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We discuss the calculation of integral cohomology ring of LG/T and ΩG. First we de-
scribe the root system and Weyl group of LG, then we give some homotopy equivalences
on the loop groups and homogeneous spaces, and calculate the cohomology ring struc-

tures of LG/T and ΩG for affine group Â2. We introduce combinatorial integers
(
m,n
j

)

which play a crucial role in our calculations and give some interesting identities among
these integers. Last we calculate generators for ideals and rank of each module of graded
integral cohomology algebra in the local coefficient ring Z[1/2].
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1. Introduction

Kumar described the Schubert classes which are the dual to the closures of the Bruhat cells
in the flag varieties of the Kac-Moody groups associated to the infinite dimensional Kac-
Moody algebras [17]. These classes are indexed by affine Weyl groups and can be chosen
as elements of integral cohomologies of the homogeneous space L̂polGC/B̂ for any com-
pact simply connected semisimple Lie groupG. Later, S. Kumar, and B. Kostant described
explicit cup product formulas of these classes in the cohomology algebras by using the re-
lation between the invariant-theoretic relative Lie algebra cohomology theory (using the
representation module of the nilpotent part) with the purely nil-Hecke rings [16]. These
explicit product formulas involve some BGG-type operators Ai and reflections. In the
published work [20] of the first author, using some homotopy equivalences, cohomology
ring structures of LG/T have been determined where LG is the smooth loop space on G.
He has calculated the products and explicit ring structure of LSU2/T using these ideas.
He found that it has a quotient of the divided power algebra. In this work, we list explicit
presentation of affine Weyl group of the loop group LSU3. We calculate generators for
ideals and the rank of the modules of graded cohomology algebra of LSU3/T and ΩSU3

in the coefficient ring Z[1/2].
Some comments about the structure of this work are in order. It is written for a reader

with a first course in algebraic topology and some understanding of the structure of
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compact semisimple Lie groups and their representations, plus symbolic computation
and some mathematical maturity. Some good general references are Bredon [2] for topol-
ogy and geometry, Pressley-Segal [22] for loop groups and their representations, Kac
[14] for Kac-Moody algebra theory, Hiller [10] for reflection and Coxeter groups, and
Humphreys [11] for Lie algebras and representations.

The organization of this work is as follows.
In Section 2, we describe the root system and Weyl group of LG and we give the group

presentation of the affine Weyl group of Â2. We classify all elements of affine Weyl group
W̃ and Ŵ = W̃/W for Â2.

In Section 3 some homotopy equivalences between loop groups and homogeneous
spaces are given.

Section 4 includes all details about Schubert calculus and cohomology of the flag space
G/B for Kac-Moody group G. In this section, we give some facts and results about Kac-
Moody Lie algebras and associated groups and the construction of dual Schubert cocycles
on the flag spaces by using the relative Lie algebra cohomology tools. The rest of the
section includes cup product formula.

In Section 5, we introduce combinatorial integers
(
m,n
j

)
and give some interesting

properties of them.
In Section 6, we discuss the calculation of cohomology ring of LG/T . Last using cup

product formula we explicitly calculate the cohomology structures of LG/T and ΩG for
Â2.

2. The root system, Weyl group, and Cartan matrix of the loop group LG

We know from compact simply connected semisimple Lie theory that the complexified
Lie algebra gC of the compact Lie group G has a decomposition under the adjoint action
of the maximal torus T of G. Then, from [11], we have the following.

Theorem 2.1. There is a decomposition

gC = tC
⊕
α

gα, (2.1)

where g0 = tC is the complexified Lie algebra of T and

gα =
{
ξ ∈ gC : t · ξ = α(t)ξ ∀t ∈ T}. (2.2)

The homomorphisms α : T → T for which gα �= 0 are called the roots of G. They form
a finite subset of the lattice T̆ =Hom(T ,T). By analogy, the complexified Lie algebra LgC
of the loop group LG has a decomposition

LgC =
⊕

k∈Z
gC · zk, (2.3)

where gC is the complexified Lie algebra of G. This is the decomposition into eigenspaces
of the rotation action of the circle group T on the loops. The rotation action commutes
with the adjoint action of the constant loops G, and from [22], we have the following.
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Theorem 2.2. There is a decomposition of LgC under the action of the maximal torus T of
G,

LgC =
⊕

k∈Z
g0 · zk ⊕

⊕

(k,α)

gα · zk. (2.4)

The pieces in this decomposition are indexed by homomorphisms

(k,α) : T×T −→ T. (2.5)

The homomorphisms (k,α) ∈ Z× T̆ which occur in the decomposition are called the
roots of LG.

Definition 2.3. The set of roots is called the root system of LG and is denoted by Δ̂.

Let δ be (0,1). Then

Δ̂=
⋃

k∈Z

(
Δ∪{0}+ kδ

)= Δ∪{0}+Zδ, (2.6)

whereΔ is the root system ofG. The root system Δ̂ is the union of real roots and imaginary
roots:

Δ̂= Δ̂re∪ Δ̂im, (2.7)

where

Δ̂re =
{

(α,n) : α∈ Δ, n∈ Z},
Δ̂im =

{
(0,r) : r ∈ Z}.

(2.8)

Definition 2.4. Let the rank of G be l. Then, the set of simple roots of LG is

{(
αi,0
)

: αi ∈ Σ for 1≤ i≤ l}∪ {(−αl+1,1
)}

, (2.9)

where αl+1 is the highest weight of the adjoint representation of G.

The root system Δ̂ can be divided into three parts as the positive and the negative and
0:

Δ̂= Δ̂+∪{0}∪ Δ̂−, (2.10)

where

Δ̂+ = Δ̂+
re∪ Δ̂+

im, Δ̂− = Δ̂−re∪ Δ̂−im, (2.11)

where

Δ̂+
re =
{

(α,n)∈ Δ̂re : n > 0
}∪ {(α,0) : α∈ Δ+},

Δ̂+
im = {nδ : n > 0},

Δ̂−re =−Δ̂+
re, Δ̂−im =−Δ̂+

im.

(2.12)
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In the case of LSUn, for n ≥ 3, the root system Δ̂ of the loop group LSUn has basic
elements a0 = (−α0,1) and ai = (αi,0), 1 ≤ i ≤ n− 1 where αi is the simple root of SUn

and α0 =
∑n−1

i=1 αi. All roots of LSUn can be written as a sum of the simple roots ai.

Theorem 2.5 (see [14]). The set of roots of LSUn, for n≥ 3, is

Δ̂=
{
k
i−1∑

r=0

ar + l
j−1∑

r=i
ar + k

n−1∑

r= j
ar : |k− l| = 1, k ∈ Z, 0≤ i≤ j ≤ n

}
. (2.13)

Corollary 2.6. The set of positive roots of LSUn, for n≥ 3, is

Δ̂+ =
{
k
i−1∑

r=0

ar + l
j−1∑

r=i
ar + k

n−1∑

r= j
ar : |k− l| = 1, k ∈ Z+, 0≤ i≤ j ≤ n

}
. (2.14)

Corollary 2.7. The simple roots of LSU3 are a0 = (−α1−α2,1), a1 = (α1,0), a2 = (α2,0),
where α1 and α2 are the simple roots of compact Lie group SU3.

The set of all positive real roots of LSU3 is

{(
α1,m
)
,
(
α2,m
)
,
(
α1 +α2,m

)
,
(−α1,s

)
,
(−α2,s

)
,
(−α1−α2,s

)
:m≥ 0, s > 0

}
.
(2.15)

Now, we will discuss the Weyl group of the loop group LG. In order to define this
group, we need a larger group structure. We define the semidirect product T� LG of T
and LG in which T acts on LG by the rotation. From [22], we have the following.

Theorem 2.8. T×T is a maximal abelian subgroup of T�LG.

Theorem 2.9. The complexified Lie algebra of T�LG has a decomposition

(
C⊕ tC

)⊕
(⊕

k �=0

tC · zk ⊕
⊕

(k,α)

gα · zk
)

, (2.16)

according to the characters of T×T .

We know that the roots of G are permuted by the Weyl group W . This is the group
of automorphisms of the maximal torus T which arise from conjugation in G, that is,
W =N(T)/T , where

N(T)= {n∈G : nTn−1 = T} (2.17)

is the normalizer of T in G. Exactly in the same way, the infinite set of roots of LG is
permuted by the Weyl group W̃ =N(T×T)/(T×T), where N(T×T) is the normalizer
in T�LG. The group W̃ is called the affine Weyl group.

Proposition 2.10. The affine Weyl group W̃ is the semidirect product of the coweight lattice
T∨ =Hom(T,T) by the Weyl group W of G.
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We know that the Weyl group W of G acts on the Lie algebra of the maximal torus T .
It is a finite group of isometries of the Lie algebra t of the maximal torus T . It preserves
the coweight lattice T∨. For each simple root α, the Weyl group W contains an element
rα of order two represented by exp((π/2)(eα + e−α)) in N(T). Since the roots α can be
considered as the linear functionals on the Lie algebra t of the maximal torus T , the
action of rα on t is given by

rα(ξ)= ξ −α(ξ)hα for ξ ∈ t, (2.18)

where hα is the coroot in t corresponding to simple root α. Also, we can give the action of
rα on the roots by

rα(β)= β−α(hβ
)
α for α,β ∈ t∗, (2.19)

where t∗ is the dual vector space of t. The element rα is the reflection in the hyperplane
Hα of t whose equation is α(ξ)= 0. These reflections rα generate the Weyl group W . For
G= SUn, we have from [12] the following.

Theorem 2.11. The Weyl group of SUn is the symmetric group Sn.

Now, we want to describe the Weyl group structure of LG. By analogy with R for real
form, the roots of the loop group LG can be considered as linear forms on the Lie algebra
R× t of the maximal abelian group T× T . The Weyl group W̃ acts linearly on R× t,
the action of W is an obvious reflection in the affine hyperplane 1× t and the action of
λ∈ T∨ is given by

λ · (x,ξ)= (x,ξ + xλ). (2.20)

Thus, the Weyl group W̃ preserves the hyperplane 1× h, and λ ∈ T̆ acts on it by trans-
lation by the vector λ ∈ T∨ ⊂ t. If α �= 0, the affine hyperplane Hα,k can be defined as
follows. For each root (α,k),

Hα,k =
{
ξ ∈ t : α(ξ)=−k}. (2.21)

We know that the Weyl groupW ofG is generated by the reflections rα in the hyperplanes
Hα for the simple roots α. A corresponding statement holds for the affine Weyl group W̃ .

Proposition 2.12. Let G be a simply connected semisimple compact Lie group. Then the
Weyl group W̃ of the loop group LG is generated by the reflections in the hyperplanes Hα,k.
The affine Weyl group W̃ acts on the root system Δ̂ by

r(α,k)(γ,m)= (rα(γ),m−α(hγ
)
k
)

for (α,k),(γ,m)∈ Δ̂. (2.22)

Proposition 2.13. The Weyl group of LSUn is the semidirect product Sn �Zn−1, where Sn
acts by permutation action on coordinates of Zn−1.

Actually the symmetric group Sn acts on Zn by the permutation action, and Zn−1 is the
fixed subgroup which corresponds to the eigenvalue action.
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By Proposition 2.13, the Weyl group of LSU3 is S3 �Z2. Moreover, we explicitly give
the group presentation of S3 �Z2.

Proposition 2.14. The Weyl group W̃ of LSU3 is isomorphic to the group defined by the
presentation

{
rai : r2

i = 1, rir jri = r jrir j , i �= j, i, j = 0,1,2
}
. (2.23)

Proposition 2.15. All elements of the Weyl group W̃ of LSU3 are classified as in the follow-
ing matrices:

⎛
⎜⎜⎜⎝

(
rai raj rak

)n
(
rai raj rak

)n
rai

(
rai raj rak

)n
rai raj

⎞
⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎝

(
rai rak raj

)n
(
rai rak raj

)n
rai

(
rai rak raj

)n
rai rak

⎞
⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2

(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2raj
(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2raj rak

raj
(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2

raj
(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2raj

raj
(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2raj rak

rak raj
(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2

rak raj
(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2raj

rak raj
(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2raj rak

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.24)

for every τ,σ ∈ S3, and n,n1,n2 ∈N.

Proof. If each class in the entries is acted by each reflection rai from the left and right
sides, by the relations in Proposition 2.14, we get new classes which are similar to one of
the classes above. �

From [10], we have the following.

Theorem 2.16. The affine Weyl group W̃ of LG is a Coxeter group.

We will give some properties of the affine Weyl group W̃ .

Definition 2.17. The length of an element w ∈ W̃ is the least number of factors in the
decomposition relative to the set of the reflections {rai}, and it is denoted by �(w).

Definition 2.18. Let w1,w2 ∈ W̃ , γ ∈ Δ+
re. Then w1

γ−→w2 indicates the fact that

rγw1 =w2, �
(
w2
)= �(w1

)
+ 1. (2.25)
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We put w �w′ if there is a chain

w =w1 −→w2 −→ ··· −→wk =w′. (2.26)

The relation � is called the Bruhat order on the affine Weyl group W̃ .

