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We construct 2-functors from a 2-category categorifying quantum s, to 2-categories categorifying
the irreducible representation of highest weight 2cwy.

1. Introduction

Khovanov and Lauda introduced a 2-category whose Grothendieck group is U, (sl,) [1].
This work generalizes earlier work by Lauda for the %,(sl;) case [2]. Rouquier has
independently produced a 2-category with similar generators and relations [3]. There have
been several examples of categorifications of representations of %,(sl,) arising in various
contexts. Khovanov and Lauda conjectured that their 2-category acts on various known
categorifications via a 2-functor. For example, in their work they construct such a 2-functor to
a category of graded modules over the cohomology of partial flag varieties. This 2-category
categorifies the irreducible representation of %,(sl,) of highest weight nw; where w, is the
first fundamental weight.

In this paper we construct this action for the categorification constructed by Huerfano
and Khovanov in [4]. They categorify the irreducible representation V5, of highest weight
2wy, by a modification of a diagram algebra introduced in [5]. The objects of 2-category
H K n are categories Cy which are module categories over the modified Khovanov algebra.
We explicitly construct natural transformations between the functors in [4] and show that
they satisfy the relations in the Khovanov-Lauda 2-category giving the following theorem.



2 International Journal of Mathematics and Mathematical Sciences
Theorem 1.1. Over a field of characteristic two, there exists a 2-functor Qp , : KL — H Ky .

The Huerfano-Khovanov categorification is based on categories used for the categori-
fication of U, (sl»)-tangle invariants. This hints that a categorification of V3, may also be
obtained on maximal parabolic subcategories of certain blocks of category O(gly). More

specifically, we construct a 2-category Dy, whose objects are full subcategories Z/),Sk’k)(gbk)

of graded category Z(’)Lk’k) (glox) whose set of objects are those modules which have projective
presentations by projective-injective objects. The 1-morphisms of i , are certain projective
functors. We explicitly construct the 2-morphisms as natural transformations between the
projective functors by the Soergel functor V. We then prove the following.

Theorem 1.2. There is a 2-functor Iy, : KL — Picy.

It should be possible to categorify V., for N > 1 using categories which appear
in various knot homologies. For N > 2, the module categories C, in the Huerfano-
Khovanov construction should be replaced by suitable categories of matrix factorization
based on Khovanov-Rozansky link homology. The categories of matrix factorizations must
be generalized from those used in [6]. Khovanov and Rozansky suggest that the categories
of matrix factorizations should be taken over tensor products of polynomial rings invariant
under the symmetric group. These categories were studied in depth by Yonezawa and Wu
[7, 8]. In fact, the isomorphisms of functors categorifying the %,(sl,) relations were defined
implicitly in [8]. To check that there is a 2-representation of the Khovanov-Lauda 2-category,
these isomorphisms would need to be made more explicit. The category O approach should
be modified as well. Now the objects of the 2-category should be subcategories of parabolic
subcategories corresponding to the composition Nk = k + --- + k of blocks of O, (gl(Nk)),
and the stabilizer of the dominant integral weight y is taken to be Sy, x --- x S, where each
Ai € {0,1,...,N}; compare, for example, Section 5 below. Note that a categorification of V)
for arbitrary dominant integral A, hence in particular of Vi, is constructed in [9] using
cyclotomic quotients of Khovanov-Lauda-Rouquier algebras.

While this paper was in preparation, two very relevant papers appeared. In [10],
Brundan and Stroppel also defined the appropriate natural transformations and checked
relations between them to establish a version of the first theorem above, but for Rouquier’s
2-category from [3] rather than the Khovanov-Lauda 2-category. One of the advantages of
their result is that they are able to work over an arbitrary field, while we work over a field
of characteristic 2 in constructing the 2-functor to H Ky ,. It is not immediately clear to us
how to use their sign conventions to get an action of the full Khovanov-Lauda 2-category
in characteristic zero, because they seem to lead to inconsistencies between Propositions 4.7,
4.8,4.10, and 4.16. Additionally, Brundan and Stroppel categorify Vs, using graded category
O. More precisely, they first categorify the classical limit of V5., at g = 1 using a certain
parabolic category O, without mentioning gradings. Then they establish an equivalence
between this category and the (ungraded) diagrammatic category. Finally, they observe that
both categories are Koszul (by [11] and [12], respectively) so, exploiting unicity of Koszul
gradings, their categorification at g = 1 can be lifted to a categorification of the module
Vo, itself in terms of graded category O. Our construction on the graded category O side
is more explicit, relying heavily on the Soergel functor, the Koszul grading that O inherits
from geometry, and explicit calculations on the cohomology of flag varieties made in [1].
In the other relevant paper, M. Mackaay [13] constructs an action of the Khovanov-Lauda
2-category on a category of foams which is the basis of an s(3-knot homology.
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2. The Quantum Group %, (sl,)
2.1. Root Data

Let s, = s[,(C) denote the Lie algebra of traceless n x n-matrices with standard triangular
decomposition sl, = n"@h@n*. Let A C h* be the root system of type A,_1 with simple system
I[M={a;|i=1,...,n—1}. Let (-,-) denote the symmetric bilinear form on h* satisfying

(i, @) = aij, (2.1)

where A = (aij)1; j<, is the Cartan matrix of type Ay_1:

2 ifj=i
aj=4-1 if|j-i|=1, (2.2)
0 ifli-j|>1.

Let A* be the set of simple roots relative to I'l. Let wy, ..., w,-1 € h* be the elements satisfying
(wi, aj) = 6;j, and let

n-1 n-1 n-1 n-1
Q =P Za, Q" =P Zoai, P =P Zwi, P =P Zsowi (2.3)
i=1 i=1 i=1 i=1

denote the root lattice, positive root lattice, weight lattice, and dominant weight lattice,
respectively.

SetI={1,...,n-1,-1,...,-n+1},I* ={1,...,n—-1},and I = —I*. Define a_; = —a;,
and extend the definition of a;; to all i, j € I accordingly. Finally, for i € I, let sgn(i) = i/|i| be
the sign of i.

The quantum group Mq (sl,) is the associative algebra over Q(q) with generators E;, Kj,
for i € I, satisfying the following conditions:

(1) KK_l = K_K; =1,and K;K; = K;K; fori,j €1,

(2) KiE; = q%E;K;,i,j €1,

(3) E; E_] E_Ei=6,;(Ki-K.)/(g-q™")),i,jel?,

(4) EiE; = E;E;, i,j € I*, |i—j|>1,

(5) EZE (q+q‘1)EEE +EE2 0,i,jel* |i-jl=1

We fix a comultiplication A : Uy (sl,) — U,(sl,) ® Uy(sl,) given as follows foralli € I

A(E,) =1®E,+E;®Kj,
A(E_,') =K_®E_,+E_®1, (24)
A(K:!:i) = K:{:i ® K:!:i'

Via A, a tensor product of %,(sl,)-modules becomes a U, (sl,)-module.
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In this paper we are interested in the irreducible %,(sl,)-modules, V5, with highest
weight 2wy. Therefore, we will identify the weight lattice P = Z"! C Z" as follows. Assume
that A = >}; a;w;. Foreach 1 <i < n, set

_ 2k—a1—2[12—---—(i—1)ai_1+(n—i)ai+(n—i—l)ai+1+--~+an_1
n

A (2.5)

Let P(2wy) denote the set of weights of Vy,,. It is well known that under this
identification each A € P(2wy) satisfies \; € {0,1,2} forall1 <i<nand A +---+ X, = 2k.

3. The Khovanov-Lauda 2-Category

Let k be a field. The k-linear 2-category X £ defined here was originally constructed in [1].
Let I, = U,i50 I", I, = U,50(I")" where I" and (I*)" denote n-fold Cartesian products.
Given that i = (i1,12,...) € Iy, let

n-1
cont(i) = Diciri, where ¢; = #{j | i; =i} —#{j | i; = —i}. (3.1)
i=1

Given that v € Q, let Seq(v) = {i € I, | cont(i) = v} and, for v € Q7, define Seq*(v) = {i €
I |cont(i) = v}. Finally, define

Seq = U Seq(v). (3.2)
veQ
3.1. The Objects

The set of objects for this 2-category is the weight lattice, P.

