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We generalize the Euler numbers and polynomials by the generalized (g,w)-Euler numbers
E;40(a) and polynomials E; 4. (x : a). We observe an interesting phenomenon of “scattering”
of the zeros of the generalized (g, w)-Euler polynomials E,; 4., (x : a) in complex plane.

1. Introduction

Recently, many mathematicians have studied in the area of the Euler numbers and
polynomials (see [1-15]). The Euler numbers and polynomials possess many interesting
properties and arising in many areas of mathematics and physics. In [14], we introduced
that Euler equation E, (x) = 0 has symmetrical roots for x = 1/2 (see [14]). It is the aim of this
paper to observe an interesting phenomenon of “scattering” of the zeros of the generalized
(g9, w)-Euler polynomials E, 4., (x : a) in complex plane. Throughout this paper, we use the
following notations. By Z,, we denote the ring of p-adic rational integers, Q, denotes the
field of p-adic rational numbers, C, denotes the completion of algebraic closure of Q,, N
denotes the set of natural numbers, Z denotes the ring of rational integers, Q denotes the
field of rational numbers, C denotes the set of complex numbers, and Z, = NU {0}. Let v,
be the normalized exponential valuation of C,, with |p|, = p™®) = p~'. When one talks of g-
extension, q is considered in many ways such as an indeterminate, a complex number g € C,
or p-adic number g € C,. If g € C one normally assume that |g| < 1. If g € C,, we normally
assume that |q — 1|, < p~/ =1 so that g* = exp(xlog q) for |x|, < 1

1_ _ X
[x], = , [x]_, = %Z). (1.1)
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Compared with [1, 4, 5]. Hence, lim,.1[x] = x for any x with |x|, < 1 in the present p-adic
case. Let d be a fixed integer, and let p be a fixed prime number. For any positive integer N,

we set

a+dpNz, = {xeX | x= a(modde>},

where a € Z lies in 0 < a < dp™. For any positive integer N,

/"q<a + deZP> = [de]
q

is known to be a distribution on X, compared with [1-10, 14]. For

geUD(Z,) ={g| g: 7, — C,isuniformly differentiable function}.

Kim defined the fermionic p-adic g-integral on Z,

> g(x)(-9)™.

—-q 0<x<pN

1
14(8) = J‘z g(x)dpi—q(x) = ]\}ll)rloo [pN]

From (1.5), we also obtain
al4(g1) +14(g) = [21,8(0),

where g1(x) = g(x + 1) (see [1-3]).
From (1.6), we obtain

n-1
q'Iq(gn) + (1) L4(g) = [2]1,>.(-1)" g (D),
1=0

where g,(x) = g(x +n).
As well-known definition, the Euler polynomials are defined by

F(t) = - —eEt—iE "
B N T

F(t,x) =

2 ext _ eE(x)t _ iE (.‘X‘)ﬁ
et+1 a 4 LTl
n=

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)
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with the usual convention of replacing E"(x) by E,(x). In the special case, x = 0, E,(0) = E,
are called the n-th Euler numbers (cf. [1-15]).

Our aim in this paper is to define the generalized (g, w)-Euler numbers E,, ;.,(a) and
polynomials E;, 4., (x : a). We investigate some properties which are related to the generalized
(g, w)-Euler numbers E,, 4., (a) and polynomials E,, 4., (x : a). Especially, distribution of roots
for E; 4w(x : a) = 0 is different from E,(x) = 0's. We also derive the existence of a specific
interpolation function which interpolate the generalized (g, w)-Euler numbers E, ;. (a) and
polynomials E,; 4. (x : a).

2. The Generalized (g, w)-Euler Numbers and Polynomials

Our primary goal of this section is to define the generalized (q, w)-Euler numbers E, 4., (a)
and polynomials E; 4., (x : a). We also find generating functions of the generalized (g, w)-
Euler numbers E, 4., (a) and polynomials E;, 4., (x : a). Let a be strictly positive real number.