Proposition 2.19. Let w ∈ W̃ and let w = ra1ra2 ···ral be the reduced decomposition of
w. If 1 ≤ i1 < ··· < ik ≤ l and w′ = rai1 rai2 ···raik

, then w′ � w. If w′ � w, then w′ can be
represented as above for some indexing set {iξ}. If w′ → w, then there is a unique index i,
1≤ i≤ l such that

w′ = ra1 ···rai−1rai+1 . (2.27)

The last proposition gives an alternative definition of the Bruhat ordering on W̃ .

Proposition 2.20. In the Weyl group W̃ of LSU3, the number of elements with length s is
3s.

Proof. The proof will be done for the following cases:

s≡

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 mod 3,

1 mod 3,

2 mod 3.

(2.28)

Let w ∈ W̃LSU3 be an element with length s.
For s≡ 0 mod 3, there exists k ∈ Z+ such that s= 3k and by Proposition 2.14, we have

elements
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Aki jk,0 =
(
rai raj rak

)k
,

Bkik j,0 =
(
rai rak raj

)k
,

Ck1,k2
ik j,0 =

(
rai rak raj

)k1
(
rai rak rai

)(
raj rak rai

)k2 ,

Dl1,l2
ik j,0 = raj

(
rai rak raj

)l1(rai rak rai
)(
raj rak rai

)l2raj rak ,

En1,n2
ik j,0 = rak raj

(
rai rak raj

)n1
(
rai rak rai

)
(raj rak rai

)n2raj

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.29)

such that [i jk]∈ S3, and

k1 + k2 = k− 1,

l1 + l2 = k− 2,

n1 +n2 = k− 2,

0≤ k1, k2 ≤ k− 1,

0≤ l1, l2 ≤ k− 2,

0≤ n1, n2 ≤ k− 2.

(2.30)
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There are 6 elements of the first- and second-kind classes, 3k elements of the third-
kind class, 3k− 3 elements of the fourth-kind class, and 3k− 3 elements of the last class.
So we have totally 9k = 3s elements with length s= 3k.

For s≡ 1 mod 3, there exists k ∈ Z+ such that s= 3k + 1 and by Proposition 2.14, we
have elements

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Aki jk,1 =
(
rai raj rak

)k
rai ,

Bkik j,1 =
(
rai rak raj

)k
rai ,

Ck1,k2
ik j,1 =

(
rai rak raj

)k1
(
rai rak rai

)(
raj rak rai

)k2raj ,

Dl1,l2
ik j,1 = raj

(
rai rak raj

)l1(rai rak rai
)(
raj rak rai

)l2 ,

En1,n2
ik j,1 = rak raj

(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2raj rak

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.31)

such that [i jk]∈ S3, and

k1 + k2 = k− 1,

l1 + l2 = k− 1,

n1 +n2 = k− 2,

0≤ k1, k2 ≤ k− 1,

0≤ l1, l2 ≤ k− 1,

0≤ n1, n2 ≤ k− 2.

(2.32)

There are 6 elements of the first- and second-kind classes, 3k elements of the third-
kind class, 3k elements of the fourth-kind class, and 3k− 3 elements of the last class. So
we have totally 9k+ 3= 3s elements with length s= 3k+ 1.

For s≡ 2 mod 3, there exists k ∈ Z+ such that s= 3k + 2 and by Proposition 2.14, we
have elements

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Aki jk,2 =
(
rai raj rak

)k
rai raj ,

Bkik j,2 =
(
rai rak raj

)k
rai rak ,

Ck1,k2
ik j,2 =

(
rai rak raj

)k1
(
rai rak rai

)(
raj rak rai

)k2raj rak ,

Dl1,l2
ik j,2 = raj

(
rai rak raj

)l1(rai rak rai
)(
raj rak rai

)l2raj ,
En1,n2
ik j,2 = rak raj

(
rai rak raj

)n1
(
rai rak rai

)(
raj rak rai

)n2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.33)



C. Özel and E. Yilmaz 9

such that [i jk]∈ S3, and

k1 + k2 = k− 1,

l1 + l2 = k− 1,

n1 +n2 = k− 1,

0≤ k1, k2 ≤ k− 1,

0≤ l1, l2 ≤ k− 1,

0≤ n1, n2 ≤ k− 1.

(2.34)

There are 6 elements of the first- and second-kind classes, 3k elements of the third-
kind class, 3k elements of the fourth-kind class, and 3k elements of the last class. So we
have totally 9k+ 6= 3s elements with length s= 3k+ 2.

Then there are totally 3s elements with length s. �

Now we will define the subset Ŵ of the affine Weyl group W̃ which will be used in
the text later. We know that the Weyl group W̃ of the loop group LG is a split extension
T∨ → W̃ →W , where W is the Weyl group of the compact group Lie group G. Since the
Weyl group W is a sub-Coxeter system of the affine Weyl group W̃ , we can define the set
of cosets W̃/W .

Lemma 2.21. The subgroup of W̃ fixing 0 is the Weyl group W .

Corollary 2.22. Let w,w′ ∈ W̃ . Then, w(0)=w′(0) if and only if wW =w′W in W̃/W .

By the last corollary, the map W̃/W → T∨ given by wW → w(0) is well defined and
has an inverse map given by χi→ rαiW , so the coset set W̃/W is identified to T∨ as a set.
We have from [1] the following.

Theorem 2.23. Each coset in W̃/W has a unique element of the minimal length.

We will write �(w) for the minimal length element occuring in the coset wW , for
w ∈ W̃ . We see that each coset wW , where w ∈ W̃ , has two distinguished representatives
which are not in general the same. Let the subset Ŵ of the affine Weyl group W̃ be the set
of the minimal representative elements �(w) in the coset wW for each w ∈ W̃ . The subset
Ŵ has the Bruhat order since it identifies the set of the minimal representative elements
�(w). As an example, we calculate the subset Ŵ of the Weyl group of LSU3. Our aim is
to find the minimal representative elements �(w) in the right coset wW for each element
w ∈ W̃ , where

W̃ = {rai : r2
i = 1, rir jri = r jrir j , i �= j, i, j = 0,1,2

}
,

W = {rai : r2
i = 1, rir jri = r jrir j , i �= j, i, j = 1,2

}
.

(2.35)

We have the minimal representative elements �(w) for each coset wW , w ∈ W̃ as follows.
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For s≡ 0 mod 3, there exists k ∈ Z+ such that s= 3k and by Proposition 2.14, we have
elements

Ak012,0, Bk021,0, Ck1,k2
021,0, Dl1,l2

210,0, En1,n2
102,0 (2.36)

such that

k1 + k2 = k− 1, k1 = odd,

l1 + l2 = k− 2, l1 = even,

n1 +n2 = k− 2, n1 = odd,

0≤ k1, k2 ≤ k− 1,

0≤ l1, l2 ≤ k− 2,

0≤ n1, n2 ≤ k− 2.

(2.37)

There are 2 elements of the first- and second-kind classes, �k/2� elements of the third-
kind class, �k/2� elements of the fourth-kind class, and �k/2�− 1 many elements of the
last class if k is an even otherwise �k/2� elements of the last class. So we have totally
3�k/2�+ 1 = �s/2�+ 1 if k is even otherwise 3�k/2�+ 2 = �s/2�+ 1 elements with length
s= 3k.

For s≡ 1 mod 3, there exists k ∈ Z+ such that s= 3k + 1 and by Proposition 2.14, we
have elements Ak012,1, Bk021,1, Ck1,k2

021,1, Dl1,l2
210,1, En1,n2

102,1 such that

k1 + k2 = k− 1, k1 = odd,

l1 + l2 = k− 1, l1 = even,

n1 +n2 = k− 2, n1 = odd,

0≤ k1, k2 ≤ k− 1,

0≤ l1, l2 ≤ k− 1,

0≤ n1, n2 ≤ k− 2.

(2.38)

There are 2 elements of the first- and second-kind classes, �k/2� elements of the third-
kind class. If k is even, there are �k/2� elements of the fourth-kind class, and �k/2� − 1
elements of the last class. If k is odd, there are �k/2�+ 1 elements of the fourth-kind class
and �k/2� elements of the last class. So we have totally 3�k/2�+ 1= �s/2�+ 1 if k is even
otherwise 3�k/2�+ 3= �s/2�+ 1 elements with length s= 3k+ 1.

For s≡ 2 mod 3, there exists k ∈ Z+ such that s= 3k + 2 and by Proposition 2.14, we
have elements Ak012,2, Bk021,2, Ck1,k2

021,2, Dl1,l2
210,2, En1,n2

102,2 such that

k1 + k2 = k− 1, k1 = odd,

l1 + l2 = k− 1, l1 = even,

n1 +n2 = k− 1, n1 = odd,

0≤ k1, k2 ≤ k− 1,

0≤ l1, l2 ≤ k− 1,

0≤ n1, n2 ≤ k− 1.

(2.39)
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There are 2 elements of the first- and second-kind classes, �k/2� elements of the third-
kind class, �k/2� elements of the fifth-kind class and �k/2� elements of the last class if
k is an even otherwise �k/2�+ 1 many elements of the fourth class. So we have totally
3�k/2�+ 2 = �s/2�+ 1 if k is even otherwise 3�k/2�+ 3 = �s/2�+ 1 elements with length
s= 3k+ 2. Then we have the subset Ŵ = {�(w) :w ∈ W̃}.
Proposition 2.24. In the Weyl group Ŵ = W̃/W of LSU3, the number of elements with
length s is �s/2�+ 1.

Now we will describe the Lie algebra LpolgC and its universal central extension in terms
of generators and relations. For a finite dimensional semisimple Lie algebra gC, we can
choose a nonzero element eα in gα for each root α. From [11], we have the following.

Theorem 2.25. gC is a Kac-Moody Lie algebra generated by ei = eαi and fi = e−αi for i =
1, . . . , l where the elements αi are the simple roots and l is the rank of gC only ifG is semisimple.

Let us choose generators ej and f j of LgC corresponding to simple affine roots. Since
gC ⊂ LgC, we can take

ej =
⎧⎨
⎩
ze−α0 for j = 0,

ei for 1≤ j ≤ l,

f j =
⎧⎨
⎩
z−1eα0 for j = 0,

fi for 1≤ j ≤ l,

(2.40)

where α0 is the highest root of the adjoint representation. From [22], we have the follow-
ing.

Theorem 2.26. Let gC be a semisimple Lie algebra. Then, LpolgC is generated by the elements
ej and f j corresponding to simple affine roots.

The Cartan matrix A(l+1)×(l+1) of LgC has the Cartan integers ai j = a j(hai) as entries
where a0 =−α0, and a j = αj if 1≤ j ≤ l. As an example, we have the following.

Proposition 2.27. Let G= SU3. The Cartan matrix A3×3 of LgC is the symmetric matrix
⎛
⎜⎝

2 −1 −1
−1 2 −1
−1 −1 2

⎞
⎟⎠ . (2.41)

Although the relations of the Kac-Moody algebra hold in LpolgC, they do not define it.
By a theorem of Gabber and Kac [6], the relations define the universal central extension
L̂polgC of LpolgC by C which is described by the cocycle ωK given by

ωK (ξ,η)= 1
2π

∫ 2π

0
σ
(
ξ(θ),η′(θ)

)
dθ. (2.42)

As a vector space L̂polgC is LpolgC⊕C and the bracket is given by
[
(ξ,λ),(η,μ)

]= ([ξ,η],ωK (ξ,η)
)
. (2.43)
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Theorem 2.28. L̂gC is an affine Kac-Moody algebra.

3. Some homotopy equivalences for the loop group LG and its homogeneous spaces

From [8], we have the following.

Theorem 3.1. The compact group G is a deformation retract of GC, and so the loop space
LG is homotopic to the complexified loop space LGC.

Now, we want to give a major result from [8].

Theorem 3.2. The inclusion

ι : LpolGC −→ LGC (3.1)

is a homotopy equivalence.

Now we will give some useful notations. The parabolic subgroup P of LpolGC is the
set of maps C→GC which have nonnegative Laurent series expansions. Then P =GC[z].
The minimal parabolic subgroup B is the Iwahori subgroup

{
f ∈ P : f (0)∈ B}, (3.2)

where B is the finite-dimensional Borel subgroup of G. Note also that the minimal para-
bolic subgroup B corresponds to the positive roots and the parabolic subgroup P to the
roots (α,n) with n≥ 0. From [8] we have the following.

Theorem 3.3. The evaluation map at zero e0 : P→ GC is a homotopy equivalence with the
homotopy inverse which is the inclusion of GC as the constant loops.

The following fact follows from the local rigidity of the trivial bundle on the projective
line. From [9], we have the following.

Proposition 3.4. The projection

LpolGC −→ LpolGC/P (3.3)

is a principal bundle with fiber P.

Now, as a consequence of Theorem 3.2, Proposition 3.4, and Theorem 3.3, we have the
following.

Theorem 3.5. ΩGC is homotopy equivalent to LpolGC/P.

