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For the evolution equation y'(t) = Ay(t) with a scalar type spectral operator A in a Banach space,
conditions on A are found that are necessary and sulfficient for all weak solutions of the equation

on [0, o) to be strongly infinite differentiable on [0, o) or [0, o). Certain effects of smoothness
improvement of the weak solutions are analyzed.

1. Introduction

Consider the evolution equation
y'(t) = Ay(t) (1.1)

with a scalar type spectral operator A in a complex Banach space X.
Following [1], we understand by a weak solution of equation (1.1) on an interval [0, T)
(0 < T < o0) such a vector function y : [0,T) — X that

(1) y(-) is strongly continuous on [0, T);
(2) for any g* € D(A"),

Liy0,g) = (v, 4'g"), te(07) (1.2

(D(-) is the domain of an operator, A* is the operator adjoint to A, and (-, -) is the
pairing between the space X and its dual X*).
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As was shown [2], Theorem 4.2, the general weak solution of (1.1) on [0,T) (0 < T < o0)
is as follows:

y(t)=ef, te[0,T), fe () D(e), (13)

0<t<T

the operator exponentials ¢4, 0 < t < T, defined in the sense of the operational calculus for
scalar type spectral operators (see Section 2).

Here, we are to find conditions on A that are necessary and sufficient for all weak
solutions of (1.1) on [0, o0) to be strongly infinite differentiable on [0, oo) or (0, o).

This goal attained; all the principal results of paper [3] and the corresponding ones of
[4] obtain their natural generalizations.

2. Preliminaries

Henceforth, unless specified otherwise, let A be a scalar type spectral operator in a complex
Banach space X with a norm || - ||, Ea(-) its spectral measure (the resolution of the identity), and
o(A) the operator’s spectrum, with the latter being the support for the former.

Observe that, in a Hilbert space, the scalar type spectral operators are those similar to the
normal ones [5].

For scalar type spectral operators, there has been developed an operational calculus for
Borel measurable functions defined on o(A) [6, 7]. With F(-) being such a function, a new
scalar type spectral operator

F(A) & f F(A)dEA(L) (2.1)
o(A)
is defined as follows:
F(A)f € lim F(A)f, f e D(F(A)),
2.2)
D(F(A)) & {f € X | lim F,(A)f exists},
where
ef
Fa() € F()xpesFwyin (), n=1,2,..., (2.3)
(xa (") is the characteristic function of a set ) and
B[ ROEW, n-12.., (2.4)
o(A)

are bounded scalar type spectral operators on X defined in the same manner as for normal
operators (see, e.g., [8, 9]).
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In particular,
A= f AdE4 (). (2.5)
o(A)

The properties of the spectral measure, Es(-), and the operational calculus underlying our
discourse are exhaustively delineated in [6, 7]. We will outline here a few noteworthy facts.

Due to its strong countable additivity, the spectral measure E4(-) is bounded [10], that
is, there is an M > 0 such that

[Ea(@)|| <M, aelB (2.6)

(B is the o-algebra of Borel sets in the complex plane C).

Observe that || - || is used in (2.6) to designate the norm in the space of bounded linear
operators on X. We will adhere to this rather common economy of symbols adopting the
same notation for the norm in the dual space X* as well.

For any f € X and g* € X*, let v(f, g%, -) be the total variation of the complex-valued
measure (EA(-)f, ¢*) on B.

As we discussed in [4, 11], with F(:) being an arbitrary Borel measurable function on
C, forany f € D(F(A)), g* € X*,and 6 € BB,

f6|F(A)|dv(f,g*,A) <4M||EA(8)F(A)f|]

Fallp (2.7)
where M > 0 is the constant from (2.6).

In particular, for F(A) = 1, 1 € C, and 6 = C (or any Borel set containing c(A)), we
have

o(f.8%,0) <aM| fllllg*]l. feX g eX" (2.8)

g*

Further, for a Borel measurable nonnegative function F(-) on C, a 6 € B, and a sequence
{A,};2; of pairwise disjoint Borel sets in C,

[ Fdo(Es Uz 80587 )

- (2.9)
_ Z_[ F(Wdo(Ea(An)f g5 ), feX, g €X".
-1/ 6Nn4A,
Indeed, since for the spectral measure [6, 7]
Ea(®)Ea(p) =Ea(anp), a,peB, (2.10)

for the total variation, we have

v(EA(B)f, g5 a) =v(f, g anpP), apebB. (2.11)
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Whence, due to nonnegativity of F(-) [12],
| Fydo(Eaz, a0 f87)
6
= f F(\)do(f,g* L) = Zf F(M)do(f,g",4) (2.12)
oNUR Ay n=1 6NA,

-3 f F(\)dv(EA(An)f, g"0).
n=1+ 6N\,

We shall need the following regions in the complex plane:

2, £ {1 € C|Re A > max(0, b, InIm A)},

(2.13)

Ly b, def {AeC|ReA <min(0,-b_In|ImA|) or Rel>max(0,b;In|ImAi|)},

where b, and b_ are positive constants.
The terms spectral measure and operational calculus frequently referred to will be ab-
breviated to s.m. and o.c., respectively.

3. Differentiability of a Particular Weak Solution

Proposition 3.1. Let n = 1,2,...and I be a subinterval of an interval [0,T) (0 < T < o0). A weak
solution y(-) of (1.1) on [0, T) is n times strongly differentiable on I if and only if

y(t) € D(A"), tel, (3.1)
in which case,
y® )= Aky(t), k=1,2,...,n tel (3.2)

Proof. “Only if” part.

Let n = 1,2,... and suppose that a weak solution y(-) of (1.1) on [0,T) is n times
strongly differentiable on a subinterval I C [0,T).