3.2. The 1-Morphisms

For each A € P, let ), € End«.(A) be the identity morphism and, for A\, A" € P, set 0,0y =
6y10). For each i € I, we define morphisms &;9, € Homy (A, A + a;). Evidently, we have
EiDy = D4, €i0). For A, \' € P, we have

HOl‘I’lJ(_a()L,)L') = @f)xéim{s},

i€Seq
SEZ

(3.3)

where &; = &;---&; if i = (i1,...,i;) € Iy, and s refers to a grading shift. Observe that
Ov€iDy = 0 unless cont(i) = \' — A, and Dy cont(i €01 = EiD.
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3.3. The 2-Morphisms

The 2-morphisms are generated by

Yin € Endis(E0y),  Wiju € Homys(Ei€ijD), EiEiDy),

U € Homueo (D1, €:601), ()€ Homu(£ 1£01,00), G4
i\ i\
fori, j € I*. We define 1;, € End x.(&;0)) to be the identity transformation.
For A € P, the degrees of the basic 2-morphisms are given by
deg Yi\ = aij, deg¥; ;) = —aij, degU = degﬂ =1+ (a;, ). (3.5)
i\ i;A

Let A+cont(i) = A+cont(j) = A+cont(k) = " and \'+cont(i') = A+cont(j') = \". Let©, €
Hom2(€;0),£€;0)) and ©; € Hom  » (&iDy, &7y ). Then denote the horizontal composition
of these Z-morpﬁisms by ©,0; which is an element of Hom 2(ErD0EiD), EirOvé€i0 V). IfO3 €
Hom2(€;0,, £kD)), denote the vertical composition of ©3 and ©; by ©; 0 ©;.

For convenience of notation, we define the following 2-morphisms. If 6 € End(&;0,),
let Ol = Qo ---00. For each i € I, define the bubble

—_—

j

O.f;\j\ = Qo(l—i;A+aiYi;A)[N] o LJJ . (36)
Also, define half-bubbles
o N oN
U= (Liea Yi) Mo U U=N o(Yoira 11) V. (3.7)
A iiA DY)

We now define the relations satisfied by these basic 2 morphisms. In what follows, we
omit the argument A when the relation is independent of it.

(1) slyRelations

(a) Foralli e,

<ﬂ 1i> o <1,U> =1, = <1,-O> o <U 1i>. (3.8)

(b) Forallie I,

Y; = <ﬂ 1i> o (L;Y.1;) 0 (11' ) = <1i ﬂ) o (L;Y_1;) 0 <U 1i>- (3.9)
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(c) Suppose thati € I and (—a;,A) > r + 1, then

O-=o0. (3.10)
(d) Leti e L If (a;, ) < -1,
o—(a;,\)-1
O =L (3.11)
;A

(e) Leti € I.If (a;,A) > 1, then

Lin—adloin = —¥oiia o Wi-in

(@ )-1 f ol )=f~11  o[(a;1)-1+g] °[f=8] (3.12)
22 U oo 0 ef)
f=0 g=0 - ik i

(f) Leti e I'". If (a;, A) <0, then

<1i,')L ﬂ> o (Wiin-a1-in) © <1i;). U>
-\ —i;A

(3.13)
—(ai,A) o[ (a;,\)-1+f]
- _ Z Yii)‘[_(“i//\)_f] O
=0 ’ —i;A
If (a;, L) > -2, then
<ﬂ 1i;Aa,-> o (Lojnra; Fii-a;) © <U li;lai>

i;A ;A

(3.14)

o[~ (ai,))-1+g]

(i, N)+2
ST
g:O 1

Remark 3.1. Note that in 1(e) above the exponent of the bubble may be negative, which is not
defined. To make sense of this, for i € I*, define these symbols (referred to as fake bubbles in
[1]) inductively by the formula

o(a_j,\)-1+n o(a_j,\)-1+n
> O t)> O t)=1 (3.15)
n>0 ;A n>0 -

and O°;; = 1 whenever (a;, A) = 0.

(2) The nil-Hecke Relations

(a) For eachie I, ‘Pg] =0.
(b) Forie I, (¥;1;) o (1;¥;;) o (¥iiLi) = (1;¥;;) o (Wi:1i) o (LiWy).
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(c) ForieI*, (1;1;) = (W) o (Yi1;) — (1Y) o (Wi) = (YiLi) o (Wy) — (Wis) o (LiY)).
(d) Forj,iel,

IP]',i = <ﬂ 11'1]'> (9] <1] ﬂl_jli].]') o (ljliq’—j,—ililj) o <1]-1i1_i U1]> o) <1]11U>
-j —i i j
= (11‘1]‘ ﬂ> [©) <1i1j1iﬂli> ) (11‘1]'11[,]‘,,1'1]‘11') o <1iU1i1]‘1i> o} <U 1]11>
i j -j —i

(3.16)

Remark 3.2. For all l,] S Ii, set lpi,_]' = (1_]'1,' ﬂf]) o (l_jlpj,il_j) o} (U] 11‘1_]').
(3) The R(v) Relations

(a) For l,] € Ii, (IP_j,i) [¢} (II’I-,_]-) = 111_]
(b) Fori,jelI*, i#j,

11'1]' if |l—]| >1,
qu,i o ‘Pi,]- = (317)
(=) (¥ -1Y)) if |i-j[=1.

(c) Fori,jel*, i#j,
(17Yi) o (¥ij) = (¥iy) o (Yi1),  (YiLi) o (¥ij) = (¥i)) o (LY)). (3.18)
(d) Fori,j, keI®,

(¥jxLi) o (;¥ik) o (Wijlk) — (I¥ij) o (Wikl) o (Li¥x)
0 izkor|i-j|=0, (3.19)
(i—j)liljli i=kand |l—]| =1.

4. The Huerfano-Khovanov 2-Category
4.1. The Khovanov Diagram Algebra

Let o/ = C[x]/x?. This is a Z-graded algebra with multiplication map m : 4 ® # — o such
that deg1 = -1 and degx = 1. There is a comultiplication map A : # — & ® & such that
A1) =x®1+1®xand A(x) = x ® x. There is a trace map Tr : # — C such that Tr(x) =1
and Tr(1) = 0. There is also a unit map ¢ : C — <f given by 1(1) = 1. Also, let k : # —
be given by x(1) = 0, x(x) = 1. This algebra gives rise to a two-dimensional TQFT §, which
is a functor from the category of oriented 1 + 1 cobordisms to the category of abelian groups.
The functor § sends a disjoint union of m copies of the circle S! to #®™. For a cobordism Cj,
from two circles to one circle, §(C1) = m. For a cobordism C,, from one circle to two circles,
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Figure 2: Concatenation (Ra)b.

$(Cy) = A. For a cobordism Cg, from the empty manifold to S!, F(C3) = 1. For a cobordism Cy,
from the empty manifold to S!, §(C4) = Tr.

For any nonnegative integer r, consider 2r marked points on a line. Let CM, be the set
of nonintersecting curves up to isotopy whose boundary is the set of the 2r marked points
such that all of the curves lie on one side of the line. Then there are <2: > /r + 1 elements in
this set. The set of crossingless matches for r = 2 is given in Figure 1.

Let a,b € CM,. Then (Rb)a is a collection of circles obtained by concatenating a € CM,
with the reflection Rb of b € CM, in the line. Then applying the two-dimensional TQFT §,
one associates the graded vector space ,H}, to this collection of circles. Taking direct sums
over all crossingless matches gives a graded vector space

H' =D oHifr), (4.1)
ab

where the degree i component of , H} {r} is the degree i — r component of , H],. This graded
vector space obtains the structure of an associative algebra via §; compare, for example, [5].
Let T be a tangle from 2r points to 2s points. Let a be a crossingless match for 2s
points and b a crossingless match for 2s points. Then let ,T;, be the concatenation RaoT o b
and ,§(T);, = §(,Tp)- See Figure 3 for an example when T is the identity tangle.
To any tangle diagram T from 2r points to 2s points, there is an (H®, H")-bimodule

3(T) = GQC?A S(aTo){r}- (4.2)
beCM;,

To any cobordism C between tangles T; and T>, there is a bimodule map F(C) : §(T1) —
§(T2), of degree —y(C)—r—s, where y(C) is the Euler characteristic of C; compare, for example,
Proposition 5 of [5].

Lemma 4.1. Consider the tangles I and U,; in Figure 4. Then there are saddle cobordisms S; : U; — 1
and St I — U,.
Let T; and T' be the tangles in Figure 5.
(1) There exists an (H"™', H")-bimodule homomorphism p; : §(T;) — F(Tir1) of degree one.
(2) There exists an (H", H"')-bimodule homomorphism u' : F(T') — F(T™*') of degree one.
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Figure 3: Concatenation ,T}.

LT A

1 o i i+l eem 1 e i itlen

Figure 4: I and U;.

Proof. There is a degree zero isomorphism of bimodules F(T;) = §(T;) @ g»F(I). Then by [5]
there is a bimodule map of degree one

1 g(si“) FTHRFA) — FTHRFUin), (4.3)
Hn Hn

where 1 denotes the identity map. Finally note that §(Ti;) @ r» §(Uis1) = §(Ti+1). Then p; is the
composition of these maps.
The construction of ' is similar. O

Remark 4.2. One may construct, in a similar way, maps of degree one: §(T;) — §(T;-1) and

S(T) — F(T).

