o] — o, (3.12)
|L]°

Let $* = {1, tup(Io)/ I ° > k, for w € Q,}, gk = U;f;l}},‘,. For any 6 >0, k >0, choose
{I}‘} C $% such that B C UjI]’-‘, IIJ’fI <6, and Iik mI]’? = ¢(i # j). By the definition of %, we
have

Ik
”"(kfs) >k, V] (3.13)
|1} |
Thus
%5 kS 1 k 1
S(B) < ZIIF| < 3 (IF) < (3.14)
Letting k — oo, we have 3€5(B) = 0, from which it follows that 7¢*(B) = 0. O

LEMMA 3.6 [6]. Suppose that y is a finite Borel measure such that

#(IT,)X <oo, 0< liminf‘u(lw)

lwi~eo |I,|*

0 < limsup < oo, foranyweQ, (3.15)

|w[— 00 | ®

then y ~ H* ~ P on E.

COROLLARY 3.7. pp ~ H* ~ P on E in case of p = (r{,r5,...,r5).
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Proof. Since up(1,) = H;’=1pij, for w = iyiy - - - iy € Q,, then

P‘p(lw) _ Hjn=1pij _
L [" Mg

[—

when p = (rf,rs,...,7%). (3.16)

So by Lemma 3.6, we have y, ~ %% ~ %P* on E in case of p = (r{,r5,...,75). O

COROLLARY 3.8. #*(E\ By) = PY(E\ Bp) = 0, H*(E) = H*(Bp), and P*(E) = P*(Byp) in
case of p = (r{,r5,...,r%).

Proof. By the definition of equivalence, yp ~ #* on E & for any F C E, yp(F) =0
J€*(F) = 0. It is clear that By, is the subset of E with yp(E) = pp(Bp) = 1, then we get
immediately yp,(E \ Bp) = 0, which further implies %*(E \ B,) = 0 by Corollary 3.7. Fur-
thermore, #%(B,) < #*(E) < 3*(Bp) + #*(E \ Bp) = #*(Bp), we have #*(E) = J*(Bp).

Similar arguments will prove that %(E \ Bp) = 0 and P*(E) = P*(B,). O

For the simplicity of proof of the following results, we would like to make a hypothesis
here.

We say that the Cantor-type set E satisfies the gap condition if there exists a constant
0 > 0 such that

diSt(Iiliz---i,,aliliz---i;,) > 8max{ |I,‘1,'2...,'n s |Ii1i2---i’w } (3.17)

for any n € N and i, # i),

LemMa 3.9 [6]. If the gap condition holds, then for any w € Q and finite Borel measure ,
the following inequalities hold:

L |® r | L|®
(ad)*liminf <hm1nf— < a *liminf
ol u(l,) 0 u(B(p(w),r)) ol (L)’
" : e G
(ad)*limsup <limsup r <a “limsup

|w|— o0 #(Iw) - r—0 M(B((P(w),?’)) |w|— o0 ‘l/l(I )’

where a = min;ep {ri}.

LemMa 3.10 [8]. For finite Borel measure y, there exists constants cy, ¢, ¢3, ¢4 such that

c1u(E) 1nf111rr11(§1f W <#H*(E) < cou(R )iléghrrflmf W
" (3.19)
oM infimote Lty =97(E) = B suplimay e

CoroLLARY 3.11. IfE is the Cantor-type set satisfying gap condition and By, is the Besicov-
itch set defined in Section 1, then 0 < 3*(E) = J*(By) < o0 and 0 < P*(E) = P*(Bp) <
whenp = (r{,15,...,7%).
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Proof. From Lemma 3.10, we see that the density of balls is comparable with that of in-
tervals. So we have
|L|” ”

< H*(E) < hu(R) supliminf [

14(E) inf liminf 2
c(E) inf lim in (L) supliminf- 75 (3.20)
together with Lemmas 3.9 and 3.10.
Since
I
;4|p1( r,x) =1, incaseofp= (r,r5,...,r%), (3.21)
w

so we get ¢; < #H*(E) < ¢, by substituting ¢ with p, in (3.20), which implies that 0 <
J€*(E) < oo. Since we have proved in Corollary 3.8 that #*(E) = #*(B,), we have 0 <
H*(E) = 3H*(Bp) < oo.

Analogously, we can prove 0 < P*(E) = P*(Bp) < co. O

Remark 3.12. Corollary 3.11 reinforces the assertion in Theorem 1.1.
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