Theorem 3.6 (see [19]). The homogeneous space

LpolGC/P =
∐

w∈W̃/W=Ŵ
BwP/P. (3.4)

Corollary 3.7. The homogeneous space

LpolGC/B =
∐

w∈W̃
BwB/B. (3.5)
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4. Cohomology of flag manifolds of Kac-Moody groups

Now we discuss the cohomolgy of flag manifolds of Kac-Moody groups.
Let G be the group associated to the Kac-Moody Lie algebra g. Then G may be of

three different types: finite, affine, and wild. The finite type Kac-Moody groups are simply
connected semisimple finite dimensional algebraic groups. The affine type Kac-Moody
groups are the circle group extension of the group of polynomial maps from S1 to a group
of finite type, or a twisted analogue. There is no concrete realization of the wild type
groups. Now, we will introduce some subgroups of the Kac-Moody group G. For e ∈ gα,
we put exp(e) = q(iα(e)) so that Uα = expgα is an additive one parameter subgroup of
G. We denote by U (resp., U−) the subgroup of G generated by the Uα (resp., U−α) for
α ∈ Δ+. For 1 ≤ i ≤ l, there exists a unique homomorphism ϕi : SL2(C)→ G, satisfying
ϕ( 1 z

0 1 )= exp(zei) and ϕ( 1 0
z 1 )= exp(z fi) for all z ∈ C. We define

Hi =
{
ϕ

(
z 0
0 z−1

)
: z ∈ C∗

}
; (4.1)

Gi = ϕ(SL2(C)). Let Ni be the normalizer of Hi in Gi, H the subgroup of G generated by
all Hi, and N the subgroup of G generated by all Ni. There is an isomorphism W →N/H .
We put B =HU . B is called standard Borel subgroup of G. Also, we can define the negative
Borel subgroup B− as B− =HU−.G has Bruhat and Birkhoff decompositions. Details can
be found in [21]. The conjugate linear involution ω0 of g gives an involution ω̃0 on G. Let
K denote the set of fixed points of this involution. K is called the standard real form of G.
Also, this involution preserves the subgroups Gi,Hi, and H ; we denote by Ki,Ti, and T ,
respectively, the corresponding fixed point subgroups. Then, Ki = ϕ(SU2) and

Ti =
{
ϕ

(
u 0
0 u−1

)
: |u| = 1

}
(4.2)

is a maximal torus of Ki and T =∏Ti is a maximal torus in K .
Now, we will give some facts about the topology of K . Let D (resp., D◦) be the unit

disk (resp., its interior) in C and let S1 be the unit circle. Given u∈D, let

z(u)=
⎛
⎝ u

(
1−|u|2)1/2

−(1−|u|2)1/2 ū

⎞
⎠∈ SU2, (4.3)

and zi(u)= ϕi(z(u)). We also set

Yi =
{
zi(u) : u∈D◦}⊂ Ki. (4.4)

Let w = ri1 ···rin be a reduced expression of w ∈W . We put Yw = Yi1 ···Yin . We have a
fibration π : K → K/T . The topological space K/T is called the flag variety of the K and
G. Now, we will give the topological structure in the infinite dimensional case. We define
Cw = π(Yw). From [13], we have the following.
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Proposition 4.1. The decomposition

K/T =
∐

w∈W
Cw (4.5)

defines a CW structure on K/T .

The closure of Cw is given by

Cw =
∐

w′�w

Cw′ . (4.6)

The closures Cw are called Schubert varieties and they are finite dimensional complex
spaces. The infinite type flag variety K/T is the inductive limit of these spaces and by
Iwasawa decomposition in [21], we have a homeomorphism K/T → G/B. From [13], we
have the following.

Proposition 4.2. The flag varietyK/T is an infinite dimensional complex projective variety.

Proposition 4.3. The elements Cw are a basic form of free Z-module H∗(K/T ,Z).

Now we will give the construction of the dual Schubert cocycles on the flag variety by
using the relative Lie-algebra cohomology tools. This construction was done by Kostant
[15] for finite type and extended by Kumar [17] for the Kac-Moody case.

�(g,h) denotes the standard cochain complex with differential d associated to the Lie
algebra pair (g,h) with trivial coefficients where h is the Cartan subalgebra of the Lie
algebra g. That is, �(g,h) is defined to be

∑
s≥0 Homh(Λs(g/h),C) such that h acts trivially

on C. We define

�̃=
∑

s≥0

�̃s, (4.7)

where �̃s =HomC(Λs(g/h),C). We put the topology of pointwise convergence on �̃s, that

is, fn → f in �̃s if and only if fn(x)→ f (x) in C with usual topology, for all x ∈ Λ(g,h).
From [3], we have the following.

Theorem 4.4. �̃s is a complete, Hausdorff, topological vector space with respect to the point-
wise topology.

In [17], a continous map ∂̃ : �̃s → �̃s−1 and a cochain map of b̃ on �̃ are defined. We
define ∂, b to be the restrictions of ∂̃ and b̃ to the subspace �(g,h). We define the following
operators on �(g,h): S= d∂+ ∂d and L= b∂+ ∂b. From [17], we have the following.

Proposition 4.5. kerS⊕ imS=�.

Theorem 4.6. d and ∂ on �(g,h) are disjoint.

Proposition 4.7 (Hodge-type decomposition). Let V be any vector space and let d,∂ :
V → V be two disjoint operators such that d2 = ∂2 = 0. Further, assume that kerS⊕ imS=
V , where S = d∂ + ∂d. Then, kerS→ kerd/ imd and kerS→ ker∂/ im∂ are both isomor-
phisms.
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By the Hodge-type decomposition and Proposition 4.5, we have the following.

Theorem 4.8. The canonical maps ψd,S : kerS→ H(�,d) and ψ∂,S : kerS→ H(�,∂) are
both isomorphisms.

Now, we describe a basis for kerL. We fix w ∈W of length s. We define Φw = wΔ− ∩
Δ+. Φw consists of real roots {γ1, . . . ,γs}. We pick yγi ∈ g−γi of unit norm with respect to
the form {·,·} and let xγi = −ω0(yγi). Let M(wρ−ρ) be the irreducible h-submodule with
the highest weight (wρ− ρ). By [7, Proposition 2.5], the corresponding highest weight
vector is yγ1 ∧···∧ yγs . There exists a unique element hw ∈ [M(wρ−ρ)⊗Λs(n)] such that
hw = (2i)s(yγ1 ∧···∧ yγs ∧ xγ1 ∧···∧ xγs) mod Pw ⊗Λs(n), where Pw is the orthogonal
complement of yγ1 ∧···∧ yγs in M(wρ−ρ). Using the nondegenerate bilinear form 〈·〉 on
g, we have the embedding

e :
⊕

k≥0

Λs
(

n⊕n−
)−→
⊕

k≥0

[
Λs
(

n⊕n−
)]∗

, where n=
⊕

α∈Δ+

gα, n− =
⊕

α∈Δ−
gα. (4.8)

Then hw = e(hw) ∈ kerL. These elements {hw}w∈W are a C-basis of kerL. Then, we can
define sw = ψ∂,S

−1([hw])∈H(�,∂). From [16, 17], we have the following.

Theorem 4.9. Let g be the Kac-Moody Lie algebra, let G be the group associated to the
Kac-Moody algebra g, and let B be standard Borel subgroup of G. Then

∫

Cw′
sw =
⎧⎪⎨
⎪⎩

0 if w �=w′,
(4π)2�(w)

∏

ν∈w−1Δ∩Δ+

σ(ρ,ν)−1 if w =w′. (4.9)

This gives the expression for the d, ∂ harmonic forms sw0 = sw/dw which are dual to the
Schubert cells where dw =

∫
Cw s

w.

Theorem 4.10 (see [18]).

H
(∫ )

:H∗(g,h)−→H∗(G/B,C) (4.10)

is a graded algebra isomorphism.

Let εw denote the image of s0w by the integral map in the last theorem. These coho-
mology classes are dual to the closure of the Schubert cells, hence we have the following.

Theorem 4.11. The elements εw, w ∈W , form a basis of the Z-module H∗(G/B,Z).

Let Q∨ =⊕iZhi, where hi is coroot, be the coroot lattice and let

P = {λ∈ h′∗ : λ
(
hi
)∈ Z} (4.11)

be the weight lattice dual to Q∨. Let S(P)=⊕ j≥0 S
j(P) be the integral symmetric algebra

over the lattice P, and S(P)+ =⊕ j>0 S
j(P) the augmentation ideal. Given a commutative



16 Divided power algebras and Schubert calculus

ring F with unit, we denote S(P)F = S(P)F ⊗Z F. We define the characteristic homomor-
phism ψ : S(P)→H∗(G/B,Z) as follows: given λ∈ P, we have the corresponding charac-
ter of B and the associated line bundle Lλ on G/B. We put ψ(λ) ∈ H2(G/B,Z) equal to
the Chern class of Lλ and we extend this multiplicativity to the whole S(P). We denote by
ψF the extension of ψ by linearity to S(P)F. In order to describe the properties of ψF, we
define BGG-operator Δi for 1≤ i≤ l on S(P) by

Δi( f )= f − ri( f )
αi

(4.12)

and we extend this by linearity to S(P)F.
We will introduce certain operators on cohomology of the flag space G/B which are

basic tools in the study of this theory. These operators are extension of action of the
BGG-operators Δi from the image of ψ to the whole cohomology operators. We know
that the Weyl group W acts by right multiplication on K/T and this action induces an
action of W on homology and cohomology of flag space. On the other hand, we have a
fibration pi : K/T → K/KiT with fiber Ki/Ti. Since the odd degree cohomologies of Ki/Ti
and K/KiT are trivial, then the Leray-Serre spectral sequence of the fibration degenerates
after the second term. So, H∗(K/T ,Z) is generated by im pi∗, which is ri invariant, and
the element ψ(χi), where χi is fundamental weight. We define a Z-linear operator Ai on
H∗(K/T ,Z) lowering the degree by 2 such that ri leaves the image of Ai invariant and

x− ri(x)=Ai(x)∪ψ(αi
)

(4.13)

for x ∈H∗(K/T ,Z).
Let εw be the dual basis of H∗(K/T ,Z). Then we have the following.

Proposition 4.12.

ri
(
εw
)=

⎧⎪⎪⎨
⎪⎪⎩

εw if �
(
riw
)
> �(w),

εw −
∑

riw
γ−→w′

〈
αi,γ
〉
εw

′
otherwise. (4.14)

Proposition 4.13.

Ai
(
εw
)=
⎧⎨
⎩
εriw if �

(
riw
)
< �(w),

0 otherwise.
(4.15)

Now, we will give the cup product formula in the cohomology of G/B where G is a
Kac-Moody group.

Theorem 4.14.

εu · εv =
∑

u,v�w

pwu,vε
w, (4.16)

where pwu,v is a homogeneous polynomial of degree 0 and �(u) + �(v)= �(w).
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Theorem 4.15. Let u,v ∈W . Denote w−1 = ri1 ···rin as a reduced expression.

pwu,v =
∑

j1<···<jm
rj1 ···r jm=v−1

Ai1 ◦ ··· ◦ rij1 ◦ ··· ◦ rijm ◦ ··· ◦Ain
(
εu
)
, (4.17)

where m= �(v).

Since L̂gC is an affine Kac-Moody algebra, we have the following isomorphism.

Theorem 4.16.

H∗(LG/T ;C)∼=H∗(LgC,tC;C
)∼=H∗(L̂gC, t̂C;C

)∼=H∗(L̂polGC/B̂;C
)
. (4.18)

Then the Z-cohomology ring of LG/T generated by the strata can be calculated using
the cup product formula in Theorem 4.14. In the last section, we will work at an example.

5. Identities on combinatorial integers
(
m,n
j

)

Now we introduce an interesting integer sequence which will play an important role in
our calculations. Let

(
m,n
j

)
=

j∑

k=0

(−1)k
(
m

k

)(
n

j− k

)
, (5.1)

where n,m≥ 0 and 0≤ j ≤m+n, and

(
m

k

)
=

⎧⎪⎪⎨
⎪⎪⎩

m!
k!(m− k)!

if m≥ k,

0 if m< k.
(5.2)

The generating function of the integer sequence of
(
m,n
j

)
is the function (1 + x)n(1− x)m.

By definition of
(
m,n
j

)
we have

(
m,n
j

)
=

j∑

k=0

(−1)k
(
m

k

)(
n

j− k

)
=

j∑

k=0

(−1)k
(

n

j− k

)(
m

k

)

=
j∑

k=0

(−1)k− j
(
n

k

)(
m

j− k

)
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
n,m
j

)
if j even,

−
(
n,m
j

)
if j odd,

(5.3)

and hence
(
n,n
j

)
= 0 whenever j is odd.
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Theorem 5.1 (symmetry and antisymmetry). Let n be a nonnegative integer. For k =
0,1,2, . . . ,n,

(
k,n− k

k

)
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(
n− k,k
n− k

)
if n even,

−
(
n− k,k
n− k

)
if n odd.

(5.4)

Proof. By definition, for k = 0,1,2, . . . ,n we have

(
k,n− k

k

)
=

k∑

i=0

(−1)i
(
k

i

)(
n− k
k− i

)

=
k∑

i=0

(−1)i
(
n− k
k− i

)(
k

i

)

=
k∑

i=0

(−1)i
(

n− k
n+ i− 2k

)(
k

k− i

)

=
n−k∑

i=n−2k

(−1)i−n+2k

(
n− k
i

)(
k

n− k− i

)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

n−k∑

i=n−2k

(−1)i
(
n− k
i

)(
k

n− k− i

)
if n even,

−
n−k∑

i=n−2k

(−1)i
(
n− k
i

)(
k

n− k− i

)
if n odd.