The generalized (g, w)-Euler numbers and polynomials E,; 4. (a), Engw(x : a) are
defined by

< tn ax ,axi
ZEn,q,w(a)ﬁ = f w™e™ du_y(x), (2.1)
n=0 : Zy
£ n
Z()En,q,w(x : a)ﬁ = IZ w“ye(“wx)td‘u_q (y), fort,weC, (2.2)
n= p

respectively.
From above definition, we obtain

Engw(a) = J; wax(ax)nd/"—q(x)r

(2.3)
Enquw(x:a)= f w™ (x +ay)"du_q ().
ZP
Let g(x) = w*e™. By (1.6) and using p-adic g-integral on Z,, we have
qu (g1> + I,q (g) — f wa(x+1)ea(x+l)tdl/l7q (x) + f waxeuxtdﬂiq (x)
z, zZ,
— (qwaeat + 1) J waxeuxtd#_q (x) (24)
ZV
- 2],
Hence, by (2.1), we obtain
® " (2],
ZEn,q,w(a)E = m. (25)



By (1.6), (2.2) and g(y) = w™e @** we have

2 t 2]
D Engu(x:a)— = ——— e
o n!  qwier +1

After some elementary calculations, we obtain

0

Z nqw(x El) qZ( 1) q Mg pan pant pxt

n=0

From (2.6), we have

En,q,w(x : a) = Z(Z)xnikl‘:k,q,w(a)
k=0

= (x+Egw(a))”,

with the usual convention of replacing (Egw(a))" by Ep g0 (a).

3. Basic Properties for the Generalized (g, w)-Euler
Numbers and Polynomials

By (2.5), we have

0 & "3 2,
&%E’W'w (x: a)ﬁ T ox <qw“e“‘ 71°

[ee] tn
= tZOE"W”(x : a)E
=

[ee) tTl
= ZnEﬂ_l’q'w (x: a)m.
n=0

By (3.1), we have the following differential relation.
Theorem 3.1. For positive integers n, one has

0

aE",%W(x ra) =nEy140(x: a).

By Theorem 3.1, we easily obtain the following corollary.

Corollary 3.2 (integral formula). Consider that

P

q
I Ep1gw(x s a)dx = 1( Engw(q:a)—Enguw(p:a)).
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(2.8)

(3.1)

(3.2)
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By (2.5), one obtains

& n (2],

1 eyt
SEnguy:0) oy = ot e

o) o) ktk

:Z Enguo(X : a) ,Zy (3.4)

i<z< >Ekqw(x a)y™ >;—n

By comparing coefficients of t"/n! in the above equation, we arrive at the following
addition theorem.

Theorem 3.3 (addition theorem). For n € Z,,
n n .
Enguw(x+y:a)=> <k> Egw(x : a)y™™ . (3.5)
k=0

By (2.5), for m = 1(mod 2), one has

& s a x + ak "
Z< e Z WRE ;g o < p— a>> ]

n=0 k=0

-1 <) n
Wk x+ak (mt)
0( 1) (%En,q"’,wm ( m a>> il

<( 1) %e(ﬁak)? (3.6)
5 qmwmaema +

2
1+ quwae

3

P
Il

3
iR

>~
Il

xt

0 tn

= ZEn,q,w(x Ta)—.

|
=0 n:

By comparing coefficients of t”/n! in the above equation, we arrive at the following
multiplication theorem.

Theorem 3.4 (multiplication theorem). For m,n € N

Engw(x:a)=m

1, mt x + ak
" ] 1 Z(_l)quwakEn,qm,wm< p— a>. (3.7)
q" k=0
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From (1.6), one notes that

[2]q — J‘ qwax+ae(ax+a)td‘u_q(x) + J‘ waxeaxtd‘u_q(x)
zZ, Z,

= <qw“ J‘zp w™(ax + a)"dp_g(x) + fz,, w™ (ax)"du_g (x)> ;—n' (3.8)

0

Ms ilMs

tTl
O(qw“Enlq,w(a ta) + En,q/w(a))a.

B
Il

From the above, we obtain the following theorem.