Lemma 4.3. Let a € CM,, and b € CM,,_1 be two crossingless matches. Let T' be the tangle on
the right side of Figure 5. Let U; be the tangle in Figure 4. Consider the homomorphism induced by
the cobordism S\, F(T) — FU)R I (T) = AQcT(T)). Let a @ p € F(,T'p), where a € A
corresponds to the circle passing through the point i on the top line and p € H4*F corresponds to the
remaining circles. Then a ® p— A(a) ® p.

Proof. The map is induced by the cobordism S'. On the set of circles, this cobordism is a union
of identity cobordisms and a cobordism C,. The result now follows upon applying 3. O

Lemma 4.4. Let I be the identity tangle from 2r points to 2r points, T; a tangle from 2(r + 1) points
to 2r points, and T* a tangle from 2r points to 2(r + 1) points. Let a and b be cup diagrams for 2r
points (a,b € CM,). Consider the map

4RI — FTRF(T) — F(Ta)@F(T)) — 5D, (4.4)
C

Hr+l Hr+l

where the first and last maps are isomorphisms and the middle map is p; ® 1. Let p € 4 correspond
to the circle passing through point i of Iy, y € HA®" correspond to the remaining circles, and a € 4.
Then the map above sends a @ foy — (af) ®7y.



10 International Journal of Mathematics and Mathematical Sciences

|~ LT

1 o i i+l oem 1 o i i+l -em

Figure 5: T; and T".

Ao L+ T —1 -+ Ay, Ao L+ 1 A —1--00,
[ ] [ ]
Mo N b Ay B e .

Figure 6: D, ; and D

Moo i+l hig =1 - 4y, Moo hi+ 1 A =1 4y,

s 5

D ¥ o R D T

Figure 7: T) ; and TM,

B N R .
Moo b i Ay
Figure 8: Identity tangle I,.

Proof. The map is induced by a cobordism S™*!. On the set of circles, this cobordism is union
of identity cobordisms and a cobordism C;. The result now follows upon applying 3. O

4.2, The Huerfano-Khovanov Categorification

Let A € P(2wy). Recall that a_; = —a;. Hence, for i € I, we have
A+ai = (Ay,..., A +sgn(i), Ain —sgn(i), ..., An). (4.5)

Label n collinear points by the integers ;. Those points labeled by 0 or 2 will never be the
boundaries of arcs but will rather just serve as place holders. Then define the algebra H, =
HY® (as in Section 4.1), where y(1) = (1/2) | {A; | \; = 1}|. Let ey be the identity element.

Let i € I'*. We define five special tangles D, ;, D", T\;, T*/, I, in Figures 6, 7, and 8.
If a point is labeled by zero or two, it will not be part of the boundary of any curve. Away
from points i,i + 1, the tangle is the identity.
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Moo i+l L bip =1 -+ 4, B PR B U PIU I RPN
[ ]
{ U { S+l { O {
[ ] I e N
DERNEEE ). Xin )tHz BRI D
Figure 9: Cobordism S i+1.
Ao =T +1 -+ Ay, Apoos =1 A+ 100y
o [ ]
D ¥ .. B e .
Figure 10: D" and D, _;.
)x] ---./\,‘*1/\,‘4,1+1*--)xn )L] “*)x,‘*l ./\,u,]+l--- n

[ ] [ ] U I
VAN o o

Mo b A Ay D e N

Figure 11: T, ; and T*.

The cobordisms Sy; : T"**i o T); — Iy and Sy;; : T"**/ 0 T; — D4, 0 Dy are
saddle cobordisms for j = i + 1. Similarly, the cobordisms S*, S*"/ are saddle cobordisms in
the opposite direction. For example, the cobordism S, ; ;.1 is given in Figure 9.

Let C) be the category of finitely generated, graded Hj-modules, and letI, : C, — C,
be the identity functor. For A, \' € P(2wy), set Iy I = 6, v 1.

Let i € I*. To make future definitions more homogeneous, define
D, i, DM, T\ i, T as in Figures 10 and 11. Also, in what follows, interpret the pair
(A=, Aoiv1) as (Aiy1, ;) and recall that a_; = —a;.

Leti € I. Let I, : C4 — C, denote the identity functor which is tensoring with the
(H), Hy)-bimodule H,. Let E;I} : C; — Cj.4 be the functor of tensoring with a bimodule
defined as follows:

(F(Dyi)  if (L Ainn) = (1,2),
F(DMY if (A, A1) = (0,1),

Eilly = 9 $(Thi) i (L, ki) = (1, 1), (4.6)
s(T)L’i) if ()‘i/ )‘i+1) = (01 2)/
L0 otherwise.

Evidently, E;I} = Iy, El) foralli € I, and I = F(I)).
Forie I, let Kl : C; — C, be the grading shift functor K;I, = I, {(«;, A)}. Finally, set
C= @AEP(Zwk)C/\r E; = @Aep(zwk)E'HA/ K; = @Aep(zwk)K'HAr and I = @AeP(Zwk L.

Propositions 2 and 3 of [4] are that these functors satisfy quantum sl,, relations.
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Proposition 4.5 (see [4, Propositions 2,3]). One has

(1) KK, =1, = KK, and K,K]]I)L = KjKi]IAfor l,] el,
(2) KiE]'H)L = IEjKiH)L{ai]-},for i,j € I,
(3) EiE_]'H)L = IE_]'E,'H)L lfl,] el*,i 75],
(4) EiE]']IA = E]'El‘]h lfl,] el |i- ]| > 1,
(5) Ei]EiE]‘H)L @ E]'E,‘Ei]h = EiE]'EiH)L{l} GB]EI'E]'EZ'H)L{—l} lfl,] S Ii, |1 - ]| =1,
(6) Foriel,
(E_ELeL{l}eL{-1} ifiel*, ()= (2,0),
ELEL e{l} el {-1} ifiel”, (A, li1) =(0,2),
EE L = < (4.7)
E_LEDL 1) if (@i, A) =1,
E_E;lL if (ai,A) =0.

Now we define the Huerfano-Khovanov 2-category H# Xy , over the field k, chark = 2.

4.3. The Objects

The objects of H K, are the categories C), A € P(Vay,).

4.4. The 1-Morphisms

For each A € P(Q2wy), Iy € Endux(A) is the identity morphism and, for A,\' € P, set
I )LH’)L = 611 as above. For each i € I, we have defined morphisms E;I; € Hom 44 (Cy, Cy1a,)-
Evidently, we have E;I} = I[,4,E;I;. For A,\' € P(2wy), we have

Homuex (Cy, Cr) = @ IvElL{s},
i€Seq
SEL

(4.8)

where E; := E; ---E; I, if i = (i4,...,i;) € Iy, and s refers to a grading shift. Observe that
IyEIy = 0 unless cont(i) = A' — A, and Ly cont(iy Eily = Eilly.
4.5. The 2-Morphisms

In this section we define natural transformations of functors. These maps were not explicitly
defined in [4]. Note that the notation for these 2-morphisms is similar to the 2-morphisms in
Section 3 since we will construct a 2-functor mapping one set of 2-morphisms to the other.
Recall the convention (A_;, A_j11) = (Aiz1, A;) fori e I,

(1) The Maps 1;,, 1,

Letiel,and let1;, : E;I}, — E;, and 1, : Iy — I, be the identity maps.
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(2) The Maps y;,

For i € I we define maps y;,) : E;Iy, — E;l, of degree 2. Let T be the tangle diagram for the
functor E;I,. It depends on the pair (A;, Ais1). Let a and b be crossingless matches such that
(Rb)Ta is a disjoint union of circles. Thus F((Rb)Ta) = (#)® for some natural number p.
Define

yir((fr@---@pp)) = (fro---oxpio--op), (4.9)

where
(a) if (Xi, Ais1) = (1,2), then the ith factor in («#)*F corresponds to the circle passing
through the ith point on the bottom set of dots for tangle D, ; in Figure 6,

(b) if (A, Lix1) = (0,1), then the ith factor in () corresponds to the circle passing
through the ith point on the top set of dots for tangle D* in Figure 6,

(c) if (A, Xiz1) = (0,2), then the ith factor in (/) corresponds to the circle passing
through the ith point on the top set of dots for tangle T*/ in Figure 7,

(d) if (Ai, Ais1) = (1,1), then the ith factor in (#)F corresponds to the circle passing
through the ith point on the bottom set of dots for tangle T, ; in Figure 7.

(3) The Map U;;,
We define a map U;,) : Iy — E_;E;ll,. There are four nontrivial cases for (A;, Ai41) to consider.

(@) (A, Lis1) = (1,2). The identity functor is induced from the identity tangle I,. The
functor E_;EE; is isomorphic to tensoring with the bimodule § (DMiio D \i) which is
equal to §(I)). Thus in this case U;; is given by the identity map.

(b) (Ai,Aix1) = (1,1). Then the functor E_E; is isomorphic to tensoring with the
bimodule F(T**%" o T) ;). Then U;; is F(S*).