(5.5)

Since for i < n− 2k, we have n− k− i > k so it follows that
(

k
n−k−i
)
= 0 where i= 0,1, . . . ,

n− 2k− 1. Therefore we have

(
k,n− k

k

)
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

n−k∑

i=0

(−1)i
(
n− k
i

)(
k

n− k− i

)
if n even,

−
n−k∑

i=0

(−1)i
(
n− k
i

)(
k

n− k− i

)
if n odd.

(5.6)

Hence we have the desired result. �

Also we have the following identities.
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Theorem 5.2. Let r, s, l, p be nonnegative integers. Then

(right-shifting property)

(
r,s
l

)
=
(
r,s− 1
l

)
+

(
r,s− 1
l− 1

)
, (5.7)

(left-shifting property)

(
r,s
l

)
=
(
r− 1,s
l

)
−
(
r− 1,s
l− 1

)
, (5.8)

(right-shifting expansion)

(
r,s
l

)
=

l∑

i=0

(
r,s− i− 1
l− i

)
, (5.9)

(Vandermonde convolution)

(
r,s
l

)
=

p∑

i=0

(
r,s− p

l− i

)(
p

i

)
, (5.10)

2

(
r− 1,s− 1

l

)
=
(
r− 1,s
l

)
+

(
r,s− 1
l

)
, (5.11)

2

(
r− 1,s− 1
l− 1

)
=
(
r− 1,s
l

)
−
(
r,s− 1
l

)
. (5.12)

Proof. First we will prove that (5.7) holds. Then

(
r,s
l

)
=

l∑

i=0

(−1)i
(
r

i

)(
s

l− i

)
=

l∑

i=0

(−1)i
(
r

i

)[(
s− 1
l− i

)
+

(
s− 1

l− i− 1

)]

=
l∑

i=0

(−1)i
(
r

i

)(
s− 1
l− i

)
+

l∑

i=0

(−1)i
(
r

i

)(
s− 1

l− 1− i

)
.

(5.13)

Since
(
s−1
−1

)
= 0, then

(
r,s
l

)
=

l∑

i=0

(−1)i
(
r

i

)(
s− 1
l− i

)
+
l−1∑

i=0

(−1)i
(
r

i

)(
s− 1

l− 1− i

)
=
(
r,s− 1
l

)
+

(
r,s− 1
l− 1

)
.

(5.14)

Let l be even. Then we have

(
r,s
l

)
=
(
s,r
l

)
=
(
s,r− 1
l

)
+

(
s,r− 1
l− 1

)
=
(
r− 1,s
l

)
−
(
r− 1,s
l− 1

)
. (5.15)

Let l be odd. Then we have

(
r,s
l

)
=−
(
s,r
l

)
=−
(
s,r− 1
l

)
−
(
s,r− 1
l− 1

)
=
(
r− 1,s
l

)
−
(
r− 1,s
l− 1

)
. (5.16)
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If we take the sum (difference) of both sides of (5.7) and (5.8), then we obtain (5.11) and
(5.12). Equations (5.9) and (5.10) can be also obtained from (5.7). �

Theorem 5.3. Let r, s, l be nonnegative integers. Then

s

(
r,s− 1
l− 1

)
= (l− r)

(
r,s
l

)
+ r

(
r− 1,s
l

)
, (5.17)

r

(
r− 1,s
l− 1

)
=−(l− s)

(
r,s
l

)
− s
(
r,s− 1
l

)
, (5.18)

(r + s− l)
(
r,s
l

)
= r
(
r− 1,s
l

)
+ s

(
r,s− 1
l

)
. (5.19)

Proof. Let us begin the proof of the first equation (5.17). Then

(l− r)
(
r,s
l

)
+ r

(
r− 1,s
l

)
= (l− r)

l∑

i=0

(−1)i
(
r

i

)(
s

l− i

)
+ r

l∑

i=0

(−1)i
(
r− 1
i

)(
s

l− i

)

=
l∑

i=0

(−1)i
[

(l− r) r!
i!(r− i)!

s!
(l− i)!(s− l+ i)!

+
r!

i!(r− i− 1)!
s!

(l− i)!(s− l+ i)!

]

=
l∑

i=0

(−1)i(l− r + r− i) r!s!
i!(r− i)!(l− i)!(s− l+ i)!

= s
l∑

i=0

(−1)i
r!

i!(r− i)!
(s− 1)!

(l− i− 1)!(s− l+ i)!

= s
l∑

i=0

(−1)i
(
r

i

)(
s− 1

l− 1− i

)

= s
l−1∑

i=0

(−1)i
(
r

i

)(
s− 1

l− 1− i

)

(5.20)

since
(
s−1
−1

)
= 0. Therefore we have

(l− r)
(
r,s
l

)
+ r

(
r− 1,s
l

)
= s
(
r,s− 1
l− 1

)
. (5.21)

Let l be odd. Then we have

r

(
r− 1,s
l− 1

)
= r
(
s,r− 1
l− 1

)
= (l− s)

(
s,r
l

)
+ s

(
s− 1,r
l

)
=−(l− s)

(
r,s
l

)
− s
(
r,s− 1
l

)
.

(5.22)
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Let l be even. Then we have

r

(
r− 1,s
l− 1

)
=−r
(
s,r− 1
l− 1

)
=−(l− s)

(
s,r
l

)
− s
(
s− 1,r
l

)
=−(l− s)

(
r,s
l

)
− s
(
r,s− 1
l

)
.

(5.23)

By (5.17) and (5.18),

r

(
r− 1,s
l

)
+ s

(
r,s− 1
l

)
= s
(
r,s− 1
l− 1

)
− (l− r)

(
r,s
l

)
+ (s− l)

(
r,s
l

)
− r
(
r− 1,s
l

)

= 2(r + s− l)
(
r,s
l

)
− s
(
r,s− 1
l

)
− r
(
r− 1,s
l

)

(5.24)

and hence we have

2

{
r

(
r− 1,s
l

)
+ s

(
r,s− 1
l

)}
= 2(r + s− l)

(
r,s
l

)
. (5.25)

Then we get our aim. �

Lemma 5.4. Let n be a nonnegative integer. For k = 0,1,2, . . . ,n,

n∑

j=0

(
k,n− k

j

)
=
⎧⎨
⎩

2n if k = 0,

0 if k �= 0.
(5.26)

Proof. For k = 0,

n∑

j=0

(
k,n− k

j

)
=

n∑

j=0

(
n

j

)
= 2n. (5.27)

Let k �= 0. Since

(1 + x)n−k(1− x)k =
n∑

j=0

(
k,n− k

j

)
x j , (5.28)

for x = 1, then we have

0=
n∑

j=0

(
k,n− k

j

)
. (5.29)

�
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Similarly we have the following result.

Lemma 5.5. Let n be a nonnegative integer. For k = 0,1,2, . . . ,n,

n∑

j=0

(−1) j
(
k,n− k

j

)
=
⎧⎨
⎩

2n if k = n,

0 if k �= n. (5.30)

In this section we give a result from Riordan [23]. Let Pn(x) denote the Legendre poly-
nomials of nth order. Then the function

P(x, y)=
∑

n=0

Pn(x)yn = (1− 2xy + y2)−1/2 (5.31)

is the generating function for Legendre polynomials. Then we have

P(1 + 2x, y)= (1− y)−1[1− 4xy(1− y)−2]−1/2
, (5.32)

so that, if Qn(x)= Pn(1 + 2x), then Q(x, y)= P(1 + 2x, y). Now we have two expansions

Q(x, y)= (1− y)−1[1− 4xy(1− y)−2]−1/2

=
∑

k=0

(
2k
k

)
xk yk(1− y)−2k−1

=
∑

n=0

yn
∑

k=0

(
n+ k

2k

)(
2k
k

)
xk,

Q(x, y)= (1− (1 + 2x)y
)−1[

1− 4
(
x+ x2)y2(1− y− 2xy

)−2]−1/2

=
∑

n=0

yn
∑

k=0

(
n

2k

)(
2k
k

)
(1 + 2x)n−2k(x+ x2)k,

(5.33)

so that

Qn(x)=
n∑

k=0

(
n+ k

2k

)(
2k
k

)
xk =

�n/2�∑

k=0

(
n

2k

)(
2k
k

)
(1 + 2x)n−2k(x+ x2)k. (5.34)

Then

Qn(x)=
n∑

k=0

qn,kx
k(1 + x)n−k, (5.35)

where

qn,k =
k∑

j=0

(
n

2 j

)(
2 j
j

)(
n− 2 j
k− j

)

=
(
n

k

) k∑

j=0

(
k

k− j

)(
n− k
j

)
=
(
n

k

)2

(by Vandermonde convolution)

(5.36)
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so that

Qn(x)=
n∑

k=0

(
n

k

)2

xk(1 + x)n−k. (5.37)

Since

Q
(
− 1

2
, y
)
= (1 + y2)−1/2 =

∑

n=0

(−1)n
(

2n
n

)
2−2ny2n, (5.38)

then we have the following identities:

(−1)n
(

2n
n

)
=

2n∑

k=0

(−1)k
(

2n+ k
2k

)(
2k
k

)
22n−k =

2n∑

k=0

(
2n
k

)2

(−1)k. (5.39)

Thus we can give our result.

Lemma 5.6 (twin pairs). Let n be a nonnegative integer. Then,

(
2n,2n

2n

)
=

2n∑

j=0

(−1) j
(

2n
j

)2

= (−1)n
(

2n
n

)
. (5.40)

Theorem 5.7 (diagonal formula). Let n be a nonnegative integer. Then,

n∑

k=0

(
k,n− k

k

)
=
⎧⎨
⎩

2�n/2� if n even,

0 if n odd.
(5.41)

Theorem 5.8 (orthogonality formula). Let n be a nonnegative integer. For i, j = 0,1,
2, . . . ,n,

1
2n

n∑

k=0

(
k,n− k

i

)(
j,n− j

k

)
= δi j =

⎧⎨
⎩

1 if i= j,

0 if i �= j.
(5.42)

6. Schubert calculus in cohomology ring of the homogeneous spaces LSU3/T andΩSU3

The integral cohomology of LSU3/T is generated by the Schubert classes indexed:

W̃ =
{
Aki jk,Bkik j ,C

k1,k2
ik j ,Dl1,l2

ik j ,En1,n2
ik j

}
. (6.1)

Let aki jk, bkik j , c
k1,k2
ik j , d

l1,l2
ik j , e

n1,n2
ik j,i be Schubert classes indexed by elements Aki jk, Bkik j , C

k1,k2
ik j ,

Dl1,l2
ik j , En1,n2

ik j of the Weyl group W̃ , respectively. Let Xi = εri ∈H2(LSU3/T ,R) and let t =
εr0r1 − εr0r2 ∈H4(LSU3/T ,R).
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By Theorems 4.14 and 4.15, we have the following identities.

Lemma 6.1. Let w ∈ Ŵ with �(w)= s. Then,

X · a012 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(⌊
s

2

⌋
+ 1
)
a012 + d0

210 if s≥ 3,
(⌊

s

2

⌋
+ 1
)
a012 + b021 if s < 3,

X ·b021 =
(⌊

s

2

⌋
+ 1
)
b021 + ξ�(s+1)/2�,

(6.2)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012 if
⌊
s+ 1

2

⌋
= 1,

d
(2�(s+1)/2�−4)/3
210 if

⌊
s+ 1

2

⌋
≡ 2mod3,

c
(2�(s+1)/2�−3)/3
021 if

⌊
s+ 1

2

⌋
≡ 0mod3,

e
(2�(s+1)/2�−5)/3
102 if

⌊
s+ 1

2

⌋
≡ 1mod3,

X·cm021=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s<3m+3,
(⌊

s

2

⌋
+1
)
cm021

+
3m+3

2
b021 +

(⌊
s

2

⌋
+1− 3m+1

2

)
dm−1

210 if s=3m+3,

3m+3
2

em102 +
(⌊

s

2

⌋
+1− 3m+1

2

)
cm021 if s>3m+3, s is odd,

(⌊
s

2

⌋
+1
)
cm021

+
3m+3

2
em102 +
(⌊

s

2

⌋
+1− 3m+1

2

)
dm−1

210 if s>3m+3, s is even,

m is odd,

X · dm210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
(⌊

s

2

⌋
+ 1
)
dm210 +

3m+ 4
2

b021

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
em−1

102 if s= 3m+ 4,

3m+ 4
2

cm+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
dm210 if s > 3m+ 4, s is odd,

(⌊
s

2

⌋
+ 1
)
dm210 +

3m+ 4
2

cm+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
em−1

102 if s > 3m+ 4, s is even,

m is even,
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X · em102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
(⌊

s

2

⌋
+ 1
)
em102 +

3m+ 5
2

b021

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
cm021 if s= 3m+ 5,

3m+ 5
2

dm+1
210

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
em102 if s > 3m+ 5, s is odd,

(⌊
s

2

⌋
+ 1
)
em102 +

3m+ 5
2

dm+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
cm021 if s > 3m+ 5, s is even,

m is odd.

(6.3)

By Theorems 4.14 and 4.15, we have the following identities.