Then for any g* € D(A*),

(Y 0),8) = 50,8 =y, A°g"), el (3)

Hence, by the closedness of the operator A (cf. [1]),

y(t) € D(A), V(1) =Ay(t), tel (3.4)
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This concludes proving the “only if” part for n = 1, in which case, as is to be noted, the
subinterval I can shrink to a single point t € [0,T).

Let n > 2 and let the interval I be not a singleton. Then differentiating (3.4) at an
arbitrary t € I, we obtain

y(t+ A —y'(b) A Y+ A —y(h)

y'® = Altiino At - Altiino At ! (3:5)
with the increments At being such thatt+ A € I.
Since
Q}TOW =y'(t), tel, (3.6)
by the closedness of A, we infer that
y()eD(A), y'(t)=Ayt), tel (3.7)
Considering (3.4) and (3.7),
y(t) € D(A2), y'(t) = A%y(t), tel (3.8)
Continuing inductively in this manner, we arrive at
y(t) € D(Ak>, y® () = A y(t), k=1,2,...,n tel (3.9)

“If” part.
Let y(-) be a weak solution of (1.1) on an interval [0,T) (0 < T < o) such that for an
n=1,2,...and a subinterval I C [0, T),

y(t) e D(A"), tel (3.10)
As was discussed (see Section 1),
y(t)=ef, te[0,T), (3.11)

with some f € Nyqp D(e™).
The fact that e'*f € D(A"), t € I, implies by the properties of the o.c. and [2],
Proposition 3.1, that, for any g* € X*,

f |\[fe'Reldo(f,g*,\) <o, k=1,...,n tel (3.12)
o(A)
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Givenak =1,...,nand an arbitrary t € I, let us choose a segment [a,b] C I (a < b) so that ¢

is its midpoint if 0 <t < T or a = 0 if t = 0. For increments At such that a <t + At < b and any
g* € X*, we have

by the properties of the o.c.;

ARyt + A — ARyt
‘< y(t+ Ai y()_Aky(t),g*>

k=1 ,(t+ADA _ yk=1 £
_ f AT e AT e ket |aEL () f,q
o(A) At

k=1 ,(H+ADA _ y k=1 0
[ [* e A —A"e“]d<EA<A>f,g*>
o(A)

At
<
o(A)

by the properties of the o.c.;

)Lk—le(t+At))L _ )Lk—let/\

kot
A7 Ae

do(f,g", 1)

by the Lebesgue Dominated Convergence Theorem;

— 0 as At— 0.

(3.13)
Indeed, for any k = 1,...,n and an arbitrary A € o(A),
AR (AL _ k=10 ko
At
k=1 ,(t+ADA _ yk—1 ,t)
< ATe A7 A e + |)Lke”‘| by the Total Change Theorem;
[A[FeaRed if Re ) <0,
< 2|)L|kmax esRel <o by (3.12), considering that a,b € I;
asssb |A[FePRed if Red >0,
€ L (o(A),v(f,8"")),
k=1 ,(t+ADA _ y k=1t
A e 3 A" e —\kett | — 0 as At — 0.
(3.14)

Therefore, for any g* € X*,

dk * k *
ﬁ<y(t),g ) = <A yt), g >, k=1,...,n,tel (3.15)
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For Ay, :={A e C| [\ <m}, m=1,2,..,letus fix an arbitrary k = 1,...,n and consider the
sequence of vector functions

Ym(t) == Ea(An)ARy(t) = Ea(Am)ARef, m=1,2,..., tel (3.16)

Since f € D(A%e!?), t € I, by the properties of the o.c.,

Ea(An)ARe!d f = [AEA(A)]Fet BB £, m=1,2,..., tel (3.17)

Due to the boundedness of A,,, m = 1,2,..., by the properties of the o.c., AEA(Ay,), m =
1,2,... is a bounded linear operator on X (||AEA(A,)|| £ 4Mm, m=1,2,..., [7]). Hence, the
vector functions

Ym(t) = Ea(Am)ARe!f, m=1,2,..., tel, (3.18)

are strongly continuous on I.
For an arbitrary segment [a,b] C I, we have

sup ||A*e!A f — EA(Am)AketAf” by the properties of the o.c.;

a<t<b

sup as follows from the Hahn-Banach Theorem;

a<t<b

J.MGG(A)IIMNnI

< f A dEL (W), g*>
{reo(A)|[A|>m}

At d(Ex (V) f, g*>‘

Akt dE 4 (M) f‘

sup sup
ast<b{g-ex*|Ig =1}

by the properties of the o.c.;

sup sup
ast<b{ g-eX-|llg*|=1}

J‘{)LEG(A)||)L|>m]

IN

sup sup IA[Fe'Red do (f, g A)

astsb{ grex||g*|=1} I{JLeG(A)IIlIml

< sup  sup [A[fefRetdo(f, g7, 1)

{g*EX*IIIg*||=1 } a<t<b [f[keo(A)”APm, Re 1<0}

+f |\[fe'Retdo (£, g%, 1)
(A€o (A)|[A|>m, Re 150}
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< sup [A[fe Rt do(f, g%, )

{g*ex*lllg*llzl} J‘[A.GU(A)”A-I>m, Re A<0}

+ sup |)L|mebRe)‘dv(f, g4

{g*EX*Illg*”:l} I[AEG(A)||A|>m, Re 1>0}

< sup e R tdo(f, g", 1)

{g*ex*lllg*llzl} J‘[A.GU(A)”A-I>m]

+ su e o), g -1);
p IA[fePRAdo(f, g%, 1) by (2.7)

{g*ex*lllg*llzl} J‘[)LEG(A)H)L|>TI’[]

s4M[ sup [|Ea(d € o(a) | 12> m)ate ]| [lg°]
{gex*llg =1}

+ sup [[Eatireota)y | 1> mpaket s flg”]
{grexllg =1}
= 4M[[|Eatr € o(A) | W > m})AResd £|| + [|Eatir € () | 1A > m))aker2 £

by the strong continuity of the s.m.;

— 0 asm— oo.