(c) (A, Aiz1) = (0,2). Then the functor E_E; is isomorphic to tensoring with the
bimodule §(T)+q, © TV = §(I,) ® 4. Then the bimodule map is given by 1, ® 1.

(d) (A, Lis1) = (0,1). The functor E_E; is isomorphic to tensoring with the bimodule

F(Dysa;,ioDY). Asin case 1, this tangle is isotopic to the identity so the map between
the functors is the identity map.

(4) The Map N;;.
We define a map Ny : ELE; I, — 1. There are four non-trivial cases for (A;, Ai+1) to consider.

(@) (A, Lis1) = (1,2). The functor EE; is isomorphic to tensoring with the bimodule
F(D*+aiio D \,i) which is equal to §(I)). Thus in this case N;,) is given by the identity
map.

(b) (Ai,Aixz1) = (1,1). Then the functor E_E; is isomorphic to tensoring with the
bimodule F(T**% o T),)- Then the homomorphism is F(S, ;).

(c) (A, Aiz1) = (0,2). Then the functor E_E; is isomorphic to tensoring with the
bimodule §(T)+q, © TV = §(I,) ® 4. Then the bimodule map is given by 1, ® Tr.
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(d) (Ai,Lis1) = (0,1). The functor EE; is given by tensoring with the bimodule
F(Dysa;ioDY). Asin case 1, this tangle is isotopic to the identity so the map between
the functors is the identity map.

(6) The Maps gs; j;»

We define a map @i\ - E,E]HA g E]El]l)l for l,] e I*.
There are four cases for i and j to consider and then subcases for .

(a) i = j. In this case, the functors are non-trivial only if \; = 0 and A1 = 2. The
bimodule for E;E; is isomorphic to tensoring with the bimodule §(T+a,; © TV =
S(1)) @ 4. Then ¢;; = 1, ® k.

(b) |i—j| > 1. In this case, the functors [£;E; and [E;E; are isomorphic via an isomorphism
induced from a cobordism isotopic to the identity so set ¢s; ; to the identity map.

(¢) @iis1 : EiEis1 — EiqE;. There are four non-trivial subcases to consider.

(1) (i, Aiv1, di2) = (1,1,2). The bimodule for E;E; 1 is F(Dysa,,,,i © Dai+1)- The
bimodule for E;;1E; is §F(Thsa,,ir1 © Tyi). In this case we define the bimodule
map to be F(SY*1).

(ii) (A, Aiv, dis2) = (1,1,1). The functor E;E; is given by tensoring with a
bimodule isomorphic to

S(Dasazi © Thiv1) E F(Dasay,i © T)L,i+1)®5 (I1)- (4.10)
H),

The bimodule for E;.1E; is isomorphic to F(D****1 o T} ;). Then define ¢;,; to
be 1)@y, §(S*) since

F(Disayni © Thin)) QT (T“a"'_i o TA,i) =35 <Dx+ai'i+1 ° TM)- (4.11)
H),

(iii) (i, Aiv1, Aiv2) = (0,1, 2). The bimodule for E;E;,; is isomorphic to

§(T7 0 Dignn) = §lhiana) @ F(T 0 Dyjn). (4.12)

H,\ﬂxi +ajy]

The bimodule for E;,1E; is isomorphic to §(T****1 o DM). Then define ¢, to
be F(Starand) Q@ 1) since

5<T)L+2a,-+ai+1ﬁ(i+1) ° TA+ai+ai+1,i+l> ® S<T/\+a,-+1,i ° D)L,i+1>
H,H/xiﬂxiﬂ (413)
= g(T)ﬁa,-,Hl o D.A./i>‘

(lV) ()Li, .)Li+1,)ti+2) = (O, 1,1) The bimodule for E;E;;; is S(T)H'“”l’i o T.)L,i+1)' The
bimodule for E;,1 E; is §(D***#*1 o D). Then set ¢ ; = F(S1is1,i)-
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(d) ¢is1i : EinE; — E;E;q. We essentially just have to read the maps in cases (c) (i)—(iv)
above backwards.

(1) (Ai, disa, dis2) = (1,1, 2). The functors are just as in case (c)(i). Now the map is
S(Siiv1)-
(ii) (Ai, Aiv1, dis2) = (1,1, 1). The bimodule for E;1 E; is isomorphic to

S<D)l+a,~,i+1 o TM) ~ 3’<D/\+ai,i+1 ° T)ﬂ)@g(h). (4.14)
H,

Then define ¢si,1,; = 1LQ®y, F(SM).
(iii) (Ai, Ais1, dis2) = (0,1,2). The bimodule for E;;1E; is isomorphic to

S<T)L+ai,i+1 o D)L,i> = S saran,) ® 5 <T““"'i+1 o D“). (4.15)

Aaj+ajyg

Then define g1, = (S @)@y 1).
(iv) (i, Aix1, Air2) = (0,1,1). The functors are just as in case (c)(iv). Now the map
is S(S’\'Hl’i).

Proposition 4.6. For all i,j € I, and A € P(Vy,), the maps yiy, ¢ijy, Uir, Niy are bimodule
homomorphisms.

For convenience of notation, we define the following 2-morphisms. If 6 € End(E;), let
Ul =@ o---00. For each i € I, define the bubble
—_—

j

oN [N]
(} =i © (Ljisa i) 0 Uiy, (4.16)

and define fake bubbles inductively by the formula

o(a_j,\)-1+n o(a_jA\)-1+n
X O t)> O t)=1 (4.17)
>0 ;A n>0 —i;A

and O;}Ll =1 whenever (a;, A) = 0. Also, define half-bubbles

oN oN
U= Loirayi) ™ oU, ()= Mo Wiea1i) ™. (4.18)
;A i\

Finally, for i, j € I*, define

¢i-i = (1-1in7) o (1jgjily) o (Vilil-)). (4.19)
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Figure 13: Tangles for E; and E;E_;E;, (A;, Aix1) = (0,2).

4.6. The 2-Morphism Relations

In this section we prove certain relations between the 2-morphisms defined in Section 4.5.
This will allow us to define a 2-functor from the Khovanov-Lauda 2-category to the Huerfano-
Khovanov 2-category. Again, we will often omit the argument A when it is clear from context.

4.6.1. sl, Relations
Proposition 4.7. Foralli € I, (N_;1;) o (1,U;) = 1; = (1;n;) o (U_i1;).

Proof. The second equality is similar to the first equality. The case i € I” is similar to the case
i € I so we just compute the map (N;1;) o (1;U;) on the bimodule for the functor E; fori € I*.
There are four cases to consider.

Suppose that (A;, Ai+1) = (1,2). Then the tangle diagrams for the functors E; and E;,E_;E;
are D, ; and D, ; o D'*% o D, ; and can be found in Figure 12.

The cobordism between the tangles is isotopic to the identity map so in this case the
composition is equal to the identity map.

The case (A, Aiy1) = (0,1) is similar to the (1,2) case.

Now let (A, Aix1) = (0,2). Then the tangle diagrams for the functors E; and E;E_;[E; can
be found in Figure 13.

Let B be the bimodule for the functor E;. Then the bimodule for E;E_;E; is isomorphic
to &4 ® B. The map E; — E;E_;E; is given by the unit map which sends an element b € B to
1®b. The map E,E_;E; — E; is obtained from the cobordism joining the circle to the upper
cup which induces the multiplication map. This maps 1®b to b. Thus the composition is equal
to the identity.
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Figure 14: Tangles for E; and E;E_E;, (A;, Aix1) = (1,1).
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Finally consider the case (\;, 1is1) = (1,1). The tangle diagrams for the functors E; and
E;E_;E; can be found in Figure 14.

Let B be the bimodule giving rise to the functor [E; and let #/®B be the bimodule giving
rise to the functor E;E_E;. Let « ® § € B, where a is in the tensor factor corresponding to the
circle passing through point i on the bottom row of the left side of Figure 14 and f belongs to
the remaining tensor factors.

The cobordism between the two tangle diagrams is a saddle which, on the level of
bimodule maps, sends a ® f — A(a) ® . Then the map from E;E_;E; to E; is given by Tr®1,
so A(a) ® f+— a ® ff by considering the two cases a = 1 or x. Thus the composition is equal to
the identity map. O

Proposition 4.8. One has
vi = (1) o (Liy—i1;) o (1,U) = (1iny) o (1iy—i1;) o (U-1y). (4.20)

Proof. We prove only the first equality as the second is similar. There are four cases to consider
for which the functor E; is nonzero.

Suppose that (A;, Ai+1) = (1,2). Then the tangle diagrams for the functors E; and E;E_;E;
can be found in Figure 12.