Lemma 6.2. Let w ∈ Ŵ with �(w)= s. Then,

t · a012 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(⌊
s

2

⌋
+ 1
)
a012− d0

210 if s > 1,
(⌊

s

2

⌋
+ 1
)
a012−b021 if s= 1,

t ·b021 =−
(⌊

s

2

⌋
+ 1
)
b021 + ξ�s/2�,

(6.4)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012 if
⌊
s

2

⌋
= 0,

d
(2�s/2�−2)/3
210 if

⌊
s

2

⌋
≡ 1mod3,

c
(2�s/2�−1)/3
021 if

⌊
s

2

⌋
≡ 2mod3,

e
(2�s/2�−3)/3
102 if

⌊
s

2

⌋
≡ 0mod3,

t · cm021 =

⎧⎪⎪⎨
⎪⎪⎩

0 if s < 3m+ 3,

−3m− 3
2

em102 +
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
cm021 if s≥ 3m+ 3,

m is odd,

t · dm210 =

⎧⎪⎪⎨
⎪⎪⎩

0 if s < 3m+ 4,

−3m− 4
2

cm+1
021 +

(⌊
s

2

⌋
+ 1− 3m+ 2

2

)
dm210 if s≥ 3m+ 4,

m is even,

t · em102 =

⎧⎪⎪⎨
⎪⎪⎩

0 if s < 3m+ 5,

−3m− 5
2

dm+1
210 +

(⌊
s

2

⌋
+ 1− 3m+ 3

2

)
em102 if s≥ 3m+ 5,

m is odd.

(6.5)



26 Divided power algebras and Schubert calculus

Lemma 6.3. Let w ∈ Ŵ with �(w)= s. Then,

X1 · a012 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⌊
s

2

⌋
a012 + c′0102 if s is even,

(⌊
s

2

⌋
+ 1
)
a012 + c′0102 if s is odd,

X1 ·b021 =
⌊
s

2

⌋
b021 + b′102 + ξ�(s+1)/2�,

(6.6)

where

ξ�(s+1)/2� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012 if
⌊
s+ 1

2

⌋
= 1,

d
(2�(s+1)/2�−4)/3
210 if

⌊
s+ 1

2

⌋
≡ 2mod3,

c
(2�(s+1)/2�−3)/3
021 if

⌊
s+ 1

2

⌋
≡ 0mod3,

e
(2�(s+1)/2�−5)/3
102 if

⌊
s+ 1

2

⌋
≡ 1mod3.

(6.7)

Let m be odd,

X1 · cm021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
⌊
s

2

⌋
cm021 +

3m+ 1
2

b021
(
em102

)

+
(⌊

s

2

⌋
− 3m− 1

2

)
dm−1

210 + d′m021 if s≥ 3m+ 3, s is even,

3m+ 1
2

em102

+
(⌊

s

2

⌋
− 3m− 1

2

)
cm210 + d′m021 if s > 3m+ 3, s is odd,

X1 · dm210=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s<3m+4,
⌊
s

2

⌋
dm210 +

3m+ 3
2

b021
(
cm+1

021

)

+b′′210

(
d′′m+1

102

)
+cm021 +

(⌊
s

2

⌋
− 3m+ 1

2

)
em−1

102 +e′m210 if s≥3m+4, s is odd,

3m+3
2

cm+1
021 +

(⌊
s

2

⌋
− 3m+3

2

)
dm210

+cm021 +d′′m+1
102 +e′m210 if s>3m+4, s is even,
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X1 · em102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
⌊
s

2

⌋
em102 +

3m+ 3
2

b021
(
dm+1

210

)

+
(⌊

s

2

⌋
− 3m+ 1

2

)
cm021 + c′m+1

102 if s≥ 3m+ 5, s is even,

3m+ 3
2

dm+1
021

+
(⌊

s

2

⌋
− 3m+ 1

2

)
em102 + c′m+1

102 if s > 3m+ 5, s is odd.

(6.8)

Let m be even,

X1 · cm021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
⌊
s

2

⌋
cm021 +

3m+ 2
2

b021
(
em102

)
+ b′′210

(
c′′m+1

210

)

+
(⌊

s

2

⌋
− 3m

2

)
dm−1

210 + d′m021 + em−1
102 if s≥ 3m+ 3, s is odd,

3m+ 2
2

em102 +
(⌊

s

2

⌋
− 3m+ 2

2

)
cm210

+d′m021 + c′′m+1
210 + em−1

102 if s > 3m+ 3, s is even,

X1 · dm210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
⌊
s

2

⌋
dm210 +

3m+ 2
2

b021
(
cm+1

021

)

+
(⌊

s

2

⌋
− 3m

2

)
em−1

102 + e′m210 if s≥ 3m+ 4, s is even,

3m+ 2
2

cm+1
021

+
(⌊

s

2

⌋
− 3m

2

)
dm210 + e′m210 if s > 3m+ 4, s is odd,

X1 · em102=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s<3m+5,
⌊
s

2

⌋
em102 +

3m+4
2

b021
(
dm+1

210

)

+dm210 + b′′210

(
e′′m+1

021

)
+
(⌊

s

2

⌋
− 3m+ 2

2

)
cm021 +c′m+1

102 if s≥3m+5, s is odd,

3m+4
2

dm+1
021 +
(⌊

s

2

⌋
− 3m+4

2

)
em102

+c′m+1
102 +dm210 +e′′m+1

021 if s>3m+5, s is even.

(6.9)
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Lemma 6.4. Let w ∈ Ŵ with �(w)= s. Then,

X1 · a′120 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(⌊
s

2

⌋
+ 1
)
a′120 + d′0021 if s≥ 3,

(⌊
s

2

⌋
+ 1
)
a′120 + b′102 if s < 3,

X1 ·b′102 =
(⌊

s

2

⌋
+ 1
)
b′102 + ξ�(s+1)/2�,

(6.10)

where

ξ�(s+1)/2� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a′120 if
⌊
s+ 1

2

⌋
= 1,

d′(2�(s+1)/2�−4)/3
021 if

⌊
s+ 1

2

⌋
≡ 2mod3,

c′(2�(s+1)/2�−3)/3
102 if

⌊
s+ 1

2

⌋
≡ 0mod3,

e′(2�(s+1)/2�−5)/3
210 if

⌊
s+ 1

2

⌋
≡ 1mod3.

(6.11)

Let m be odd,

X1 · c′m102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
(⌊

s

2

⌋
+ 1
)
c′m102 +

3m+ 3
2

b′102

+
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
d′m−1

021 if s= 3m+ 3,

3m+ 3
2

e′m210

+
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
c′m102 if s > 3m+ 3, s is odd,

(⌊
s

2

⌋
+ 1
)
c′m102 +

3m+ 3
2

e′m210

+
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
d′m−1

021 if s > 3m+ 3, s is even,
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X1 · d′m021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
(⌊

s

2

⌋
+ 1
)
d′m021 +

3m+ 5
2

b′102

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
e′m−1

210 + c′m102 if s= 3m+ 4,

3m+ 5
2

c′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 5

2

)
d′m021 + c′m102 if s > 3m+ 4, s is even,

(⌊
s

2

⌋
+ 1
)
d′m021 +

3m+ 5
2

c′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
e′m−1

210 + c′m102 if s > 3m+ 4, s is odd,

X1 · e′m210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
(⌊

s

2

⌋
+ 1
)
e′m210 +

3m+ 5
2

b′102

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
c′m102 if s= 3m+ 5,

3m+ 5
2

d′m+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
e′m210 if s > 3m+ 5, s is odd,

(⌊
s

2

⌋
+ 1
)
e′m210 +

3m+ 5
2

d′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
c′m102 if s > 3m+ 5, s is even.

(6.12)

Let m be even,

X1 · c′m102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
(⌊

s

2

⌋
+ 1
)
c′m102 +

3m+ 4
2

b′102

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
d′m−1

021 + e′m−1
210 if s= 3m+ 3,

3m+ 4
2

e′m210

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
c′m102 + e′m−1

210 if s > 3m+ 3, s is even,
(⌊

s

2

⌋
+ 1
)
c′m102 +

3m+ 4
2

e′m210

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
d′m−1

021 + e′m−1
210 if s > 3m+ 3, s is odd,
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X1 · d′m021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
(⌊

s

2

⌋
+ 1
)
d′m021 +

3m+ 4
2

b′102

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
e′m−1

210 if s= 3m+ 4,

3m+ 4
2

c′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
d′m021 if s > 3m+ 4, s is odd,

(⌊
s

2

⌋
+ 1
)
d′m021 +

3m+ 4
2

c′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
e′m−1

210 if s > 3m+ 4, s is even,

X1 · e′m210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
(⌊

s

2

⌋
+ 1
)
e′m210 +

3m+ 6
2

b′102

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
c′m102 + d′m021 if s= 3m+ 5,

3m+ 6
2

d′m+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 6

2

)
e′m210 + d′m021 if s > 3m+ 5, s is even,

(⌊
s

2

⌋
+ 1
)
e′m210 +

3m+ 6
2

d′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
c′m102 + d′m021 if s > 3m+ 5, s is odd.

(6.13)

By Theorems 4.14 and 4.15, we have the following identities.

Lemma 6.5. Let w ∈ Ŵ with �(w)= s. Then,

X2 · a′120 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⌊
s

2

⌋
a′120 + c′′0210 if s is even,

(⌊
s

2

⌋
+ 1
)
a′120 + c′′0210 if s is odd,

X2 ·b′102 =
⌊
s

2

⌋
b′102 + b′′210 + ξ�(s+1)/2�,

(6.14)
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where

ξ�(s+1)/2� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a′120 if
⌊
s+ 1

2

⌋
= 1,

d′(2�(s+1)/2�−4)/3
021 if

⌊
s+ 1

2

⌋
≡ 2mod3,

c′(2�(s+1)/2�−3)/3
102 if

⌊
s+ 1

2

⌋
≡ 0mod3,

e′(2�(s+1)/2�−5)/3
210 if

⌊
s+ 1

2

⌋
≡ 1mod3.

(6.15)

Let m be odd,

X2 · c′m102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
⌊
s

2

⌋
c′m102 +

3m+ 1
2

b′102
(
e′m210

)

+
(⌊

s

2

⌋
− 3m− 1

2

)
d′m−1

021 + d′′m102 if s≥ 3m+ 3, s is even,

3m+ 1
2

e′m210

+
(⌊

s

2

⌋
− 3m− 1

2

)
c′m102 + d′′m102 if s > 3m+ 3, s is odd,

X2 · d′m021=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s<3m+4,
⌊
s

2

⌋
d′m021 +

3m+3
2

b′102
(
c′m+1

102

)

+b021
(
dm+1

210

)
+c′m102 +

(⌊
s

2

⌋
−3m+1

2

)
e′m−1

210 +e′′m0210 if s≥3m+4, s is odd,

3m+3
2

c′m+1
102 +
(⌊

s

2

⌋
− 3m+3

2

)
d′m021

+c′m102 +dm+1
210 +e′′m021 if s>3m+4, s is even,

X2 · e′m210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
⌊
s

2

⌋
e′m210 +

3m+ 3
2

b′102
(
d′m+1

021

)

+
(⌊

s

2

⌋
− 3m+ 1

2

)
c′m102 + c′′m+1

210 if s≥ 3m+ 5, s is even,

3m+ 3
2

d′m+1
021

+
(⌊

s

2

⌋
− 3m+ 1

2

)
e′m210 + c′′m+1

210 if s > 3m+ 5, s is odd.

(6.16)
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Let m be even,

X2 · c′m102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
⌊
s

2

⌋
c′m102 +

3m+ 2
2

b′102
(
e′m210

)
+ b021

(
cm+1

021

)

+
(⌊

s

2

⌋
− 3m

2

)
d′m−1

021 + d′′m102 + e′m−1
210 if s≥ 3m+ 3, s is odd,

3m+ 2
2

e′m210 +
(⌊

s

2

⌋
− 3m+ 2

2

)
c′m102

+d′′m102 + cm+1
021 + e′m−1

210 if s > 3m+ 3, s is even,

X2 · d′m021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
⌊
s

2

⌋
d′m021 +

3m+ 2
2

b′102
(
c′m+1

102

)

+
(⌊

s

2

⌋
− 3m

2

)
e′m−1

210 + e′′m021 if s≥ 3m+ 4, s is even,

3m+ 2
2

c′m+1
102

+
(⌊

s

2

⌋
− 3m

2

)
d′m021 + e′′m021 if s > 3m+ 4, s is odd,

X2 · e′m210=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s<3m+5,
⌊
s

2

⌋
e′m210 +

3m+ 4
2

b′102
(
d′m+1

021

)

+d′m021 +b021
(
em+1

102

)
+
(⌊

s

2

⌋
− 3m+2

2

)
c′m102 +c′′m+1

210 if s≥ 3m+5, s is odd,

3m+4
2

d′m+1
021 +

(⌊
s

2

⌋
− 3m+ 4

2

)
e′m210

+c′′m+1
210 +d′m021 +em+1

102 if s>3m+5, s is even.
(6.17)

Lemma 6.6. Let w ∈ Ŵ with �(w)= s. Then,

X2 · a′′201 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(⌊
s

2

⌋
+ 1
)
a′′201 + d′′0102 if s≥ 3,

(⌊
s

2

⌋
+ 1
)
a′′201 + b′′210 if s < 3,

X2 ·b′′210 =
(⌊

s

2

⌋
+ 1
)
b′′210 + ξ�(s+1)/2�,

(6.18)
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where

ξ�(s+1)/2� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a′′201 if
⌊
s+ 1

2

⌋
= 1,

d′′(2�(s+1)2�−4)/3
102 if

⌊
s+ 1

2

⌋
≡ 2mod3,

c′′(2�(s+1)/2�−3)/3
210 if

⌊
s+ 1

2

⌋
≡ 0mod3,

e′′(2�(s+1)/2�−5)/3
021 if

⌊
s+ 1

2

⌋
≡ 1mod3.