Theorem 3.5. For n € Z., we have

[2],, ifn=0,
WE, sw(a:a) +E,,w(a) = 9 39
G0 Enq(@: @) + Engu(a) {0, if n>0. (39)
By (2.8) in the above, we arrive at the following corollary.
Corollary 3.6. For n € Z,, one has
n [2],, ifn=0,
w(a+E,w(a)) +E,sw(a) = q 3.10
q0"( 320(a)) u0(@) {O, if n>0, (3.10)
with the usual convention of replacing (Egq,(a))" by Ey g0 (a).
From (1.7), one notes that
oo n-1 tn
Z <[2]q2(_1)n11qlwal(al)m> _'
m=0 1=0 m:
— qn wax+ane(ax+an)td#_q (.X') + (_1)11—1 J‘ waxeaxtdﬂ_q (.X')
Z, z,
(3.11)
= q"w“"f w™ (ax + an)"dp_q(x) + (—1)"’1f w™ (ax)"dp_q(x) t—'
Zy Z, m.

(q"w“"Em,w(an ja)+ (—1)”’1Em,w(a)> %

)

o

m

By comparing coefficients of t* /n! in the above equation, we arrive at the following theorem.



International Journal of Mathematics and Mathematical Sciences 7

Theorem 3.7. For n € Z., one has

n-1
q"W ™ E o (na: a) + (=1)" " Epw(a) = [2] qZ(—l)"flflwﬂl Hal)™. (3.12)

4. The Analogue of the g-Euler Zeta Function

By using the generalized (g, w)-Euler numbers and polynomials, the generalized (g, w)-Euler
zeta function and the generalized Hurwitz (g, w)-Euler zeta functions are defined. These
functions interpolate the generalized (g, w)-Euler numbers and (g, w)-Euler polynomials,
respectively. Let

Fu(x: a)(t) = [21, 3 (-1)"q"w ™™ ™ ZEMw(x a)—. 1)
n=0

By applying derivative operator, d*/dt*|,_, to the above equation, we have

k 0
%Fqlw(x ca)(t) 0 = [Z]qzo(—l)"q"w’"‘(an +x)5, (keN), (4.2)
t= n=
Exgqw(x:a) = Z( 1)"g (an + x) (4.3)

By using the above equation, we are now ready to define the generalized (g, w)-Euler
zeta functions.

Definition 4.1. For s € C, one defines

& zz( D g™ (4.4)

(an + x)°

Note that g;‘,‘ ) (x,s) is a meromorphic function on C. Note that,ifw — 1, w — 1, and
a =1, then QE:Z, (x :s) = ¢(x : s) which is the Hurwitz Euler zeta functions. Relation between
1(3 )(x :s) and Exq(x : a) is given by the following theorem.

Theorem 4.2. For k € N, one has
&0 (x s —k) = Exw(x : a). (4.5)
By using (4.2), one notes that

k o
d—qu,w(o:a)(t) = [21,D,(-1)"q"w™ (an)*, (k €N). (4.6)

dt 0 o
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Hence, one obtains
Ekqw(a) = [2],D,(-1)"q"w" (an)*. (4.7)
n=0

By using the above equation, one is now ready to define the generalized Hurwitz
(g, w)-Euler zeta functions.

Definition 4.3. Let s € C. One defines

(9 (s) =23 D W (48)

~  (an)’

Note that Qﬁ,(s) is a meromorphic function on C. Obverse that,ifw — 1,9 — 1,anda =1,

then §,(§ )(s) = ¢(s) which is the Euler zeta functions. Relation between Q(ff )(s) and Ey 4 (s) is
given by the following theorem.

Theorem 4.4. For k € N, one has
&% (<k) = Exgw(a). (4.9)

5. Zeros of the Generalized (g, w)-Euler Polynomials E,, ., (x : a)

In this section, we investigate the reflection symmetry of the zeros of the generalized (g, w)-
Euler polynomials E,, 5., (x : a).