(3.19)

Hence, for any k = 1,...,n, the vector function AketA f, t € 1, is strongly continuous on
I, being the uniform limit of the sequence of strongly continuous on I vector functions
{Ym(-)}5-; on any segment [a,b] C I.

Let us fix an arbitrary a € I and integrate (3.15) for k = 1 between a and an arbitrary
t € I. Considering the strong continuity of Ae'f, t € I, we have

t
(e f-e™f,g") = <f AesAf ds, g*>, g eXx". (3.20)
Whence, as follows from the Hahn-Banach Theorem,

t
e f—erf = J. Aetfds, tel (3.21)

By the strong continuity of Ae!Af,t €I,

d

Eem f=Aef, tel (3.22)

Consequently, by (3.15), for n =2,

d d tA *\ _ 2 tA *
E<Ee f,g>—<Ae £8) tel (3.23)
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Whence, analogously,

2
%em f=A%"f, tel (3.24)

Continuing inductively in this manner, we infer that, forany k=1,...,n,

k
%em Fo Ak hf tel. (3.25)
O

Corollary 3.2. Let I be a subinterval of an interval [0,T) (0 < T < oo). A weak solution y(-) of (1.1)
on [0, T) is strongly infinite differentiable on I if and only if

y(t) € C(A) & (D", tel, (3.26)
n=1
in which case,
y™(t) = A"y(t), n=1,2,..., tel (3.27)

Thus, we have obtained generalizations of Proposition 4.1 and Corollary 4.1 of [3], respec-
tively.

4. Differentiability of Weak Solutions

Theorem 4.1. Every weak solution of (1.1) on [0, o0) is strongly infinite differentiable on [0, oo) if
and only if there is a b, > 0 such that the set 0(A) \ Ly, is bounded.

Proof. “It” part.
Let b, > 0 be such that the set 0(A) \ £, is bounded and y(-) a weak solution of (1.1)
on [0, c0). Then (see Section 1)

y(t)=ef, 0<t<oo, (4.1)

with some f € Mygeoo D(e4).
Foranyn=1,2,...,t>0and an arbitrary g* € X*,

f e Rerdn (£, ", 1)
o(A)
(4.2)

= f [A"e'Retdo(f, g%, ) + J. [A"e'Retdo(f, g%, 1) < oo.
(AL, o(A)NLy,

Indeed, the former integral is finite due to the boundedness of the set 0(A)\ £y, , the finiteness
of the measure v(f, g%, -) and the continuity of the integrated function on C.
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For the latter one, we have

f MlnetRe)Ldv(f,g*,)L)

o(A)NLy,

< f [|Re A|+|Im A[]"e'Re do(f, g*, 1) for X € 6(A)N Ly ,ReA>0, [Im | <eb+'Reld,
o(A)NLy,

< J‘ [Re)L +e Re*]netRe*dv(f/ g*, 1) since x <e¥, x>0;
o(A)NLy,

< f [bret Red 1 e Red] et Redgn (£, g7, 1)
G(A)ﬂ,ﬂlpr

= [b, + 1]”f el IR A gy (£ 6% 1) since f € N D(etA>, by [2], Proposition 3.1;
o(A) 0<t<oo
< oo.
(4.3)
Further, foranyn=1,2,...and t >0,
sp | APe'®eido(f, g*, 1)
(grex*llg =1} {Aea(A)|A["etReA>m }
< sup f |A|netReldU(f/ g*,)t)
{grexclligrli=1} 7 {Aeo(AN\ Lo, [l["erRetom ] (4.4)

+ sup

f |)L|netRe)LdU(f,g*’)L)
{grexlligl=1} 7 {Aco(AnLy, N[ etRet>m)

— 0 asm — oo.

Indeed, since, due to the boundedness of the set 6(A)\ £y, , the set {A € 0(A)\ Ly, | |A|"e'Re} >
m} is void for all sufficiently large m’s,

sup

J. |-/\|netRe)LdU(f, g*/ )L) —0 asm — oo. (45)
{grextiligrli=1} 7 {Aeo(N\ Ly, [la"et e t>m}
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In addition to this

sup |A|"e'Retdo(f, ¢*, 1) analogously to (4.3);

{grexellgei=1} f {Aea(A)nLy, [IA"etRer>m )

< sup [be+t an el IR A gy (g% ))
{g exllg =1} {Aea(A)NLy, |A["eRed>m }

since f € ﬂ D<€tA>/ by (2.7);

0<t<oo

<[b.+1]" sup 4M||EA<{)L € o(A) N Ly | |A["e'Red > m}) (4.6)
{grex*llg =1}

[y

= 4M[b, +1]"

EA({.)L e o(A)NLy, | [A"e!Rer > m}>e(nb;1+t)Af||
by the strong continuity of the s.m.;
— 0 asm — co.

By the properties of the o.c. and [2], Proposition 3.1, (4.2) and (4.4) imply that

y(t)=e" f €eC*(A), 0<t<co. (4.7)

Then, by Corollary 3.2, y(:) is strongly infinite differentiable on [0, o).

“Only if” part.

We will prove this part by contrapositive.

Assume that, for any b, > 0, the set 0(A) \ £, is unbounded.