(6.19)

Let m be odd,

X2 · c′′m210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
(⌊

s

2

⌋
+ 1
)
c′′m210 +

3m+ 3
2

b′′210

+
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
d′′m−1

102 if s= 3m+ 3,

3m+ 3
2

e′′m021

+
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
c′′m210 if s > 3m+ 3, s is odd,

(⌊
s

2

⌋
+ 1
)
c′′m210 +

3m+ 3
2

e′′m021

+
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
d′′m−1

102 if s > 3m+ 3, s is even,

X2 · d′′m102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
(⌊

s

2

⌋
+ 1
)
d′′m102 +

3m+ 5
2

b′′210

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
e′′m−1

021 + c′′m210 if s= 3m+ 4,

3m+ 5
2

c′′m+1
210

+
(⌊

s

2

⌋
+ 1− 3m+ 5

2
)d′′m102 + c′′m210 if s > 3m+ 4, s is even,

(⌊
s

2

⌋
+ 1
)
d′′m102 +

3m+ 5
2

c′′m+1
210

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
e′′m−1

021 + c′′m210 if s > 3m+ 4, s is odd,
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X2 · e′′m021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
(⌊

s

2

⌋
+ 1
)
e′′m021 +

3m+ 5
2

b′′210

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
c′′m210 if s= 3m+ 5,

3m+ 5
2

d′′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
e′′m021 if s > 3m+ 5, s is odd,

(⌊
s

2

⌋
+ 1
)
e′′m021 +

3m+ 5
2

d′′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
c′′m210 if s > 3m+ 5, s is even.

(6.20)

Let m be even,

X2 · c′′m210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
(⌊

s

2

⌋
+ 1
)
c′′m210 +

3m+ 4
2

b′′210

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
d′′m−1

102 + e′′m−1
021 if s= 3m+ 3,

3m+ 4
2

e′′m021

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
c′′m210 + e′′m−1

021 if s > 3m+ 3, s is even,
(⌊

s

2

⌋
+ 1
)
c′′m210 +

3m+ 4
2

e′′m021

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
d′′m−1

102 + e′′m−1
021 if s > 3m+ 3, s is odd,

X2 · d′′m102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
(⌊

s

2

⌋
+ 1
)
d′′m102 +

3m+ 4
2

b′′210

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
e′′m−1

021 if s= 3m+ 4,

3m+ 4
2

c′′m+1
210

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
d′′m102 if s > 3m+ 4, s is odd,

(⌊
s

2

⌋
+ 1
)
d′′m102 +

3m+ 4
2

c′′m+1
210

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
e′′m−1

021 if s > 3m+ 4, s is even,
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X2 · e′′m021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,(⌊
s

2

⌋
+ 1
)
e′′m021 +

3m+ 6
2

b′′210

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2
)c′′m210 + d′′m102 if s= 3m+ 5,

3m+ 6
2

d′′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 6

2

)
e′′m021 + d′′m102 if s > 3m+ 5, s is even,

(⌊
s

2

⌋
+ 1
)
e′′m021 +

3m+ 6
2

d′′m+1
102

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
c′′m210 + d′′m102 if s > 3m+ 5, s is odd.

(6.21)

Lemma 6.7. Let w ∈ Ŵ with �(w)= s. Then,

X2 · a012 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a′′201 + b021 if s= 1,

a012 + a′′201 + b021 if s= 2,⌊
s

2

⌋
a012 + a′′201 + d0

210 if s≥ 3,

X2 ·b021 =
⌊
s+ 1

2

⌋
b021 + ξ�s/2�,

(6.22)

where

ξ�s/2� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a′′201 if
⌊
s

2

⌋
= 0,

c
(2�s/2�−2)/3
021 if

⌊
s

2

⌋
≡ 1mod3,

e
(2�s/2�−4)/3
102 if

⌊
s

2

⌋
≡ 2mod3,

d
(2�s/2�−3)/3
210 if

⌊
s

2

⌋
≡ 0mod3.

(6.23)

Let m be odd,

X2 · cm021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,⌊
s

2

⌋
cm021 +

3m+ 3
2

b021
(
em102

)

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
dm−1

210 + em−1
102 if s≥ 3m+ 3, s is even,

3m+ 3
2

em102

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
cm210 + em−1

102 if s > 3m+ 3, s is odd,
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X2 · dm210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
(⌊

s

2

⌋
+ 1
)
dm210 +

3m+ 3
2

b021
(
cm+1

021

)

+b′′210

(
d′′m+1

102

)
+
(⌊

s

2

⌋
+ 1− 3m+ 1

2

)
em−1

102 if s≥ 3m+ 4, s is odd,

3m+ 3
2

cm+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 3

2

)
dm210 + d′′m+1

102 if s > 3m+ 4, s is even,

X2 · em102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
⌊
s

2

⌋
em102 +

3m+ 5
2

b021
(
dm+1

210

)

+
(⌊

s

2

⌋
+ 1− 3m+ 5

2

)
cm021 + dm210 if s≥ 3m+ 5, s is even,

3m+ 5
2

dm+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 5

2

)
em102 + dm210 if s > 3m+ 5, s is odd.

(6.24)

Let m be even,

X2 · cm021 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 3,
(⌊

s

2

⌋
+ 1
)
cm021 +

3m+ 2
2

b021
(
em102

)

+b′′210
(
c′′m+1

210

)
+
(⌊

s

2

⌋
+ 1− 3m

2

)
dm−1

210 if s≥ 3m+ 3, s is odd,

3m+ 2
2

em102

+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
cm210 + c′′m+1

210 if s > 3m+ 3, s is even,

X2 · dm210 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 4,
⌊
s

2

⌋
dm210 +

3m+ 4
2

b021
(
cm+1

021

)

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
em−1

102 + cm021 if s≥ 3m+ 4, s is even,

3m+ 4
2

cm+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
dm210 + cm021 if s > 3m+ 4, s is odd,
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X2 · em102 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if s < 3m+ 5,
(⌊

s

2

⌋
+ 1
)
em102 +

3m+ 4
2

b021
(
dm+1

210

)

+b′′210
(
e′′m+1

021

)
+
(⌊

s

2

⌋
+ 1− 3m+ 2

2

)
cm021 if s≥ 3m+ 5, s is odd,

3m+ 4
2

dm+1
021

+
(⌊

s

2

⌋
+ 1− 3m+ 4

2

)
em102 + e′′m+1

021 if s > 3m+ 5, s is even.

(6.25)

Let X = εr0 ∈ H2(ΩSU3,R) and let t = εr0r1 − εr0r2 ∈ H4(ΩSU3,R). The following cal-
culations will be done in Z[1/2]. Let X[n] =Xn/n! and t[n] = tn/n!.

Lemma 6.8. For n,m∈N,

X[n]t[m] = 1
2�n/2�

m+�n/2�∑

k=0

⎛
⎜⎝k,m+

⌊
n

2

⌋
− k

m

⎞
⎟⎠ξk, (6.26)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012,i if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
n

2

⌋
.

(6.27)

Proof. The proof will be done by induction on n ∈N. For n = 0, we will prove that the
equality

t[m] =
m∑

k=0

(
k,m− k
m

)
ξk, (6.28)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012 if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m,

(6.29)
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is true. For m= 0, the equality holds. Suppose that for m= q the equality

t[q] =
q∑

k=0

(
k,q− k
q

)
ξk, (6.30)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012 if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k = q,

(6.31)

holds. Then we have

t · t[q] =
q∑

k=0

(
k,q− k
q

)
t · ξk =

q∑

k=0

(−1)kt · ξk

=
q+1∑

k=0

(−1)kkξk +
q+1∑

k=0

(−1)k(q+ 1− k)ξk =
q+1∑

k=0

(−1)k(q+ 1)ξk

=
q+1∑

k=0

(
k,q+ 1− k
q+ 1

)
(q+ 1)ξk,

(6.32)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012 if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k = q+ 1.

(6.33)

Hence the equality

t[q+1] =
q+1∑

k=0

(
k,q+ 1− k
q+ 1

)
ξk, (6.34)
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where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012 if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k = q+ 1,

(6.35)

holds. Suppose that for n= l, the equality

X[l]t[m] = 1
2�l/2�

m+�l/2�∑

k=0

⎛
⎜⎝k,m+

⌊
l

2

⌋
− k

m

⎞
⎟⎠ξk, (6.36)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012,i if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
l

2

⌋
,

(6.37)

holds. Let l be even. Then we have

X ·X[l]t[m] = 1
2�l/2�

m+�l/2�∑

k=0

⎛
⎜⎝k,m+

⌊
l

2

⌋
− k

m

⎞
⎟⎠X · ξk

= 1
2�l/2�

m+�l/2�∑

k=0

⎡
⎢⎣

⎛
⎜⎝k,m+

⌊
l

2

⌋
−k

m

⎞
⎟⎠
(
m+
⌊
l

2

⌋
+1
)

+

⎛
⎜⎝k−1,m+

⌊
l

2

⌋
−k+1

m

⎞
⎟⎠k

+

⎛
⎜⎝k+ 1,m+

⌊
l

2

⌋
− k− 1

m

⎞
⎟⎠
(
m+
⌊
l

2

⌋
− k
)
⎤
⎥⎦ξk
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= 1
2�l/2�

m+�l/2�∑

k=0

m∑

i=0

(−1)i

⎡
⎢⎣
(
k

i

)⎛
⎜⎝m+

⌊
l

2

⌋
− k

m− i

⎞
⎟⎠
(
m+
⌊
l

2

⌋
+ 1
)

+

(
k− 1
i

)⎛
⎜⎝m+

⌊
l

2

⌋
− k+ 1

m− i

⎞
⎟⎠k

+

(
k+ 1
i

)⎛
⎜⎝m+

⌊
l

2

⌋
− k− 1

m− i

⎞
⎟⎠
(
m+
⌊
l

2

⌋
− k
)
⎤
⎥⎦ξk

= 1
2�l/2�

m+�l/2�∑

k=0

m∑

i=0

(−1)i

⎡
⎢⎣
(
k

i

)⎛
⎜⎝m+

⌊
l

2

⌋
− k

m− i

⎞
⎟⎠(l+ 1)

⎤
⎥⎦ξk

= 1
2�l/2�

m+�l/2�∑

k=0

(l+ 1)

⎛
⎜⎝k,m+

⌊
l

2

⌋
− k

m

⎞
⎟⎠ξk,

(6.38)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012,i if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
l

2

⌋
.

(6.39)

Since l is even, we have

X[l+1]t[m] = 1
2�(l+1)/2�

m+�(l+1)/2�∑

k=0

⎛
⎜⎝k,m+

⌊
l+ 1

2

⌋
− k

m

⎞
⎟⎠ξk, (6.40)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012,i if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
l+ 1

2

⌋
.

(6.41)
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Let l be odd. Then we have

X ·X[l]t[m] = 1
2�l/2�

m+�l/2�∑

k=0

⎛
⎜⎝k,m+

⌊
l

2

⌋
− k

m

⎞
⎟⎠X · ξk

= 1
2�l/2�

m+�(l+1)/2�∑

k=0

⎡
⎢⎣

⎛
⎜⎝k− 1,m+

⌊
l

2

⌋
− k+ 1

m

⎞
⎟⎠k

+

⎛
⎜⎝k,m+

⌊
l

2

⌋
− k

m

⎞
⎟⎠
(
m+
⌊
l+ 1

2

⌋
− k
)
⎤
⎥⎦ξk

= 1
2�l/2�

m+�(l+1)/2�∑

k=0

m∑

i=0

(−1)i

⎡
⎢⎣
(
k− 1
i

)⎛
⎜⎝m+

⌊
l

2

⌋
− k+ 1

m− i

⎞
⎟⎠k

+

(
k

i

)⎛
⎜⎝m+

⌊
l

2

⌋
− k

m− i

⎞
⎟⎠
(
m+
⌊
l+ 1

2

⌋
− k
)
⎤
⎥⎦ξk

= 1
2�(l+1)/2�

m+�(l+1)/2�∑

k=0

m∑

i=0

(−1)i

⎡
⎢⎣
(
k

i

)⎛
⎜⎝m+

⌊
l+ 1

2

⌋
− k

m− i

⎞
⎟⎠(l+ 1)

⎤
⎥⎦ξk

= 1
2�(l+1)/2�

m+�(l+1)/2�∑

k=0

(l+ 1)

⎛
⎜⎝k,m+

⌊
l+ 1

2

⌋
− k

m

⎞
⎟⎠ξk,

(6.42)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012,i if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
l+ 1

2

⌋
.