Note that the bimodules for E; and E;E_;E; are the same. Denote this bimodule by B.
Let a ® p € B, where a is an element in the tensor factor corresponding to a circle passing
through point i in the bottom row of Figure 12. Then the first map 1;U; is given by the
identity cobordism and is thus the identity. The second map is multiplication by x on all
tensor components corresponding to circles passing through the point i + 1 in the second
row of the right side of Figure 12. The final map E;E_E; — E; is also given by the identity
cobordism. Thus the composition maps a® f— a® p — xa ® f — a ® . On the other hand,
yi(a®p) =xaep.

The case (Aj, Ais1) = (0,1) is similar to the previous case.

Suppose that (i, Lis1) = (0,2). Then the bimodule for the functor E; is B = F(TV)
and the tangle diagram for E;E_E; is F(T" 0 T)_4,; 0 T*) = # ® B. Let a ® p € B, where a
is an element of the tensor factor corresponding to the circle passing through the point i in
the top row of the tangle T* and f is an element in the remaining tensor factors. Then the
composition of mapssendsa®@ fr—10a®pfr— x@a® f+— xa® f. This is equal to y;(a ® p).

Suppose that (A, Ai+1) = (1,1). Then the tangle diagrams for the functors E; and E;,E_;E;
can be found in Figure 14.
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Let B be the bimodule for the functor E_; and let &/ ® B be the bimodule for E;,E_/E;.
Let a ® p € B, where a is an element in the tensor factor corresponding to the circle passing
through point i on the bottom row of Figure 14 and f is an element in the remaining tensor
factors. First let a = 1. Then

1epr—x0lepf+lexepfr—oxexefr—xepf=y(1ep), (4.21)

where the last map is Tr®1. If a = x, then
x@Pr—x0x®p— 0=y;(xep). (4.2%

Proposition 4.9. Suppose i € I and (-a;, A) > r + 1, then O = 0.

Proof. In order that r > 0, it must be the case that (-a;, 1) > 2. Thus the only possibility is
(Ai, Lis1) = (0,2) and r = 0. Then the bimodule for E_E; is # ® §(I). Thus the map 1 — E_E;
is given by the unit map. The map E_;E; — 11is given by the trace map. Thus the composition
of the maps in the proposition sends an element f+— 1® f+— Tr(1) ® b = 0. O

Proposition 4.10. If (a;, A) < -1, then Q;&_“"’)‘)_l =1.

Proof. The only cases to consider are (A;, 1is1) = (0,2),(1,2),(0,1).

Consider the case (0,2). Let B = §(I}). Then the bimodule corresponding to E_;E; is
A ©B.Letpe B.ThenU;(f) =10p, yi(1®p) = x®f, and N;(x ® B) = Tr(x)p = B. Thus in this
case, the composition is the identity map.

For the case (1,2), (-a;,A) —1 = 0. The cobordism between the tangle diagrams for
the identity functor and E_;E; is isotopic to the identity cobordism. Similarly, the cobordism
between the tangle diagrams for the functors E_;[E; and the identity functor is isotopic to the
identity cobordism. Thus the bimodule map is equal to the identity.

The case (0, 1) is the same as the case (1,2). O

Proposition 4.11. Leti € I. If (a;, \) > 1, then

(@)1 f o@N)=f-1 o (q1)-1+g *f-8
Lo 1oin = ¢oiih © @i + U ° 9 ° ﬂ ' (429
20 g0 il i\ —i;A

Proof. There are three cases to consider: (\;, 1is1) = (1,0), (2,1), (2,0).

For the case (1,0), the first term on the right-hand side is zero since that map passes
through the functor E;[E;E_; which is zero for this A. The summation on the right-hand side
reduces to

o0 oo o0

Uo O oﬂ =U_i;) 0Ny (4.24)
- B

by definition (4.17) of the fake bubbles. This map is a composition E;E_; — 1 — E;E_;. This
composition of maps is the identity.
The case (2,1) is similar to the (1,0) case.
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For the case (2,0), the first term on the right-hand side is zero as in the previous two
cases. The summation on the right-hand side consists of three terms, which simplifies by
(4.17) to

ol ol 2
U oN_jy +U_ 0 U +U_;\0 O oN_j:)- (4.25)
—i;A —i;A i\

Let B = F(Iy). Then the bimodule for E;E_; is &/ ® B. Then

ol
U oN i :EE; —1— EE; —EE.,. (4.26)
—i;A

Under this composition of maps, 1®b maps to zero since the first map is given by a trace map
on the first component. The element x ® b gets mapped to x ® b as follows:

x®@br—br—10b—x®Db, (4.27)

where the first map is the trace map, the second map is the unit map, and the third map is
multiplication by x. Similarly,

ol
Upol ) :EE; —EE; —»1—EE,. (4.28)
—i;A

Under this composition, 1® b+ 1®b and x ® b + 0. Finally, the map

o2
U0 (} oM_j:\ (4.29)
1

is zero because the middle term is zero. Thus the right-hand side is the identity as well. O
Proposition 4.12. Leti € I*.

(1) If (a4, \) <0, then

—(ai,A) | o(a;,\)-1+f
(Linin) © (Piina 1) © (L) = Dy @V o - (4.30)
£=0 —i;

(2) If (ai, \) > =2, then

(@i,))+2 o—(a;,1)-3+g -
(M 1) © (Ligiin) © (Ui 1) = D0 C} y; e, (4.31)
§=0 b
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Proof. We prove (1), the proof of (2) being similar. Since the maps on both sides pass through
the functor E;E;E_;, the maps on both sides are zero unless (\;, 1is1) = (1,1). The functors for
E; and E;EE_; are given by tangles in Figure 14.

Let B be the bimodule for the functor E; so «/ ® B is the bimodule for the functor
E;EE_;. Let a ® p € B, where a is an element in the tensor factor corresponding to a circle
passing through point i in the bottom row of the left side of Figure 14 and f is an element
in the other tensor factors. Consider first a = 1. The left-hand side maps an element a ®  as
follows:

1efpr—x01lef+10x0fr—1010f+— 104, (4.32)

where the first map is A ® 1, the second map is k ® 1 ® 1, and the third mapism® 1. If a = x,
the left-hand side maps a ® f§ as follows:

XQPr—x0x@Pfr—10x0pr— xp. (4.33)

The right-hand side is 1 by convention. O

4.6.2. nil-Hecke Relations.
Proposition 4.13. Fori e I*, qu.[j] =0.

Proof. Since E;E; is identically zero unless (\;, 1is1) = (0,2), we need only to consider this case.
Let B = §(I). Then the bimodule for E;[E; is isomorphic to §(T); o T = 4 ®B.

Then gijoqii: AB — H#®B — H#®B.Thismap sends1®b+— 0and x®b+— 10b—
0. O

Proposition 4.14. Leti € I". Then, (¢;i1;) o (Ligi;) o (¢iili) = (Liggii) o (iili) o (Ligpii).

Proof. Both sides are natural transformations of the functor E;E;E;. However, by definition
this composition is zero. O

Proposition 4.15. Fori € I, (1;1;) = (i) o (yili) — (Liyi) o (¢sii) = (vili) o (i) — (i) © (Liyi).

Proof. The only case to check is (4;, Aiz1) = (0,2) since otherwise E;E; = 0. Let B = §(I;). Then
the bimodule for E;E; is isomorphic to «# ® B. Then

((,Ui,i) o (ylll) AR®B — AQB. (434)

Under this map, 1®b+— x®b+— 1®band x®b +— 0. For the map (1;y;) o (¢ii),1®©b+— 0, and
x®b— 1®b— x®b. This gives the first equality since our field has characteristic two.

For the second equality, (yi1;) o (¢i;) : 1®b— 0, (y;1;) o (¢ii) : x©b—10b+— x®b.
Similarly, (¢i;) o (Liyi) :1®b—x®b—1®band (¢i;) o (Liy;) : x©b— 0. O
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Proposition 4.16. Fori,j €I,

g = (N-1i1) o (LNl j115) o (1Ligp-i1i1;) o (1;11501;) o (1;1:0;)

(4.35)
= (1,1]ﬂl) o (1,1]1_10]11) o (111](/}_],_11]11) o (L'U_]'l_il]'li) o (U_il]'li).

Proof. Leti,j € I". We prove only the first equality. If |[i— j| > 1, the proposition is easy because
then ¢, 1 are identity morphisms. Therefore, we take i = j +1, the case i = j — 1 being similar.
The natural transformation on the right side of the proposition is a composition of natural
transformations:

E]'E]'+1 —_— E]E]+1E_]E] e ]E]'E]'+1E_]‘E_j_1E]’+1E]' (4 36)
—> E]'E]’+1E_]'_1]E_jE]'+1]E]' — E]E_]E]+1E] e E]+1E]

There are four nontrivial cases for A. We prove the case (Aj, Ajs1,4j:2) = (2,1,1). The
proofs of the remaining cases (2,1,0), (1,1,0), and (1,1,1) are similar.