In the special case, w = 1 and ¢ — 1, E,4»(x : a) are called generalized Euler
polynomials E, (x : a). Since

[ee] _t n
ZEn(a -x: a)u
n!
n=0
2
_ (a-x)(~1) 5.1
et + 16 (5-1)
2 L, & tn
= 1€ = nZ:OEn(x ta)—,
we have
E,(x:a)=(-1)"E,(a—x:a) forneN. (5.2)

We observe that E,, (x : a), x € C has Re(x) = a/2 reflection symmetry in addition to the usual
Im(x) = 0 reflection symmetry analytic complex functions.
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Let
(2], L& £
Fq,w(x : t) = mex = nZ:OEn,q,w(x : Cl)m (53)
Then, we have
[Z]q’l
—x )= — T plax)(-)
Fripi(a—x:~t)= P 7€ i
2
cwr i (5.4)
qwiet +1
[ tn
= w“ZEn,q,w(x pa)—.
o n!
Hence, we arrive at the following complement theorem.
Theorem 5.1 (complement theorem). For n € N,
Epgiwi(a=x:a)=(-1)"w'E,q0(x: a). (5.5)

Throughout the numerical experiments, we can finally conclude that E;; 4., (x : a),x €
C has not Re(x) = a/2 reflection symmetry analytic complex functions. However, we observe
that E, 5 (x : a),x € C has Im(x) = 0 reflection symmetry (see Figures 1, 2, and 3). The
obvious corollary is that the zeros of E,, ;. (x : a) will also inherit these symmetries.

If Epguw(xo:a)=0, then E, 4., (x;:a)=0, (5.6)

where * denotes complex conjugation (see Figures 1, 2, and 3).

We investigate the beautiful zeros of the generalized (g, w)-Euler polynomials
Eyqw(x 1 a) by using a computer. We plot the zeros of the generalized Euler polynomials
Eyngw(x :a)forn=30,a=1,2, 3,4, and x € C (Figure 1). In Figure 1 (top-left), we choose
n=230,q=1/2,w =1,and a = 1. In Figure 1 (top-right), we choose n = 30,9 = 1/2,w = 2,
and a = 2. In Figure 1 (bottom-left), we choose n = 30,q = 1/2,w = 3, and a = 3. In Figure 1
(bottom-right), we choose n =30,g =1/2,w =4, and a = 4.

We plot the zeros of the generalized Euler polynomials E; 4. (x : a) for n = 30,a =
2,w =2, and x € C (Figure 2).

In Figure 2 (top-left), we choose n = 30,9 = 1/10,w = 2, and a = 2. In Figure 2 (top-
right), we choose n = 30,4 = 3/10, w = 2, and a = 2. In Figure 2 (bottom-left), we choose n =
30,q =7/10,w = 2, and a = 2. In Figure 2 (bottom-right), we choose n = 30,4 = 9/10,w = 2
and a = 2.

Plots of real zeros of E,; 4. (x : a) for 1 < n <25 structure are presented (Figure 3).

In Figure 3 (top-left), we choose g = 1/2,w =1, and a = 2. In Figure 3 (top-right), we
choose g = 1/2,w = 2, and a = 2. In Figure 3 (bottom-left), we choose g = 1/2,w = 3, and
a = 2. In Figure 3 (bottom-right), we choose g =1/2,w =4, and a = 2.
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-5 -10 -5 0 5 10 15 20

Re (x)
©)

10 15 20

Figure 1: Zeros of E; 4 (x : a) fora=1,2, 3, 4.

Stacks of zeros of E; 4., (x : a) for1 <n < 30,9 =1/2,w = 4, anda = 4 from a 3-D
structure are presented (Figure 4).

Our numerical results for approximate solutions of real zeros of the generalized
Ey40(x @ a) are displayed (Tables 1 and 2).

We observe a remarkably regular structure of the complex roots of the generalized
(g, w)-Euler polynomials E; 4., (x : a). We hope to verify a remarkably regular structure of
the complex roots of the generalized (g, w)-Euler polynomials E,; 4., (x : a) (Table 1).

Next, we calculated an approximate solution satisfying E, ., (x : a),q = 1/2,w =
2,a =2,x € R. The results are given in Table 2.