(6.43)

By the last equation, we have

X[l+1]t[m] = 1
2�(l+1)/2�

m+�(l+1)/2�∑

k=0

⎛
⎜⎝k,m+

⌊
l+ 1

2

⌋
− k

m

⎞
⎟⎠ξk, (6.44)
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where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012,i if k = 0,

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
l+ 1

2

⌋
.

(6.45)

By the induction on n, we complete the proof of Lemma 6.8. �

Lemma 6.9. For all nonnegative integers n and m,

X0
[n]X2t

[m] = 1
2�(n+1)/2�

{m+�(n+1)/2�∑

k=0

u(1,k)ξ(1,k) +
m+�n/2�∑

k=0

u(2,k)ξ(2,k)

}
, (6.46)

where

ξ(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
n+ 1

2

⌋
,

u(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(n+ 1)

(
k, j
m

)
if k =m+

⌊
n+ 1

2

⌋
, n odd,

n

(
k, j
m

)
if k =m+

⌊
n+ 1

2

⌋
, n even,

(n+ 1)

(
k, j
m

)
− 2

(
k, j− 1
m

) if k < m+
⌊
n+ 1

2

⌋
,

j =m+
⌊
n+ 1

2

⌋
− k,

ξ(2,k) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d
(2k−3)/3
210

(
a′′201

)
if k ≡ 0mod3,

c
(2k−2)/3
021 if k ≡ 1mod3,

e
(2k−4)/3
102 if k ≡ 2mod3,

u(2,k) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2

(
k, j
m

)
if n odd,

(
k, j
m

)
if n even, j =m+

⌊
n

2

⌋
− k.

(6.47)
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Lemma 6.10. For all nonnegative integers n and m,

X0
[n]X1t

[m] = 1
2�(n+1)/2�

{m+�(n+1)/2�∑

k=0

ukξk +
m+�n/2�∑

k=0

u′kξ
′
k

}
, (6.48)

where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
n+ 1

2

⌋
,

uk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(n+ 1)

(
k, j
m

)
if k = 0, n odd,

n

(
k, j
m

)
if k = 0, n even,

(n+ 1)

(
k, j
m

)
− 2

(
k− 1, j
m

)
if k ≥ 1, j =m+

⌊
n+ 1

2

⌋
− k,

ξ′k =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e′(2k−2)/3
102 if k ≡ 1mod3,

d′(2k−1)/3
021 if k ≡ 2mod3,

c′2k/3210 if k ≡ 0mod3,

b′102 if k =m+
⌊
n

2

⌋
,

u′k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2

(
k, j
m

)
if n odd,

(
k, j
m

)
if n even, j =m+

⌊
n

2

⌋
− k.

(6.49)

Lemma 6.11. For all nonnegative integers n and m,

X0
[n]X1

[2]t[m] = 1
2�(n+2)/2�

{m+�(n+2)/2�∑

k=0

ukξk +
m+�(n+1)/2�∑

k=0

u′(1,k)ξ
′
(1,k) +

m+�n/2�∑

k=0

u′(2,k)ξ
′
(2,k)

}
,

(6.50)
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where

ξk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
n+ 2

2

⌋
,

uk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n(n+ 1)

(
k, j
m

)
if k = 0, n odd,

(n+ 1)(n+ 2)

(
k, j
m

)
− 2

(
k, j− 1
m

)
if k = 0, n even,

(n+ 1)(n+ 2)

(
k, j
m

)
− 2

(
k− 1, j
m

)
if k ≥ 1, n odd,

(n+ 1)(n+ 2)

(
k, j
m

)
− 2(2n+ 1)

(
k− 1, j
m

) if k ≥ 1, n even,

j =m+
⌊
n+ 2

2

⌋
− k,

ξ′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e′(2k−2)/3
102 if k ≡ 1mod3,

d′(2k−1)/3
021 if k ≡ 2mod3,

c′(2k)/3
210 if k ≡ 0mod3,

b′102 if k =m+
⌊
n+ 1

2

⌋
,

u′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2(n+ 1)

(
k, j
m

)
− 2

(
k, j− 1
m

)
if k �=m+

⌊
n+ 1

2

⌋
, n odd,

2

{
2(n+ 1)

(
k, j
m

)
− 2

(
k, j− 1
m

)}
if k �=m+

⌊
n+ 1

2

⌋
, n even,

2(n+ 1)

(
k, j
m

)
if k =m+

⌊
n+ 1

2

⌋
, n odd,

2(2n+ 1)

(
k, j
m

) if k =m+
⌊
n+ 1

2

⌋
, n even,

j =m+
⌊
n+ 1

2

⌋
− k,

ξ′(2,k) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d′(2k−2)/3
021 if k ≡ 1mod3,

c′(2k−1)/3
210 if k ≡ 2mod3,

e′(2k−3)/3
102 if k ≡ 0mod3,

u′(2,k) = 2

(
k, j
m

)
, j =m+

⌊
n

2

⌋
− k.

(6.51)
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Lemma 6.12. For all nonnegative integers n and m,

X0
[n]X1X2t

[m] = 1
2�(n+2)/2�

{m+�(n+2)/2�∑

k=0

u(1,k)ξ(1,k) +
m+�(n−1)/2�∑

k=0

u(2,k)ξ(2,k)

+
m+�(n+1)/2�∑

k=0

u′(1,k)ξ
′
(1,k) +

m+�n/2�∑

k=0

u′(2,k)ξ
′
(2,k) +

m+�n/2�∑

k=0

u′′k ξ
′′
k

}
,

(6.52)

where

ξ(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
n+ 2

2

⌋
,

u(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(n+ 1)2

(
k, j
m

)
− 2n

(
k, j− 1
m

) if k = 0 or

m+
⌊
n+ 2

2

⌋
, n odd,

(n+ 1)(n+ 2)

(
k, j
m

)
− 2(n+ 1)

(
k, j− 1
m

) if k = 0 or

m+
⌊
n+ 2

2

⌋
, n even,

(n+ 1)(n+ 2)

(
k, j
m

)
− 4n

(
k− 1, j− 1

m

) otherwise

j =m+
⌊
n+ 2

2

⌋
− k,

ξ(2,k) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

d
(2k−1)/3
210 if k ≡ 2mod3,

c2k/3
021 if k ≡ 0mod3,

e
(2k−2)/3
102 if k ≡ 1mod3,

u(2,k) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(n+ 1)

(
k+ 1, j
m

)
− 2

(
k, j
m

)
if n odd,

2

{
(n+ 1)

(
k+ 1, j
m

)
− 2

(
k, j
m

)} if n even,

j =m+
⌊
n− 1

2

⌋
− k,

ξ′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e′(2k−2)/3
210 if k ≡ 1mod3,

d′(2k−1)/3
021 if k ≡ 2mod3,

c′2k/3102 if k ≡ 0mod3,

b′102 if k =m+
⌊
n+ 1

2

⌋
,
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u′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(n+ 1)

(
k, j
m

)
− 2

(
k, j− 1
m

)
if n odd,

2

{
n+ 1

(
k, j
m

)
− 2

(
k, j− 1
m

)} if n even,

j =m+
⌊
n+ 1

2

⌋
− k,

ξ′(2,k) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d′(2k−2)/3
021 if k ≡ 1mod3,

c′(2k−1)/3
102 if k ≡ 2mod3,

e′(2k−3)/3
210 if k ≡ 0mod3,

u′(2,k) = 2

(
k, j
m

)
, j =m+

⌊
n

2

⌋
− k,

ξ′′k =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d′′(2k−2)/3
102 if k ≡ 1mod3,

c′′(2k−1)/3
210 if k ≡ 2mod3,

e′′(2k−3)/3
021 if k ≡ 0mod3,

b′′210 k =m+
⌊
n

2

⌋
,

u′′k =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(n+ 1)

(
k, j
m

)
if k = 0, n odd, j =m+

⌊
n+ 1

2

⌋
,

4n

(
k, j
m

)
if k = 0, n even, j =m+

⌊
n+ 1

2

⌋
,

2

(
k, j
m

)
k =m+

⌊
n

2

⌋
,

2

(
k− 1, j + 1

m

) otherwise

j =m+
⌊
n

2

⌋
− k.

(6.53)

Lemma 6.13. For all nonnegative integers n and m,

X0
[n]X1

[2]X2t
[m]

= 1
2�(n+3)/2�

{m+�(n+3)/2�∑

k=0

u(1,k)ξ(1,k) +
m+�n/2�∑

k=0

u(2,k)ξ(2,k) +
m+�(n+2)/2�∑

k=0

u′(1,k)ξ
′
(1,k)

+
m+�(n+1)/2�∑

k=0

,u′(2,k)ξ
′
(2,k) +

m+�(n+1)/2�∑

k=0

u′′(1,k)ξ
′′
(1,k) +

m+�(n+2)/2�∑

k=0

,u′′(2,k)ξ
′′
(2,k)

}
,

(6.54)
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where

ξ(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
(2k−2)/3
210 if k ≡ 1mod3,

c
(2k−1)/3
021 if k ≡ 2mod3,

e
(2k−3)/3
102 if k ≡ 0mod3,

b021 if k =m+
⌊
n+ 3

2

⌋
,

u(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(n+ 1)(n+ 2)(n+ 3)

(
k, j
m

)

−2(n+ 1)(n+ 3)

(
k, j− 1
m

)
if k = 0, n odd,

(n+ 1)2(n+ 2)

(
k, j
m

)
− 2
(
n2 +n+ 1

)(k, j− 1
m

)
if k = 0, n even,

(n+ 1)(n+ 2)(n+ 3)

(
k, j
m

)

−2(n+ 1)(2n+ 3)

(
k− 1, j
m

)
if k =m+

⌊
n+ 3

2

⌋
, n odd,

(n+ 1)(n+ 2)2

(
k, j
m

)

−2
(
2n2 + 3n+ 2

)
(
k− 1, j
m

)
if k =m+

⌊
n+ 3

2

⌋
, n even,

(n+ 1)(n+ 2)(n+ 3)

(
k, j
m

)

−2
(
n2 +n+ 1

)
(
k, j− 1
m

) otherwise

j =m+
⌊
n+ 3

2

⌋
− k,

ξ(2,k) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

d
(2k−1)/3
210 if k ≡ 2mod3,

c2k/3
021 if k ≡ 0mod3,

e
(2k−1)/3
102 if k ≡ 1mod3,

u(2,k) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(n+ 1)(n+ 2)

(
k+ 1, j
m

)
− 2(2n+ 1)

(
k, j
m

)
if n even,

2

{
(n+ 1)(n+ 2)

(
k+ 1, j
m

)
− 2(2n+ 1)

(
k, j
m

)} if n odd,

j =m+
⌊
n

2

⌋
− k,

ξ′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e′(2k−2)/3
210 if k ≡ 1mod3,

d′(2k−1)/3
021 if k ≡ 2mod3,

c′2k/3102 if k ≡ 0mod3,

b′102 if k =m+
⌊
n+ 2

2

⌋
,
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u′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2

{(
n2 + 3n+ 2

)(k, j
m

)
−
(
k− 1, j
m

)}
if n even, k =m+

⌊
n+ 2

2

⌋
,

(
2n2 + 3n+ 1

)
(
k, j
m

)

−(3n+ 3)

(
k+ 1, j− 1

m

)
+ 2

(
k, j− 1
m

)
if n even, k < m+

⌊
n+ 2

2

⌋
,

2

{(
2n2 + 3n+ 1

)(k, j
m

)

−(3n+ 3)

(
k+ 1, j− 1

m

)
+ 2

(
k, j− 1
m

)} if n odd,

j =m+
⌊
n+ 2

2

⌋
− k,

ξ′(2,k) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d′(2k−2)/3
021 if k ≡ 1mod3,

c′(2k−1)/3
102 if k ≡ 2mod3,

e′(2k−3)/3
210 if k ≡ 0mod3,

u′(2,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2(3n+ 2)

(
k, j
m

)
if k = 0, n even,

2(3n+ 3)

(
k, j
m

)
− 2

(
k− 1, j
m

) otherwise,

j =m+
⌊
n+ 1

2

⌋
− k,

ξ′′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d′′2k/3102 if k ≡ 0mod3,

c′′(2k+1)/3
210 if k ≡ 1mod3,

e′′(2k−1)/3
021 if k ≡ 2mod3,

b′′210 if k =m+
⌊
n+ 1

2

⌋
,

u′′(1,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2(2n+ 1)

(
k, j
m

)
if k =m+

⌊
n+ 1

2

⌋
, n even,

2

{
2(n+ 1)

(
k, j
m

)
− 2

(
k, j− 1
m

)} otherwise

j =m+
⌊
n+ 1

2

⌋
− k,

ξ′′(2,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a′′201 if k = 0,

d′′(2k−3)/3
102 if k ≡ 0mod3,

c′′(2k−2)/3
210 if k ≡ 1mod3,

e′′(2k−4)/3
021 if k ≡ 2mod3,
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u′′(2,k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2n(n+ 1)

(
k, j
m

)
if k = 0, n odd,

(
n2 + 3n+ 1

)
(
k, j
m

)
−
(
k+ 1, j− 1

m

)
if k = 0, n even,

4

(
k− 1, j
m

)
if k �= 0, n odd,

2

(
k− 1, j
m

) if k �= 0, n even,

j =m+
⌊
n+ 2

2

⌋
− k.