In particular, for any n = 1,2, ..., unbounded is the set 0(A) \ ,Z(zn)fl.

Hence, we can choose a sequence of points in the complex plane {1, },-; as follows:

A, €0(A), n=1,2,...,
Rel, < max<0, @n)™ 1n|Im)L|>, n=12,..., (4.8)

Ao =0, A, > max[n4, |.)Ln_1|], n=1,2,....

The latter implies in particular that the points A, are distinct (\; #;, i # ).
Since, forany n =1,2,. .., the set

{ LeC|Rel< max<0, (2m) " Infim 1), |A] > max[n4, |)L,H|] } (4.9)



12 International Journal of Mathematics and Mathematical Sciences

is open in C, there exists an ¢, > 0 such that this set along with the point A, contains the open
disk of radius ¢, centered at \,,

Ay ={LeClLA=Ay <en}. (4.10)
Then, forany L€ Ay, n=1,2,...,
Rel < max<0, (2n) ' In|Im .)L|>, [A] > max [n4, |/\n_1|]. (4.11)

Further, since the points A,, n = 1,2, ..., are distinct, we can regard the radii of the disks, ¢,,
n=1,2,...,to be small enough so that

1
O<eg,<—, n=12,...,
n

(4.12)
AinAj=0, i#j (ie., the disks are pairwise disjoint).
Whence, by the properties of the s.m.,
EA(A)EA(A) =0, i#] (4.13)

Observe also, that the subspaces E4(A,)X, n =1,2,..., are nontrivial since A,Nc(A) #0, with
A, being an open set.

By choosing a unit vector e, € E4(A,)X (llen|| = 1), n = 1,2,..., we obtain a vector
sequence such that

EA(Ai)ej = 61']'61', l,] = 1,2,. .o (414)

(6ij is the Kronecker delta symbol).

As is readily verified, (4.14) implies that the vectors {ei, ey ...} are linearly
independent.

Moreover, there is an € > 0 such that

d, :=dist(en, span({ex |k =1,2,..., k#n})) >e, n=12,.... (4.15)

Indeed, the opposite implies the existence of a subsequence {d, ) } =; such that

dugy — 0 as k — oo. (4.16)
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Then, for any k = 1,2,..., by selecting a vector f,x) € span({e; | j =1,2,..., j#n(k)}) such
that ||enm) — famll < dnk) + 1/k, considering (4.14) and (2.6), we arrive at the contradiction:

L= [leno || = [Ea(An)) (ento) = fu) | < Mllen) = fugo || — 0 ask — oo, (417)
As follows from the Hahn-Banach Theorem, for any n = 1,2, ..., there is an e}, € X* such that

ekl =1, <e,, > Sidi, 1,j=1,2,.... (4.18)

Concerning the sequence of the real parts, {Re A, },.;, there are two possibilities: it is either
bounded or unbounded above.
Suppose that the sequence {Re A, },-; is bounded above, that is, there is such an w > 0

that
Red, <w, n=1,2,.... (4.19)
Let
&1
=2 en (4.20)
n=1
By (4.14),
1
EA(ULAnf =f, Ea(A)f=—en, n=12.... (4.21)

For any t > 0 and an arbitrary g* € X*,

f e'®rdu(f, g%, 1) by (4.21);
o(A)

tR“dv(EA(U,;";lAn)f,g*,)t) by (2.9);

M8H

f e'Rrdu(Ea(An)f, g%, \) by (4.21);
An

1
n2

S
1]
—_

Ms

f etRe)‘dv(en, g 4)
A,

for A € A,, by (4.12), and (4.19),Rel =Red, + (Rel -Rell,)
<Redp+ A=Ay <w+e, Sw+1;

1]
—_

n

= 1

<SS vlens’ ba) by @8
© 1 < 1

< el 3 aMenlflg7]] = 4Me V|7 3 < oo
n=1 =l

(4.22)
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Similarly, for any ¢ > 0,

sup f ¢R A dp(f, " 1)
{g7ex*lllg*lI=1} {Aea(A)letRer>n)
< sup ef(w+1)zlzj‘ 1dv(e,, g*,A) by (2.9) and (4.21);
{grex*lllg*ll=1} =1 ) aun{aeo(A)letRedsn)
= ptlwtl) sup 17](]:, g J\) by (2.7);

[gextllg =1} I{AEG(A)|gtReA>n}

<@ sup  4M EA({)L €o(A) | et > ”}>f|||

{grex*llg =1}

= 4Me!@D |EA<{)L €o(A)|e'Ret > n}>f|| by the strong continuity of the s.m.;

g*

— 0 asn— oo.

(4.23)

By [2], Proposition 3.1, (4.22) and (4.23) imply that f € oo D(e').
Therefore (see Section 1), y(t) := e f, 0 < t < oo, is a weak solution of (1.1) on [0, o0).

Let
h* '—ile* eXx* 4.24
T “~ n2 n 4 ( . )
(cf. (4.18)).
Considering (4.18) and (4.15), we have
* dTl £
<€n,h >:ﬁ2ﬁ’ 1’121,2,.... (425)
Similarly to (4.22),
f [Ado(f, h*, ) = Z%f [\|do(en, h*,\) for A € A,, by (4.11), [A] > n*;
O(A) n=1 An
> Y n*v(en, i, An) > > n*|(Ea(An)en, h™)| by (4.14) and (4.25); (4.26)
n=1 n=1

25
> n—2=oo.
n

Ms

3
Il
—_

Whence, by [2], Proposition 3.1, y(0) = f € D(A).
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Consequently, by Proposition 3.1, the weak solution y(t) = ¢4 f, 0 < t < oo, of (1.1) on
[0, o0) is not strongly differentiable at 0.