Let B be the bimodule representing the functor E;E;;; and B’ the bimodule
representing the functor EjE;. Then the morphism is the composition B - B — B —
#®B — B — B'induced by the tangle cobordisms in Figure 15. The first and second maps
are the identity maps. The third map is comultiplication. The fourth map is the trace map and
the last map is ¢;;.1. Computing this composition on elements as in previous propositions
easily gives that it is equal to ¢sj ;1. O

4.6.3. R(v) Relations

Proposition 4.17. Fori,j € I*, i#],
q)‘,j,i o (Ifi’,]' = 111,] (437)

Proof. Note that, for |i —j| > 1, the left-hand side is easily seen to be the identity so let j = i+1.
The case j = i — 1 is similar. Thus the left-hand side is

gjiogi-ji EE i1 — E i qEnEE  — E i EE g E — E ,4E; (438)
— E i1 EEnE ;1 — E 1 EqEE ;1 — EE ;4.

There are four non-trivial cases for \.
Case 1 ((Ai, Aiv1,Lis2) = (1,2,1)). Let B be the bimodule representing the functor E;E_;_;. Then

gjiogi,j:B—A#A®B—B—B—B—H4®B—B. (4.39)

The first map is t ® 1). The second map is multiplication m. The third and fourth maps are
the identity. The fifth map is comultiplication A. The last map is Tr®1. It is easy to check on
elements that this is the identity map.
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Figure 15: Tangles for compositions of natural transformations in the (2,1,1) case.

Case 2 ((Ai, Aiv1, Liv2) = (1,2,0)). Let B be the bimodule representing the functor E;E_;_;. Then

g jiogij:B—B—A®B—B—H#®B—B—B. (4.40)

The first map is the identity. The second map is A by Lemma 4.3. The third map is Tr®1
where the trace map is applied to the tensor factor arising from the new circle component.
The fourth map is « ® 1. The fifth map is multiplication by Lemma 4.4. The last map is the
identity. It is easy to check that this composition is the identity on all elements.

Case 3 ((Ai, Aiy1, Liz2) = (0,2,1)). This is similar to Case 2.

Case 4 ((Ai, Aiy1, Liz2) = (0,2,0)). This is similar to Case 1.

Proposition 4.18. Ifi,j € I and |i - j| > 1, then ¢j; o ¢5; j = 1;1;.

Proof. The tangle diagrams for the bimodules for E;E; and E,E; are the same up to isotopy.
The maps in the proposition are obtained from cobordisms isotopic to the identity so they are
identity maps. O

Proposition 4.19. Ifi,j € I and |i - j| = 1, then ¢j; o ¢5; j = (yil; + 1;y;).

Proof. Assume that j =i + 1. The case j = i — 1 is similar. There are eight cases for A such that
E;E;.1 is non-zero. In all cases let a and b be cup diagrams. Let B be the bimodule for E;E;,;
and B’ the bimodule for E; (E;.

Case 1. (Ai, dis1, Liso) = (0,0,1). Since EiE; = 0, the map i1, 0 ¢iis1 = 0. The bimodule
representing the functor [;E;,; is isomorphic to (D% o D**1). Since the circle passing

through point i on the bottom row of DA%+ 0 D*i*1 i5 the same as the circle passing through
point i + 1 in the middle row, the map on the right side of the proposition is zero as well.

Case 2 (A, Aiy1, Liz2) = (1,0,1)). This is similar to Case 1.
Case 3 ((Ai, Aiy1, Liz2) = (1,0,2)). This is similar to Case 1.

Case 4 ((A;, Aiy1, Lizz2) = (0,0,2)). This is similar to Case 1.
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Case 5 ((Ai, Aiz1, Ais2) = (0,1,1)). In this case B = F(T**+7 0 Ty ;1) and B’ = F(DV%i+1 o D),
Let a and b be crossingless matches.

(i) Suppose that the circle passing through point i + 1 on the bottom row of ,(T**%+14) o
T)i+1)p is the same as the circle passing through point i of the top row. Then B}, =
#4®Rand ;B = # ® 4 ® R, where Ris a tensor product of &/ corresponding to the
remaining circles. Then the map on the left side of the proposition is (m®1)o (A®1).
Thus it maps an element 1 ® r to 2x ® r. On the other hand, y;(1®r) = x ® r. Also,
yi+1(1® 1) = x ® . Thus both sides are the same.

(ii) Suppose that the circle passing through point i + 1 on the bottom is different from
the circle passing through point i on the top. Then ,B, = #®<#®Rand ,B, = #®R.
Then the map on the left side of the proposition is (A ® 1)) o (m ® 1,). Thus it maps
anelement1®1®rtox®1®r+1®x®r. On the other hand, y;(1®1er) =x®1lor.
Also, yi;1(1® 1) = 1® x @ r. Thus both sides are the same

Case 6 ((Ai, Xiz1, Ais2) = (1,1,1)). In this case, B = F(Dya,,,i© T1iv1) and B' = F(DM*4i*1 o Ty ;).
Let a and b be crossingless matches.

(i) Suppose that the circle passing through point i + 1 on the bottom row of D).q,, i ©
T)i+1 is the same as the circle passing through point i on the bottom row. Then
aBp = 4 ® Rand ;B = & ® & ® R. Then the map on the left side of the proposition
is (m®1) o (A ®1). Thus it maps an element 1 ® r to 2x ® r. On the other hand,
yi(ler) =x®r. Also, yi;1(1 ®@ r) = x ® r. Thus both sides are the same.

(ii) Suppose that the circle passing through point i + 1 on the bottom row of D).q,., i ©
Ty i+1 is different from the circle passing through point i on the bottom row. Then
aBy = A ®H# ®Rand ;B = & ® R. Then the map on the left side of the proposition
is(A®1)o(m®1l). Thusitmapsanelement1®1®@rtox®1®r+1®x®r. On the
other hand, y;(1®1®r) =x®1®r. Also, yi+1(1®7r) = 1® x @ r. Thus both sides are
the same.

Case 7 ((Ai, Aiy1, Lizz2) = (1,1,2)). This is similar to Case 5.
Case 8 ((Ai, Aiv1, Aiv2) = (0,1,2)). This is similar to Case 6. O
Proposition 4.20. Leti,j € I*. Ifi#j, then

(D) (jyi) o gij = gij o (yil;),
(2) (yjli) o gij = ¢ij o (Liy;).

Proof. We prove only the first statement. Assume further that j = i + 1, the case j = i — 1 being
similar. The case for |j —i| > 1 is easy because the bimodules for E;E; and E;E; are equal.

There are four non-trivial cases for (4;, Ai+1, Ai2). Let a and b be crossingless matches.
Let B be the bimodule for E,;E;,; and let B’ be the bimodule for E; 1 E;.

Case 1 ((Ai, Aiv1, Ais2) = (1,1,2)). (i) Suppose that the circle passing through point i on
the bottom row of the tangle for E;E;,; is the same as the circle passing through
point i + 1 on the bottom row. Then ,B, = «# ® R and aBL = A AR, where R
denotes a tensor product of &/ corresponding to the remaining circles. Then ¢; ;41 is
given by A ® 1. Then ¢ i1yi(1®71) = ¢ii1(x®7) = x®@x®7r. Then yigi i1 (10 7r) =
Yi(x®1lor+1ex®r)=x0x®Tr.
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(ii) Suppose that the circle passing through point i on the bottom row of the tangle for
EiE;.; is different from the circle passing through point i + 1 on the bottom row.
Then ;B, = #® A ®Rand ;B = 4 ® R. Then ¢s; ;1 = m® 1. Then it is easy to verify
that (P‘i,iJrlyi(l ®1® 1") = yiq)‘i,iﬂ(l ®1ler)=xQr.

Case 2. (Ai, Aiz1, Aiy2) = (0,1,1). This is similar to Case 1.
Case 3. (Ai, Aiz1, Air2) = (1,1, 1).

(i) Suppose that the circle passing through point i on the bottom row of the tangle is the
same as the circle passing through point i + 1 on the bottom row. Then ,B, = &/ ® R
and aB; = A ®H# ® R. Then ¢ ;1 is given by A ® 1. This then follows as in Case 1.

(ii) Suppose that the circle passing through point i on the bottom row of the tangle is
different from the circle passing through the point i + 1 on the bottom row. Then
2By =AA®R and aB;; = A4 ®R. Then g ;1 = m®1. This then follows as in Case 1.

Case 4 ((Ai, Ais1, Liv2) = (0,1,2)). This is similar to Case 3. ]
Proposition 4.21. Fori,j k € I¥,
0, i#zkor|i—j|#1,

(wkLi) © (Ligrik) © (i le) + (Lwi) © (@ikly) o (Ligsjue) = _ o
1i1;1;, i=kand |i-j|=1.