Figure 5 shows the generalized (q, w)-Euler polynomials E;, 4., (x : a) for real =9/10 <
q <9/10 and -5 < x < 5, with the zero contour indicated in black (Figure 5). In Figure 5 (top-
left), we choose n = 1, w = 2, and a = 2. In Figure 5 (top-right), we choose n = 2, w = 2, and
a = 2. In Figure 5 (bottom-left), we choose n = 3, w = 2, and a = 2. In Figure 5 (bottom-right),
we choosen =4, w =2,and a = 2.

Finally, we will consider the more general problems. How many roots does Ej g, (x :
a) have? This is an open problem. Prove or disprove: E,; 4., (x : a) = 0 has n distinct solutions.
Find the numbers of complex zeros C Epgeo(x:0) of Epgw(x : a),Im(x : a) #0. Since n is



International Journal of Mathematics and Mathematical Sciences

Im (x)

Im (x)

20
15
10
5

0
-5
-10
-15

20
15
10

-5
-10
-15

o
(4 )
[ 4
o
[ o
o
-5 -10 -5 0 5 10 15 20
Re (x)
(a)
o
® o
o
L d ®
o
-5 -10 -5 0 5 10 15 20
Re (x)

()

Im (x)

Im (x)

20
15
10
5

0
-5
-10
-15

20
15
10

-5
-10

Y [ J
° ]
® ®
® ®
-15 -10 -5 0 5 10 15 20
Re (x)
(b)
[
[ J
[ J
[ J
-15 -10 -5 0 5 10 15 20
Re (x)

(d)
Figure 2: Zeros of E;, 4, (x : a) for g =1/10,3/10,7/10,9/10.

Table 1: Numbers of real and complex zeros of E ., (x : a).

g=1/2,w=2,a=2

g=1/2,w=4,a=4

" Real zeros Complex zeros Real zeros Complex zeros
1 1 0 1 0
2 2 0 2 0
3 3 0 1 2
4 2 2 2 2
5 3 2 1 4
6 4 2 2 4
7 3 4 3 4
8 4 4 2 6
9 3 6 3 6
10 4 6 2 8
11 5 6 3 8
12 6 6 4 8
13 5 8 3 10

11
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Figure 3: Real zeros of E, . (x : a) for 1 <n < 25.

10

Figure 4: Stacks of zeros of E, 4., (x : a) for 1 <n < 30.
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Table 2: Approximate solutions of E;; 4 (x : a) =0,x € R.

n X
1 1.3333
2 0.3905,2.2761
3 —-0.4011,1.560,2.841
4 -1.0546,0.6907
5 -1.5732,-0.17085, 1.829
6 -1.9151,-1.0557,0.9680, 2.94
7 0.10585,2.106, 3.68
8 —-0.7557,1.2442,3.26,4.00
9 -1.6091,0.3825,2.382
10 -2.392,-0.4793,1.521,3.52
11 -3.013,-1.3411,0.6590, 2.66, 4.4
Enguw(x:a) Engw(x:a)
0.75 0.75
0.5 0.5
0.25 0.25
a 0 0
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75
x x
(b)
Engw(x:a)
0.75 0.75
0.5 0.5
0.25 0.25
a 0 0
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75

Figure 5: Zero contour of E;; 4 (x : a).
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the degree of the polynomial E;, 4., (x : a), the number of real zeros R, ,(xa) lying on the real
plane Im(x : a) = 0is then Rg,_ ,(xa) = n — CE, , (x:a), where Cg,_ ,(x.a) denotes complex zeros.
See Table 1 for tabulated values of Rg,,,(xa) and Cg,, (x.a)- We plot the zeros of E; 4., (x :
a), respectively (Figures 1-5). These figures give mathematicians an unbounded capacity to
create visual mathematical investigations of the behavior of the roots of the E, ., (x : a).
Moreover, it is possible to create a new mathematical ideas and analyze them in ways that
generally are not possible by hand. The authors have no doubt that investigation along this
line will lead to a new approach employing numerical method in the field of research of
(g, w)-Euler polynomials E,, 4., (x : a) to appear in mathematics and physics.
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