Now, assume that the sequence {Re A, };; is unbounded above.

Therefore, there is a subsequence {Re A, } 72, such that

Re )Ln(k) >k, k=1,2,.... (4.27)
Then the vector
o)
f= Zein(k) Re)‘"(k)en(k) (4.28)
k=1

is well defined.
By (4.14),

Ea(UZ 8nm)f = £,

(4.29)
EA(An(k))f = ein(k)ReA"(k)en(k), k=1,2,....
For any t > 0 and an arbitrary g* € X*, similar to (4.22),
[ee]
J‘ etRe)Ld,v(f, g*, .)L) — Zefn(k) Re Ak f etReldU(en(k),g*, .)L)
co(A) k=1 Apx)
for A € An(k)/ by (4.12), Rel =Re )Ln(k) + (RE)L - Re )Ln(k))
< Re )Ln(k) + |)L - )Ln(k)l < Re )Ln(k) +1;
i [n(k)-t] Re A

< ety grlntk)-tIRe ”“"U(en(k),g*, An(k)) by (2.8);

k=1 (4.30)

]
<et Y e OtRbw 4N |l ey || |7
k=1

=4Me'|

[°2]
g Ze*[”(k)*t] Reduw) by the Comparison Test;
k=1

Indeed, for all sufficiently large k’s, n(k) —t > 1 and by (4.27),

e—[n(k)—t] Re Ay < e—k' (431)
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Analogously, for an arbitrary t > 0,

[ee)
sup f etRe)Ld,v(f, g*, .)L) < sup etzef[n(k)ft] Re Ay (k)
{grexllgrli=1) 7 {A€o(A)leReton} {gexvlig =1} k=1
o)

f Ldv(ey, ') =€ sup e 009/ DI Redus pmn®)/2) Redy

Anyn{Aea(A)letRet>n ) {g7ex*|lg™lI=1} k=1
f Ldv(en), 8", 1)

Anyn{Aea(A)letRet>n})

due to (4.27), there is an L > 0 such that ¢ [*®)/2-HRebr < 1 =12, ;
< Let sup ie*(n(k)/2) Reln(k)
{grex*lllg*lI=1} k=1

f l1dv(enk), g, ) for h:= Ze*(”(k)/z) Reluw g, 1y, by (4.14) and (2.9);
Anyn{Aea(A)letRet>n}) k=1

= Letf 1do(h, g%, 1) by (2.7);
{)LEG(A)lEtRe’\>Tl}

<Le' sup 4M|[Es({reo(a)| et s n])n]lls]
{gellgli=1)

= 4LMet||EA<{/\ €o(A) | ekt > n}>h|| by the strong continuity of the s.m.;

— 0 asn— oo.

(4.32)

From (4.30) and (4.32), by [2], Proposition 3.1, we infer that f € (o, D(e').
Therefore (see Section 1), y(t) := e!A f, 0 < t < oo, is a weak solution of (1.1) on [0, o0).
Forany A € Ay, k =1,2,..., by (4.11), (4.12), and (4.27),

Re A = Re Ay — (Re dyk) —Red)

> Re )Ln(k) - |Re )Ln(k) - Re ./\,|
. (4.33)
> Re du(k) = €n() 2 Re dugiy — ) >k-12>0,

Rel < max(o, @n(k))™ 1n|Im)L|>.

Hence, for A € Aygy, k=1,2,...,

|)‘| > |Im./\| > eZn(k)Re/\ > eZn(k)(Re)Ln(k)—l/n(k))' (434)
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Using this estimate, we obtain

f |A|dv(f,h*,x):Ze-ﬂkmewf [M|do(en, B*, L)
o(A) k=1

Ak

Ms

2 e*n(k) Reln(k) eZn(k)(Re ln(k)*l/n(k))v(en(k), h*, An(k))
k=1
(4.35)
o)
=2 ) e"ORYO(Ey (M) en), H*)| by (4.14), (4.25), and (4.27);
k=1
> e’zs 3 en(k)

=00
k=1 71(k)2

Whence, by [2], Proposition 3.1, y(0) = f ¢ D(A).

Therefore, by Proposition 3.1, the weak solution y(t) = e'4f, 0 < t < oo, of (1.1) on
[0, 00) is not strongly differentiable at 0.

With every possibility concerning {Re A, },-; considered, we infer that the opposite to
the assumption that, for a certain b, > 0, the set 0(A) \ £, is bounded, allows to single out
a weak solution of (1.1) on [0, co) that is not strongly differentiable at 0, much less strongly
infinite differentiable on [0, o).

Thus, the “only if” part has been proved by contrapositive. O

Theorem 5.1 of [3] has been generalized.

Theorem 4.2. Every weak solution of (1.1) on [0, o0) is strongly infinite differentiable on (0, oo) if
and only if there is a b, > 0 such that, for any b_ > 0, the set 6(A) \ Ly_p, is bounded.

Proof. “It” part.
Let b, > 0 be such that, for an arbitrary b_ > 0, the set 0(A) \ £Zp_p, is bounded.
Let y(-) be a weak solution of (1.1) on [0, o0). Then (see Section 1)

y(t)=ef, 0<t<oo, (4.36)

with some f € Mygoo D(e4).
Foranyn=1,2,...,t>0,and an arbitrary g* € X*,

J‘ |)L|netRe)LdU(f,g*,)t)
o(A)

— f |.)L|n€tRe)LdU(f,g*,)L) +f |.)L|n€tRej\dU(f,g*,)L) (437)
O(AN\Lp_p, {Aea(A)NL, 5, [Re A0}

+ f IA|"e'Retdo(f, g%, 1) < oo.
{Aeo(A)NL, 1, [ReA<0}

The first integral in this sum is finite due the boundedness of the set 0(A) \ £Zp_p,, the
finiteness of the measure v(f, g*,), and the continuity of the integrated function on C.
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The finiteness of the second integral is proved in absolutely the same manner as for
the corresponding integral in the proof of the “if” part of Theorem 4.1.