(4.41)

Proof. The proof of the first part consists of verifying the equality in many different cases,
each of which is similar to the second part. We only prove the second part in the case j =i +1
as the case j = i — 1 is similar. There are four cases for (A;, Ais1, Ais2) for which E;EiqE; is
non-zero.

Case 1 ((Ai, Ais1, Ais2) = (0,1,1)). In this case, (¢5:1;) o (1j¢:) o (¢3,j1;) = 0 because it passes
through the functor E;;E;E; which is zero on the category corresponding to this A. On the
other hand,

(Ligij) o (gii1j) o (Liggj) : BiEinE; — EEEy — EEEy — EEiqE:. (4.42)
Let B be the bimodule for the functor E;E;,1E;. Then this is a sequence of maps

B—A®B—H#®B—B, (4.43)

where the first map is given by comultiplication, the middle map is given by the map 1 ® x,
and the last map is multiplication. This sequence of maps acts on 1 ® a € B as follows:

lgar—x®lea+lex®ar—1eoloar— 1ea. (4.44)

Clearly, (¢ji1;) o (1j¢i:) © (¢i,j1;) (1 ® ) = 0. Similarly, x ® a — x ® a.
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Case 2 ((Ai, Ais1, Ais2) = (0,2,2)). This is similar to Case 1 except that now (1ig; ;) o (¢i:1;) o
(Ligsji) = 0 and (g5 1;) o (1jgi) o (i 1) = 1;1;1;.
Case 3. (Ai, Ais1, Aiv2) = (0,1,2). In this case, (¢j,1;) o (1j¢i:) o (¢5i;1;) = 0 since this map passes

through the functor E;,;[E;E; which is zero on the category corresponding to A.
On the other hand,

(Ligij) o (9ii1)) o (Ligsji) : BiEi By — EiEEiy — EEE, — EE K. (4.45)
Let B be the bimodule for the functor E;E;,;E;. Then this is a sequence of maps

B— A®B—H#®B—B, (4.46)

where the first and third maps are given by Lemmas 4.3 and 4.4, respectively, and the middle
map is given in Section 4.5. This sequence of maps actson1®a, x ® a € B as follows:

I1ear— x®lea+lex®ar—l1elear—1®a,
(4.47)
XQaAr— XXxQ@a+— x®1®ar— xQa.

Case 4 ((Ai, Ais1, Aiv2) = (0,2,1)). This is similar to Case 1 except that now (1;¢5;) o (¢si1;) o
(Liggj;) = 0and (gji1;) o (1jgpii) o (1) (foa) = foa. O
The relations of the 2-morphisms proven in this section give the following.

Theorem 4.22. There is a 2-functor Qi : XL — HKy, such that, foralli,j €1,

(1) Qin(d) = Cy,
(2) Qin (D)) =1y,
(3) Qin(€i0)) = Eilly,
(4) Qin(Yin) = yinr,
(5) Qin(Wijir) = ija,
(6) Qicn(Uin) = Vi,
(7) Qhn(Nia) = Nis
(8) Qin(1in) = Lin.

5. The 2-Category [; ,
5.1. Graded Category ;0

Let g = glox be the Lie algebra of 2k x 2k-matrices, let @ denote the Cartan subalgebra of g
consisting of diagonal matrices, and let p be the Borel subalgebra of upper triangular matrices.
Fori=1,...,2k, lete;; denote the (i, j)-matrix unit, and let ¢; € ?* be the coordinate functional
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gi(ejj) = 6ij. Let O be the category of finitely generated g-modules which are diagonalizable
with respect to 9 and locally finite with respect to p. Let

2k-1

2k
X =§|? Zei, Y =§|? Z(gi —€i1) C X (5.1)
1= 1=

denote the weight lattice and root lattice of gly, respectively. The dominant weights are given
by the set X* = { p = pie1 + - + poeax € X | p1 2 --- > por }. Denote half the sum of the
positive roots by p. Let u € X, and let O, be the block of O consisting of modules that have a
generalized central character corresponding to ¢ under the Harish-Chandra homomorphism.
Let OLk’k) be the full subcategory O consisting of modules which are locally finite with
respect to the parabolic subalgebra whose reductive part is glx @ gli. Finally, let [)Lk’k) be the

full subcategory of OI(,k’k) whose objects have projective presentations by projective-injective
modules.

Let y and p' be integral dominant weights of g, and let Stab(y) denote the stabilizer
of y under the p-shifted action of the symmetric group Syk. Suppose that ' — p is an integral
dominant weight. Then, let 6’: : O;,k'k) — O;’f’k) be the translation functor of tensoring with
the finite-dimensional irreducible representation of highest weight y’ — p composed with
projecting onto the p'-block, and let 9;', be its adjoint.

Let P, be a minimal projective generator of 0. It was shown that A, = Endy(P,) has
the structure of a graded algebra [11]. Since O, is Morita equivalent to A,-mod, we consider
the category of graded A,-modules which we denote by z0,,. Let the graded lift of O;,k'k)
and D,(lk’k) be ZOLk’k) and Zp}]‘"‘), respectively. It is known that if Stab(u) C Stab(y’'), there is a
graded lift of the translation functors, compare, for example, [14], which by abuse of notation
we denote again by éﬁ, and él’f

The key tool in the construction of graded category O is the Soergel functor. Let
A = (A,..., L) be a composition of 2k and Sy, = S, x --- x §),. Denote the longest
coset representative in Syc/S, by w). Let P(w], - ) be the unique up to isomorphism,
indecomposable projective-injective object of O,. Let C = 5(h)/S (h)%k be the coinvariant
algebra of the symmetric algebra for the Cartan subalgebra with respect to the action of the
symmetric group. Let {x1,...,x2c} be a basis of S(h) and by abuse of notation also let x;
denote its image in C. Let C* be the subalgebra of elements invariant under the action of S,.
Soergel proved in [15] the following.

Proposition 5.1. One has Endy(P(w) - p)) = CSb®),
Define the Soergel functor V,, : 0, — CStab()-mod to be Homg (P(wy - p), o).

Proposition 5.2. Let P be a projective object. Then there is a natural isomorphism
Hom estab (V#P, VMM) = Homg (P, M).

Proof. This is the Structure Theorem of [15]. O
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Proposition 5.3. Let y, ' € X* be integral dominant weights such that there is a containment of
stabilizers: Stab(p) C Stab(y'). Then there are isomorphisms of functors

l Stab (')
(1) V0 = ResSoungy Vi,
(2) V/lGZ/ =~ CStab(‘u)®CStab(;/)V‘u.“

Proof. These are Theorem 12 and Proposition 6 of [16]. O

5.2. The Objects of P,

Let L = (Ay,...,A,) be a composition of 2k with \; € {0,1,2} for all i. To each such A, we
associate an integral dominant weight

roA
L= > (r=j+D)en e i=p (5.2)

j=1i=1

of glox, where Ay = 0. Note that the stabilizer of this weight under the action of Sy, is Sy, x - - - x
Sy, -

n

The set of objects of Dy, are the categories Zpi,"’k), A€ P(Vay,).

5.3. The 1-Morphisms of Dy ,,

Let A € P(Va,), and let I, € Endy(z p‘Ik'k)) be the identity functor.
For each i € I, we define functors E;[[; and K;lI;. To this end, let A be a weight of Vy,,
and i € I'*. Then we have compositions of 2k into n + 1 parts:

i) = e AL =1, 0, A=) = (Ao hi = 1,1 A,y ) (5.3)

Also,if A = X, ajw; € P,setriy=1+a1+---+ai-1 + a1 and sy =2 — a; — ais.
Leti € I. Suppose that (\;, 1i1) € {(0,1),(0,2),(1,1),(1,2)}. Then we define, as in [17],
E;I A:Z/.’)gc’k) — Zﬁ% which is given by tensoring with the following bimodule:

Lra; g (i) ~
Hom, (P—, 9% 9}1 Piim, A}> = Hom v <Vf A%

)L+a,' )t+ai )L-HI,'

)L+a,<9m 9} PX{TM}>

= Homchai <V)L+a,~ljﬁail C)L+ai® Re ng:(i) VXPI{ rid }> )
CMo)
(5.4)

For all other values of (A;, 1i11), set E;I, = 0. Let KiHA:ZD;k’k) —>Z/J§Tk’k) be the grading shift
functor K;II = I {(a;, L) }.
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Let Z/_')%k’k) and ZDgf’k) be two objects. Then

Hom (0% ;p00) = BLELs),

i€Seq
SEZ

(5.5)

where E; := E; ---E; I if i = (i1,...,i,) € I, and s refers to a grading shift.