(6.55)

Also the inverse relations can be given as follows.

Lemma 6.14. Let w ∈ Ŵ with �(w)= s. Then,

a012 = 1
2�s/2�

�s/2�∑

k=0

⎛
⎜⎝k,
⌊
s

2

⌋
− k

0

⎞
⎟⎠2�s/2�−kX0

[s−2k]t[k],

b021 = 1
2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

⌊
s

2

⌋

⎞
⎟⎟⎟⎠2�s/2�−kX0

[s−2k]t[k],

cm021 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 1
2

⎞
⎟⎟⎟⎠2�s/2�−kX0

[s−2k]t[k], m is odd, s≥ 3m+ 3,

dm210 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 2
2

⎞
⎟⎟⎟⎠2�s/2�−kX0

[s−2k]t[k], m is even, s≥ 3m+ 4,

em102 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 3
2

⎞
⎟⎟⎟⎠2�s/2�−kX0

[s−2k]t[k], m is odd, s≥ 3m+ 5.

(6.56)

Lemma 6.15. Let w ∈ Ŵ with �(w)= s. Then,

cm021 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 2
2

⎞
⎟⎟⎟⎠− (s− 2k)

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k− 1

3m+ 2
2

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠2�s/2�−kX0

[s−2k]t[k]

+
1

2�s/2�−1

�s/2�−1∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
−1−k

3m+2
2

⎞
⎟⎟⎟⎠2�s/2�−1−kX0

[s−2k−1]X2t
[k], m is even, s≥ 3m+3,
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dm210 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 3
2

⎞
⎟⎟⎟⎠− (s− 2k)

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k− 1

3m+ 3
2

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠2�s/2�−kX0

[s−2k]t[k]

+
1

2�s/2�−1

�s/2�−1∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
−1−k

3m+3
2

⎞
⎟⎟⎟⎠2�s/2�−1−kX0

[s−2k−1]X2t
[k], m is odd, s≥ 3m+4,

em102 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 4
2

⎞
⎟⎟⎟⎠− (s− 2k)

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k− 1

3m+ 4
2

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠2�s/2�−kX0

[s−2k]t[k]

+
1

2�s/2�−1

�s/2�−1∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
−1−k

3m+4
2

⎞
⎟⎟⎟⎠2�s/2�−1−kX0

[s−2k−1]X2t
[k], m is even, s≥ 3m+5.

(6.57)

Let R = Z[1/2] and let ΓR(x0,x1,x2, y) be the divided power algebra over R, where
degx0 = degx1 = degx2 = 2 and deg y = 4.

Theorem 6.16. H∗(LSU3/T ,R) is graded isomorphic to ΓR(x0,x1,x2, y)/IR, where

IR =
〈

2
(
x0

[2] + x1
[2] + x2

[2])− x0x1− x1x2− x2x0,
(
x0− x1

)[3]
〉
. (6.58)

Proof. Since the odd cohomology is trivial, by the universal coefficient theorem, the cal-
culations can be done for R= Z[1/2].

Let

f1 = 2
(
x0

[2] + x1
[2] + x2

[2])− x0x1− x1x2− x2x0 = 0,

f2 =
(
x0− x1

)[3] = 0
(6.59)

be two relations. Let us consider the ideal IR = 〈 f1, f2〉. If we select the graded monomial
order with x2 > x1 > x0, then the leading monomial of f1 is x2

[2] and the leading monomial
of f2 is x1

[3]. Since the leading monomials f1 and f2 are relatively prime, we can say that
G = { f1, f2} is a Groebner basis for IR [4]. Hence ΓR(x0,x1,x2, y)/IR and ΓR(x0,x1,x2, y)/
〈x1

[3],x2
[2]〉 have the same basis as vector spaces [5]. The basis of ΓR(x0,x1,x2, y)/〈x1

[3],
x2

[2]〉 is the monomials not involving the third and higher powers of x1, and the sec-
ond and higher powers of x2. These are exactly the monomials which are in one of
the following forms x0

[n]y[m], x0
[n]x1y[m], x0

[n]x2y[m], x0
[n]x1x2y[m], x0

[n]x1
[2]y[m], and

x0
[n]x1

[2]x2y[m] where n,m≥ 0.
We can show that there are exactly 3s monomial of the degree 2s with s≥ 0 satisfying

the above forms.
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Let s be even. Then for each degree 2s, there are (�s/2�+ 1) monomials of the type of
the form x0

[n]y[m] and �s/2�monomials of each type of the forms x0
[n]x1y[m], x0

[n]x2y[m],
x0

[n]x1x2y[m], x0
[n]x1

[2]y[m], and x0
[n]x1

[2]x2y[m] and (�s/2�− 1) monomials of the type
of the form x0

[n]x1
[2]x2y[m], respectively. So we have totally 3s monomials.

Let s be odd. Then for each degree 2s, there are (�s/2�+ 1) monomials of each type
of the forms x0

[n]y[m], x0
[n]x1y[m], x0

[n]x2y[m], and �s/2� monomials of each type of the
forms

x0
[n]x1x2y

[m], x0
[n]x1

[2]y[m], x0
[n]x1

[2]x2y
[m], (6.60)

respectively. So we have totally 3s monomials again.
Now let us consider the integral cohomology of LSU3/T . By the lemmas above, we

have two relations in H∗(LSU3/T ,R) as follows:

F1 = 2
(
X0

[2] + X1
[2] + X2

[2])−X0X1−X1X2−X2X0 = 0,

F2 =
(
X0−X1

)[3] = 0.
(6.61)

Then we can define an algebra morphism φ :H∗(LSU3/T ,R)→ ΓR(x0,x1,x2, y)/IR by

X0 −→ x0,

X1 −→ x1,

X2 −→ x2,

t−→ y

(6.62)

which is an isomorphism by the lemmas above. �

Now we will discuss cohomology of ΩG with respect to LG/T and G/T , where G is
a compact semisimple Lie group. Since ΩG is homotopic to Ωpol, the discussion can
be restricted to the Kac-Moody groups and homogeneous spaces. The Lie algebras of
LpolGC/B+, LpolGC/GC and GC/B are g[t, t−1]/b+, g[t, t−1]/g, and g/b, respectively. There
is a surjective homomorphism

evt=1 : g
[
t, t−1]/b+ −→ g/b, (6.63)

with kerevt=1 = g[t, t−1]/g. Since the odd cohomology groups of g[t, t−1]/b+ and g/b are
trivial, the second term E∗∗2 of the Leray-Serre spectral sequence collapses and hence we
have the following.

Theorem 6.17. Let R be a commutative ring with unit. Then there exist an injective homo-
morphism j : H∗(G/T ,R)→ H∗(LG/T ,R) and a surjective homomorphism i : H∗(LG/T ,
R)→H∗(ΩG,R). In particular, J = im j+ is an ideal of H∗(LG/T ,R) and

H∗(ΩG,R)∼=H∗(LG/T ,R)//J. (6.64)

Corollary 6.18. Let R= Z[1/2]. Then,

H∗(ΩSU3,R
)∼= ΓR

(
x0,x1,x2, y

)
/
(
IR,x1,x2

)∼= ΓR
(
x0,x1,x2, y

)
//
〈
x1,x2
〉∼= ΓR

(
x0, y
)
.

(6.65)
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Now we will give a different approach to determine the cohomology ring of based loop
group ΩG using the Schubert calculus. For a compact simply connected semisimple Lie
group G, we have the following theorem from [22].

Theorem 6.19. The natural map

G−→ LG−→ LG/G∼=ΩG (6.66)

is a split extension of Lie groups.

Theorem 6.20. Let G be a compact simply connected semisimple Lie group and let T be a
maximal torus of G. Then π : LG/T → LG/G is a fiber bundle with the fiber G/T .

Proof. Since LG→ LG/G is a principal G-bundle and G/T is a left G-space by the action
g1 · g2T = g1g2T for g1,g2 ∈G, we have a fibration

G/T −→ LG×G G/T −→ΩG. (6.67)

Therefore, we have to show that LG×G G/T is diffeomorphic to LG/T . Since LG×G G/T
is equal to

{
[γ,gT] : [γ,gT]= [γh,h−1gT

]∀g,h∈G,γ ∈ LG}, (6.68)

we define a smooth map τ : LG×G G/T → LG/T given by [γ,gT]→ γgT . It is well defined
because for h∈G,

τ
([
γh,h−1gT

])= γhh−1gT = γgT = τ([γ,gT]
)
. (6.69)

For every γT , we can find an element [γ,T]∈ LG×G G/T such that τ([γ,T])= γT . So, τ
is a surjective map. Now, we will show that τ is an injective map. Let [γ1,g1T],[γ2,g2T]∈
LG×G G/T such that

τ
([
γ1,g1T

])= τ([γ2,g2T
])
. (6.70)

Equation (6.70) gives

γ1g1T = γ2g2T. (6.71)

So, (γ1g1)−1(γ2g2),(γ2g2)−1(γ1g1)∈ T . Then,

[
γ1,g1T

]= [γ1g1,g−1
1 g1T

]= [γ1g1,T
]= [(γ1g1

)(
γ1g1
)−1(

γ2g2
)
,
(
γ2g2
)−1(

γ1g1
)
T]

= [γ2g2,T
]= [γ2g2g

−1
2 ,g2T

]= [γ2,g2T
]
.

(6.72)

Thus, we have proved that τ is an injective map and its inverse is given by γT → [γ,T]
which is smooth map. Then π : LG/T → LG/G=ΩG, given by γT → γG, is a fiber bundle
map. �
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Since LG/T is a fiber bundle over ΩG with the fiber G/T , by the Leray-Serre spectral
sequence of the fibration and Kostant and Kumar [16, Corollary (5.13)], θ :H∗(ΩG,Z)→
H∗(LG/T ,Z) is injective and θ(H∗(ΩG,Z)) is generated by the Schubert classes {εw}w∈Ŵ
in the cohomology of LG/Tand hence we can determine the cohomology ring of ΩG.

Let R = Z[1/2] and let ΓR(γ,β) be the divided power algebra with degγ = 2 and
degβ = 4.

Theorem 6.21. H∗(ΩSU(3),R) is isomorphic to ΓR(γ,β) with the R-module basis

γ[s−2k]β[k], 0≤ k ≤
⌊
s

2

⌋
(6.73)

in each degree 2s for s≥ 1.

Proof. Since the odd cohomology is trivial, by the universal coefficient theorem, the cal-
culations can be done for R= Z[1/2]. The integral cohomology of ΩSU3 is generated by
the Schubert classes indexed:

Ŵ = {�(w) :w ∈ W̃}

=
{
Ak012,i,B

k
021,i, C

k1,k2
021,i , D

l1,l2
210,i, E

n1,n2
102,i : k ≥ 0, k1 and n1 odd, l1 even, i= 0,1,2

}
.

(6.74)

Let ak012,i, bk021,i, c
k1,k2
021,i , d

l1,l2
210,i, e

n1,n2
102,i be Schubert classes indexed by elements Ak012,i, B

k
021,i,

Ck1,k2
021,i , D

l1,l2
210,i, E

n1,n2
102,i of the Weyl group Ŵ , respectively. �

Lemma 6.22. Let w ∈ Ŵ with �(w)= s. Then,

a012 = 1
2�s/2�

�s/2�∑

k=0

⎛
⎜⎝k,
⌊
s

2

⌋
− k

0

⎞
⎟⎠2�s/2�−kX[s−2k]t[k],

b021 = 1
2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

⌊
s

2

⌋

⎞
⎟⎟⎟⎠2�s/2�−kX[s−2k]t[k],

cm021 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 1
2

⎞
⎟⎟⎟⎠2�s/2�−kX[s−2k]t[k], m is odd, s≥ 3m+ 3,

dm210 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 2
2

⎞
⎟⎟⎟⎠2�s/2�−kX[s−2k]t[k], m is even, s≥ 3m+ 4,

em102 =
1

2�s/2�

�s/2�∑

k=0

⎛
⎜⎜⎜⎝
k,
⌊
s

2

⌋
− k

3m+ 3
2

⎞
⎟⎟⎟⎠2�s/2�−kX[s−2k]t[k], m is odd, s≥ 3m+ 5.

(6.75)
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Now we define a graded algebra isomorphism ϕ : ΓR(γ,β)→H∗(ΩSU(3),R) by

ϕ2s

( �s/2�∑

k=0

ukγ
[s−2k]β[k]

)
= 1

2�s/2�−k

�s/2�∑

k=0

�s/2�∑

j=0

uk

(
j,
⌊
s

2

⌋
− j

k

)
ξj , (6.76)

where

ξj =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a012,i if j = 0,

d
(2 j−2)/3
210 if j ≡ 1mod3,

c
(2 j−1)3
021 if j ≡ 2mod3,

e
(2 j−3)/3
102 if j ≡ 0mod3,

b021 if j =
⌊
s

2

⌋
.

(6.77)

Then H∗(ΩSU(3),R) is isomorphic to ΓR(γ,β) with the R-module basis γ[s−2k]β[k], 0 ≤
k ≤ �s/2� in each degree 2s for s≥ 1.
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