Finally for the third one, considering that b_ > 0 is arbitrary and setting b_ := nt™!, we
have

f |)L|"etRe)‘dv(f,g*,/\)
{Aeo(A)NL, 1, [ReA<0}

<

f [[ReA| +|Im A[]"e'Re do(f, g*, 1) for L € 0(A)N Ly p,
{ Aeo(A)NLp_p, |Re <0 }

with Re <0, [Im | < et~ -ReA];

<

_ n
f [— Re A + ebfl[‘Re”] e'Reldy(f,¢%, 1) since x <e*,x>0;
{Aeo(A)NL, . [ReA<0}

< f [biebil[fRe)L] + et [—ReA]]”EtReAdU(ﬂ g*,)u)
{Aec(A)NLy 5, [ReA<0}
=[b_+ 1]"f elnt'~tl[-Rel] do(f,g",\) recall that b_ :=nt™;
{Aec(A)nLy, 5, [ReA<0}
=[b_+ 1]"f 1do(f,g", 1) < [b-+1]"v(f, g, 0(A)) by (2.8);
{Aea(A)nL, ., [ReA<0}
<4M[b-+11"|| £Ill87l < oo-
(4.38)
Further, foranyn=1,2,...and t > 0,
sup f [A"e'Retdo(f, g%, 1)
{grextiligrli=1} 7 {Aeo (I etket>m]
< sup f A" do(f, g, 1)
{grextiligeli=1} T {ACo(ANLep. et Red>m ) (4.39)

+ sup IA|"e'Retdo(f, g%, 1)

{grextllig =1} —[ {Aea(A)N L,y ||\["etRer>m }

— 0 asm — oo.

Indeed, since, due to the boundedness of the set 0(A) \ £p_p,, the set {A € 0(A) \ Lp_p, |
[A["etRed > m} is void for all sufficiently large m’s,

sup

f |)‘|netRe)LdU(fl g*/ )L) — 0 asm — oo. (440)
{grextlligtli=1} 7 {Aea(ANLy p, [\ erRet>m |
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Similarly to the “if” part of Theorem 4.1 and (4.38), we have

sup f |.)L|n€tRej\dU(f,g*, .)L)
{grextligrli=1} 7 {Aeo(ANLy_p. IA["etRed>m )
< sup  [by +1]" f el +] Relgy(f, g, ))
{gex-llg*I=1} {A€G(A)NLy_p, [Re A0, [A]"etRed>mm)

+ sup  [b-+1]" f
{gex|lgll=1}

el ] FReMgn(f, g%, A)  with b == nt™;

{A€G(A)NL, . [ReA<0, |A|"e!Relt>m)

= sup [b+ + ]_]nJ. e[nbilﬂf] Re)Ld'U(f, g*, .)L)
{gexlllg=ll=1} {A€0(A)NLy_p, [Re A0, |A["etReA>rm)

+ sup [b_+1]" f 1dv(f,g* \)

{g*EX*|||g*||:1 } {Aea(ANLy_p, [Re A<, |A|"etRed>mm)

since f € ﬂ D<€tA>, by (2.7);

0<t<oo

<[b.+1]" sup 4M||EA({)L €0(A)NLy , |Red >0, [A["e'Ret > m}>
{grex*lllg*ll=1}

] [

+[b-+1]"  sup 4M||EA<{.)LEO'(A)Q,£bﬂb+ |Rel <0, |)L|"etRe)‘>m}>f|||g*
{grexllgr=1}
= AM[b, +1]" EA<{)L €o(A)NLy » [Red >0, [A["e'Red > m})elnbf*ﬂf‘f”
+4AM[b_ +1]" EA<{)L €o(A)NLy » |Red <0, [A["e'Red > m})f ||
by the strong continuity of the s.m.;
— 0 asm— co.
(4.41)
By the properties of the o.c. and [2], Proposition 3.1, (4.37) and (4.39) imply that
y(t)=e" f e C*(A), 0<t<co. (4.42)

Whence, by Corollary 3.2, y(-) is strongly infinite differentiable on (0, o0).

“Only if” part.

As well as in Theorem 4.1, we will prove this part by contrapositive.

Thus, we assume that, for any b.. > 0, there is such a b_ > 0 that the set 6(A) \ £p_p, is
unbounded.

Let us show that this assumption can even be strengthened. To wit: there is such a
b_ > 0 that, for any b, > 0, the set 0(A) \ £p_p, is unbounded.
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Indeed, there are two possibilities:
(1) for a certain b_ > 0, the set {A € 0(A) | -b_In|Im 1| < Re A < 0} is unbounded;
(2) for any b_ > 0, the set {A € 6(A) | =b-In|Im \| < Re A < 0} is bounded.

In the first case, the set 0(A) \ £Zp_p, is unbounded with the very b_ > 0, for which the
set {1 € 0(A) | -b-In|Im A| < Re A <0} is unbounded, and an arbitrary b, > 0.

In the second case, based on the premise we infer that, for any b, > 0, the set {A €
0(A) | 0 < Rel < by In|Im 1|} is unbounded. Then so is the set 0(A) \ £y p, for any b- > 0
and b, > 0.

Thus, let us fix a b > 0 such that the set 0(A) \ £y_p, is unbounded for an arbitrary
b, > 0.