5.4. Bimodule Categories over the Cohomology of Flag Varieties

A review of certain bimodules and bimodule maps over the cohomology of flag varieties
developed in [1, 2, 18] is given here. Let A = (\A4,..., A,) be a composition of 2k into n parts.
Let x(\) jr = Xyt e There is an isomorphism of algebras:

Qi1<j<nC [x()t)j,lf (Voo 2,

C)L = , (56)
])L,n
where J) ,, is the ideal generated by the homogeneous terms in the equation
I (1 +x(0) 3t 4 2x(0) 1 + o+ x(V) ].,Ajtif) - 1. (57)
I<jsn
Let x(1); ;. be the homogenous term of degree 2k in the product
I1 (1 F ()4t + X ()2 4o+ x()‘)],i_t*f)
1<j<n ! (5.8)
i
Then, using (5.7), we see that
k
Zx(/\)i,jyc()‘)i,k—j = Ok, (5.9)
j=1
compare, for example, [1, Section 5.1] for details.
We must also consider C*. There is an isomorphism of algebras:
= Q Clr();0 %), x(N); | © CLE]
=S
17 (5.10)

® C [x()‘)iu,l/ X(N)i127-- -5 x()t)ﬂl,)tm—l]
Jaiyn

7
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where J) (i) is the ideal generated by the homogeneous terms in the equation

1+1 -1

111:[,1 (1+¢it) Z x()‘)1+1rtrzx(/\)]sts = (5.11)
j#irl

There is also an isomorphism of algebras:

cih = R (C[x()t) ()0, x(V) M]_] ® Clx(L);1, x(V)i2 - X(W); 1] © CL&1/ Tiipms

1<j<n,
j#i
(5.12)
where ] i) is the ideal generated by the homogeneous terms in the equation
[Ta- gt)Zx(A)lrthx(A),stS = 1. (5.13)
1<]<1’l
j#i

5.5. The 2-Morphisms

In light of Propositions 5.2 and 5.3, we may define the 2-morphisms on the algebras C*, A €
P(Va,,) in order to define natural transformations of functors.

The Maps .,

Leti € I. Define i, : C*) — C'® which is a map of (C***, C})-bimodules by ., ((¢)") =
(gi)ﬂ-l-

The Maps Uy, N\

Let i € I*. Define a map of (C*, C*)-bimodules

U 1 C1 — 'O CHO{1 - 4 - A} (5.14)
CA+aj
by
. Ai
Tia (1 Z (-1)" f§f®x (i (5.15)
f:

Next define a map of (C*, C*)-bimodules

Ulip 1 C — CMDQCHD {1 - Ay = N } (5.16)
CA-ai
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by
_ N \ f
Uoin(D) = 2D g @ x5 (5.17)
=0
Next define a map of (C*, C})-bimodules
Ny CMOQCH 1 - - i} — C (5.18)
C)+al~
by
M (G ©487) = D™ I W4y (5.19)
Next define a map of (C*, C})-bimodules
ﬁ—i})t . CM=D) ®C)‘(_i){1 —di—Ain) — ct (5.20)
C)L—o(i
by
in (& @) = (D)™ N2, (5.21)
The Maps ¢; i

Leti,j € I*. Define a map of (C****%, C*)-bimodules

a' L C()L+ﬁj)(i) ®C)L(j) . C()L+a,-)(j) ®C)L(i)
ij;

62)
by
({7 eg! if li-j|>1,
Z_ ri+12— 1f®§f Zgrlm 1g®§g it =i,
G (o) =477 80 (5.23)
( 2@t - “*1@@?){—1} ifi=j+1,
(P e ) =it
Define a map of (C~%~%, C*)-bimodules
§yp COOD QD — COD Q)M (524)

Cl aj C)L a;
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by
{ P r . . .
G g if |i—j|>1,
T'z—l 1 7’1—1 1
girwrr -f ® g{ _ Zg:ﬁrrr -8 ® g;? if ] — i,
g (regr) =47 &0 (5.25)
(grog)i-1) ifi=j+1,
(g egr -grog ) ) ifj=i+1.

5.6. The 2-Morphisms of Dy,

Leti,jeI".

The Maps 1;,,

Let 1; : E;I, — Eilly and 1_;) : E,I, — E I, be the identity morphisms.
The Maps vy,

Next we define a morphism of degree 2, y;., : E;I} — E;I. Recall that

E;I, = Homeug <VMP)LH!!‘, c® ®Vxlﬁ{ Ti\ }> . (5.26)
ct

Let f be such a homomorphism. Suppose that f(m) = y @ n. Then set (y;,, - f)(m) = y,(y) ®n.
Similarly,

E_I) = Homei« <VMPH’ CA(_i)®Vx%{ Si) }> . (5.27)
o

Let f be such a homomorphism. Suppose that f (m) = yon. Thenset (y-i- f)(m) = y_, (y)®n.
The Maps Uiy, Nizy
Note that

I, = J = Home: (Vi Py, VIR,

E—i o ]EiHA =K = HOI’I’IC,k <VA%, C)‘+ai(_i) ®C)L(i) ®VI%{T)L,1' + S)L+ac,~,i}>/

Chrai ct (5.28)

E;oE_ I} = L =Home: <V)Llﬁ, cra ®C)L(7i) ®VX%{Sl,i + T)L—ai,i}> .
CA-aj Cr



32 International Journal of Mathematics and Mathematical Sciences
Let f € J. Then define U;;, : I} — E_E;I by
Ui (f) (m) = Ui (1) ® f(m) (5.29)
and U i - I, —» EE, I, by
U_ia (f) (m) = Ui (1) ® f(m). (5.30)
Now define Ny, : ELE;I, — I. Suppose that f € K such that f(m) = y ® n. Then set
Mi;\ (f) (m) = mi;)L(Y) ®n.
Next define N_;;, : E;E_I, — I,. Suppose that f € L such that f(m) = y ® n. Then set

Nia (f)(m) = N (y) @ n.

The Maps i j.\

First we define a map ¢ ;.\ : EiE;[L — E;E;IL.
Set

Ji; = BBl = Hom s <VWP)M1_M/_, Cham® QI QViPr{r,; + mm,-,i}>,

CA+a i Ccr

K;j = E]'Ei]h = Homcha]-»fa,v (VWPW, C(’Hai)(j) ®Cl(i)®VX%{T)L,i + T)ﬁu,-,j }> .
Clﬂxi C).
(5.31)

Let f € ]1+] and suppose that f(m) = y1 ® y, ® n. Then define ¢\ f(m) =, .\ (1 @ 12) @ n.
Set

C\ aj

I ._E_IE_]I[A = Hom CA-aimaj <V)l e b e a,C()L ) (= 1)®C)L( ])®V P {S)L]+S)L a]1}>

. ~ A-a; i\
K;; = EjE I, = Homgis <VA P, CO) @) ®V oy +Smi,;}>-
Cl a;

(5.32)
Let f € J;,; and suppose that f(m) =y @y, ®@n. Then define ¢;_j f(m) =¢_;_;,(n ®
y2) @n.
Theorem 5.4. There is a 2-functor Iy, : KL — Dy, such that, foralli,j € 1,
(1) M) =20,

(2) Mk n(Dy =1y,
(B) Iy x(&i0y) = Eilly,
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(4) Micn(Yin) = yir,
(5) i (¥ijn) = @ijrs
(6) Ik (Uzy) = Vi,
(7) e (M) = N,
(8) Ticn(Lin) = Ly

Proof. This now follows from the computations in [1, Section 6.2] for bimodules over the
cohomology of flag varieties using the naturality of the isomorphism in Proposition 5.2. [

Finally we show that the category Dy , is a categorification of the module V5, . Denote
the Grothendieck group of Dk, by [Pk.], and let [Dk,n]Q(q) = C(q)@z[wq] [Pkl

Proposition 5.5. There is an isomorphism of U, (sl,)-modules [Dk,n](@(q) = Vo, -

Proof. Since projective functors map projective-injective modules to projective-injective
modules, it follows from Theorem 5.4 and [1] that [Dk,n](@(q) is a U,(sl,)-module. By
construction, it contains a highest weight vector of weight 2w so it suffices to compute the
dimension of its weight spaces.

By [19, Theorem 4.8], the number of projective-injective objects in O%k’k) (glok) is equal
to the number of column decreasing and row nondecreasing tableau for a diagram with k
rows and 2 columns with entries from the set

n...,n,...,1,...,1%. (5.33)
~—

Call the set of such tableau T.

Let S = {i € I" | A\; = 1}. Denote by |S| the cardinality of this set. Consider a Young
diagram with |S|/2 rows and 2 columns. Let T’ denote the set of tableau on such a column
with entries from S such that the rows and columns are decreasing. It is well known that the

2ls
cardinality of the set T" is the Catalan number ( ‘|S|| ) /(|S| + 1). There is a bijection between
T and T'. For any tableaux t' € T’, one constructs a tableaux t € T by inserting a new box
with the entry i in each column for each i € I* such that A; = 2. The inverse is given by box
removal.

Finally, the Weyl character formula gives that the dimension of the A weight space of
2|s|

Vi, is < . )/(|5| +1). O
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