In particular, for any n = 1,2, ..., the set 0(A) \ ,Zbﬂ(Zn)fl is unbounded.

Hence, we can select a sequence of points in the complex plane {1, };-; in the following
manner:

A, €0(A), n=1,2,...,

min(0,-b_In|Im 1|) <Re i, < max<0, (2n) ! In|Im .)L|> n=12,..., (4.43)

Ao =0, |Ay] > max[n4, |.)Ln_1|], n=1,2,....

The latter, in particular, implies that the points A, are distinct.
Since, forany n = 1,2, ..., the set

{)L € C | min(0,~b- In[fm 4]) < Re A < max(0, (2n)"! ln|Im)L|>, S max[n4, |An,1|] } (4.44)

is open in C, there exists such an ¢, > 0 that this set, along with the point ,,, contains the open
disk of radius ¢, centered at \,,

Ay={LeC||A-A,l <&} (4.45)
Hence, forany A€ A, n=1,2,...,
min(0,-b_In[Im1]) <Re ) < max(O, 2n) " In|Im )L|>,

(4.46)
|A] > max [n4, |)Ln,1|].

Since the points A, are distinct, we can regard the radii of the disks, ¢,, to be small enough so
that

1
O<en<—, m=12..., AinA;j=0, i#j. (4.47)

By the properties of the s.m., the latter implies

Ea(A)EA(8)) =0, i#j. (4.48)
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Observe that the subspaces E4(A,)X, n=1,2,..., are nontrivial since A,No(A) #0, A, being
an open set.

By choosing a unit vector e, € E4(A,)X (llen|| = 1), n = 1,2,..., we obtain a vector
sequence such that

EA(Ai)ej = 61']'61'. (449)

In the same manner as in the proof of Theorem 4.1, one can show that there is an € > 0 such
that

d, = dist(e,, span({ex | k=1,2,..., k#n})) >¢, n=1,2,.... (4.50)

As follows from the Hahn-Banach Theorem, for any n = 1,2, ..., there is an e}, € X* such that

lesl =1, (ewe;) = 6yd. (4.51)
Concerning the sequence of the real parts, {Re A, },., there are two possibilities: it is either

bounded or unbounded.
First, assume that the sequence {Re \,}; is bounded, that is, there is an w > 0 such

that
ReAy| <w, n=1,2,.... (4.52)
Let
1
fi=2gen (4.53)
n=1
By (4.49),
1
Ea(UZi8n)f = f, Ea(bn)f = —en Mm=12.... (4.54)

In absolutely the same fashion as it was done in the case of bounded above sequence
{Re A, };2; in the proof of the “only if” part of Theorem 4.1, it is shown that f € Ny, D(e').

n=1
Therefore (see Section 1), y(t) := e f, 0 < t < oo, is a weak solution of (1.1) on [0, o0).
Let
* - 1 * *
h* = z;;en eX (4.55)
=

(cf. (4.51)).
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Taking (4.50) and (4.51) into account, we have

I3
> —

(en, By =—=>—=, n=12,.... (4.56)
n

3| &

Thus,

J. |A|eRe*do(f, h*, ) considering (4.54), by (2.9);
o(A)

= Z%f |\|eRetdv(e,, h*,A) for A € A, by (4.46), |A| > n*;
n=1 An

for A € A,, by (4.47) and (4.52), ReA =Rel, — (Rel, —Re )

>Red,—|Red, —Red|>-w—-¢,>-w-1;

>e @Y nto(en, i, An) 2 e Y P (Ea(An)en, h*)| by (449) and (4.56);

n=1 n=1
@) N 2 €
>e” w+1 1’12— = o0,
(4.57)

Whence, by the properties of the o.c. and [2], Proposition 3.1, y(1) = e f ¢ D(A).
Consequently, by Proposition 3.1, the weak solution y(t) = ¢4 f, 0 <t < oo, of (1.1) on
[0, 00) is not once strongly differentiable on (0, o).
Now, assume that the sequence {Rel,},.; is unbounded. Therefore, there is a
subsequence {Re A, }i=; such that

Redy)y — o0 or Relyx) — -0 as k — co. (4.58)

Suppose that Re A,x) — o ask — oo.
Without restricting generality, we can regard that

Re )Ln(k) >k, k=1,2,.... (4.59)

Considering this case just like the analogous one in the proof of the “only if” part of
Theorem 4.1, one can show that the vector

e
fi= Ze’"(k) Redug) en(k) (4.60)
k=1

belongs to My<;<eo D(e'?) and, hence, (see Section 1) y(t) := e!A f, 0 < t < o0, is a weak solution
of (1.1) on [0, o0).
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Forany A € A, ), k=1,2,..., by (4.46), (4.47), and (4.59),

Red = Re Ay — (Re Ay — Re d)
> Re )Ln(k) — |Re )Ln(k) - Re )L|

1 (4.61)
> Re du(k) = €n() 2 Re dugi) — ) >k-12>0,
Rel < max(O, @n(k))™" 1n|Im)L|>,
Hence, for A € Ay, k=1,2,...,
|)‘| > |Il’nJ\| > eZn(k)Re/\ > eZn(k)(Re)Ln(k)—l/n(k)). (462)
Using this estimate, we have
f [A|eRetdo(f,h*, 1) considering (4.49), by (2.9);
o(A)
= Serretn [ efeldo (e, i, 1)
k=1 Aniky
Z ie—n(k) ReAn(k) eZn(k)(Re )Ln(k)—l/n(k)),v(en(k), h*, An(k))
k=1
o]
= e 2 e"ORYO|(Ey (An) ) en), )| by (4.49), (4.56), and (4.59);
k=1
3 en(k)
>e ¢ 5 =0
o n(k)
(4.63)

Whence, by the properties of the o.c. and [2], Proposition 3.1, y(1) = e*f ¢ D(A).

Therefore, by Proposition 3.1, the weak solution y(t) = e'4f, 0 < t < oo, of (1.1) on
[0, o0) is not once strongly differentiable on (0, o0).

Now, suppose that Re A,x) — —o0ask — oo.

Without restricting generality, we can regard that

Re )Ln(k) <-k, k=1,2,.... (4.64)
Let
=1
f= Zﬁen(k)- (4.65)
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For any t > 0 and an arbitrary g* € X*,

f efReidU(f, g, 1) considering (4.49), by (2.9);
o(A)

=

f etRe)‘dv(en(k), g A)
k=1 An(iy
for A € An(k),by (4.42) and (4.64), Re X =Re )Ln(k) + (RE)L - Re )Ln(k))

(4.66)
< Re)tn(k) + |)L —)Ln(k)l <-k+1<0;

IA
| =

50(ent), 8" Aniy) by (2.8);

P

IN
| =

DMs TIMs

>
* * 1
74M|len 1871l = 4M 18| 2177 < oo
k=1

P

P
1l
—_

Analogously, for an arbitrary t > 0,

sup e®eldo(f, g%, 1)

{grextligel=1) f {Aeo(A)letet>n}

< sup 1dv(enwk), g 1)

> f
Z_z
{g*GX*|||g*||=1}k=1 k An(k)ﬂ{)Leo-(A)lefReA>n}

1do(f,g*,1) by (2.7);

= sup f
{grextlligrii=1} 7 {Ao(Aleteton)

< sup  aM||Ea({teo(a) e s n))flllgl
{grex*llge=1}

= 4M||EA<{)L €o(A) | ekt > n})f” by the strong continuity of the s.m.;

— 0 asn— oo.

(4.67)

From (4.66) and (4.67), by [2], Proposition 3.1, we infer that f € Ny, D(e').
Therefore (see Section 1), y(t) := e f, 0 < t < oo, is a weak solution of (1.1) on [0, o).

Let
* — 1 * *
h* = Zﬁen(k) €X (4.68)
k=1
(cf. (4.51)).

Taking into account (4.50) and (4.51), we have

£

(en), H*) > 2

k=1,2,.... (4.69)
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Forany A € Ay, k=1,2,..., by (4.47) and (4.64),

Rel =Re )Ln(k) + (Re A —Re )Ln(k))
< Re )Ln(k) + |Re A —Re ./\,n(k) |

(4.70)
<Re )Ln(k) + Enk) < Re ./\,n(k) +1<-k+1<0,
Re A > min(0, -b_ In|Im 1]),
Hence, for A € Appy, k=1,2,...,
[A| > [ImA| > eP- [FRedl, (4.71)
Using these estimates, we have
f |A|e® /2 Redgo(f,h*,A) considering (4.49), by (2.9);
o(A)
- 1 b1 /2)Red *
= Z_zf [Me® /2R do (e, b, )
K a
© /D[ Red] o (b7 /2)[k-1]
> pr et= /PR gy (e, 1), h*, ) > > ———v(eaw), h*, D))
k=1 Dy k=1
ot 2 e 1/2)k
>e - i |<EA(An(k))en(k)/h*>| by (4.49), (4.64), and (4.69);
k=1
o Dk
> e b1/2 Z
k=1
(4.72)

Whence, by the properties of the o.c. and [2], Proposition 3.1, y(b_/2) = e®'/24f ¢ D(A).

Therefore, by Proposition 3.1, the weak solution y(t) = e'4f, 0 < t < oo, of (1.1) on
[0, 00) is not once strongly differentiable on (0, o).

With every possibility concerning {Re A, },-; considered, we infer that the opposite to
the assumption that there is a b, > 0 such that, for any b_ > 0, the set 6(A) \ £p_p, is bounded,
allows to single out a weak solution of (1.1) on [0, o0) that is not once strongly differentiable
on (0, o0), much less strongly infinite differentiable on (0, o0).

Thus, the “only if” part has been proved by contrapositive. O

Theorem 5.2 of [3] and Theorem 4.1 of [4] have been generalized.

5. Certain Effects of Smoothness Improvement

As we observed in the proofs of the “only if” parts of Theorems 4.1 and 4.2, the opposits to
the “if” parts’ premises imply that there is a weak solution of (1.1) on [0, o0), which is not
strongly differentiable at 0 or, respectively, once strongly differentiable on (0, oo).
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Therefore, the case of finite strong differentiability of the weak solutions is superfluous
and we obtain the following effects of smoothness improvement.

Proposition 5.1. If every weak solution of (1.1) on [0, o) is strongly differentiable at 0, then all of
them are strongly infinite differentiable on [0, co).

Proposition 5.2. If every weak solution of (1.1) on [0, o0) is once strongly differentiable on (0, o),
then all of them are strongly infinite differentiable on (0, o0).

These statements generalize Propositions 6.1 and 6.2 of [3], respectively, the latter
agreeing with the case when A is a linear operator (not necessarily spectral of scalar type)
generating a Cp-semigroup (cf. [1, 13]).

6. Final Remarks

Due to the scalar type spectrality of the operator A, all the above criteria are formulated exclu-
sively in terms of its spectrum, no restrictions on the operator’s resolvent behavior necessary,
which makes them inherently qualitative and more transparent than similar results for Co-
semigroups (cf. [14]).

If a scalar type spectral A generates a Co-semigroup (cf. [15]), we immediately obtain
the results of paper [4] regarding infinite differentiability.
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