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We use the geometric data to define a bordism invariant for the fiberwise intersection theory. Under some certain conditions, this
invariant is an obstruction for the theory. Moreover, we prove the converse of fiberwise Lefschetz fixed point theorem.

1. Introduction

In topological fixed point theory, there is a classical questions
that people may ask; given a smooth self-map f: M — M
of a smooth compact manifold M, when is f homotopic to a
fixed point free map?

The famous theorem, Lefschetz fixed point theorem, gave
a sufficient condition to answer the above question as follows.

Theorem 1 (Lefschetz fixed point theorem). Let f: M — M
be a smooth self-map of a compact smooth manifold M.
If f has no fixed point, then the Lefschetz number L(f) = 0,

where L(f) = Yo (~1) Te(f. Hy (M; Q).

In general, the converse of the above theorem does not
hold. It requires a more refined invariant than the Lefschetz
number to make the converse hold (see [1-3]).

For this work, we focus on the similar arguments as above
for the family of smooth maps over a compact base space
B. The proof of the main theorem depends heavily on the
intersection problem as follows.

From now on, the notations X” means the smooth
manifold X of dimension a and I means the unit interval
[0,1]. If Y? is a submanifold of X%, f:X — Z andynis
a bundle over Z, then vy x means the normal bundle of Y in
X and f* () is a pull-back bundle of 7 along the map f.

Later we define “framed bordism with coeflicient in a
bundle” as follows. Let X be a smooth manifold with a
bundle € over it. Define Q{:r(X; &) to be the bordism groups of
manifolds mapping to X, together with a stable isomorphism
of the normal bundle with the pullback of &. This framed

bordism group will be a home for our invariants Lbord( f)
(described in the last section) which detects more fixed point
information than the regular Lefschetz number.

(I) Suppose that Ef,+k, E'gk, and Eﬁrk are smooth fiber

bundles over a compact manifold B¥. Let f : E‘?k - Eﬁ*k
be a bundle map, and let E, be a subbundle of E,; with the
inclusion bundle map i : Eq < Ej.

We have a commutative diagram

pP M™" Qq
Ep— T Eye @ >
P M Eq ¢))
Pryv
prp j2e)
B

where P, Q, and M are the fibers of prp, pry, and pry,
respectively.

We may assume that f M Eq, in E,; (see [4]).

The homotopy pullback is

E(f.iq)
={(x, A ) € Epx Ey x Eq | 1(0) = f (x),A (1) =y} .

2)



We have a diagram which commutes up to homotopy

Q
E(fiiq)— Eq

np‘ in (3)

f
Ep — — 5 Ey

where 71p and 7, are the trivial projections; that is, we have a

homotopy E(f,io) x I — Ey; defined by K(x, A, y,£) = A(t),
tel

We also have a map c : fﬁl(EQ) — E(f,ig) defined by
x — (%, ¢y, f(x)) where ¢s(,) = constant path in E, at
f(x).

Transversality yields a bundle map
VU (Eq)cEp — > VEq<Ey

l (4)

» firte

Choose an embedding Effk ¢ ", for sufficiently large
L, where S is a sphere of dimension L. Then, we have
— i k Lk
f 1(EQ) — EP™ c " So Vet = VA (Eg)cE, B VEpcste
The commutative diagram

fl(EQ)&‘

B(f.iq) ——Eq (5)

yields a bundle map

Vil EQ)est — s T (Vocky,) ® T (Vg eq1) = ¢

Y

fH(EQ) E(f,ig)

c o

Thus, (c,¢) determines an element [c,c] prqrkom

(E(f>iq); §).
(II) Suppose that (N R E(f,ig), Vnest R &) is another

representative of [c, ], where NPTF ¢ Engk c St This

% @
means we have a normal bordism (W — E(f,iq), vy — i3
between (¢, <) and (¢, ¢;); that is

(1) Wp+q+k—m+1 c (SL x I),
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(ii) oW < (St x aI),
(iii) W m (St x aI),
(V) Wn(S'x0) = f(Eg)and W (S x1) =N

such that

Gy =c: f (Eq) — E(fiig),

En=¢:N—E(fiig), (7)

v =G

=q.
Qs !

Vst

Theorem 2 (main theorem). Assumem > g+ ((p+k)/2)+1.
Then, there exists a smooth fiber-preserving map over B

V:Ep,xI— Ey (8)

such that ¥y o) = f» ¥ M Eq and ¥, _,,(Eq) = N.

Note that if we let g = ¥|g (), then g is fiber-preserving
homotopic to f and gil(EQ) =N.

In 1974, Hatcher and Quinn [5] showed an interesting
result as follows.

Theorem 3 (Hatcher-Quinn). Given smooth bundle maps f :
Ep — Epandig : Eq — Ey over a compact base space
B which are immersions in each fiber, assume m > q + ((p +
k)/2) + Land m > p + ((q + k)/2) + 1. Then there is a fiber-
preservingmap g : Ep — E,; over B homotopic to f such that

g '(Eg) =N.

Their theorem required a map f to be an immersion on
each fiber which cannot be applied to our main theorem. We
decided to give an alternative technique to proof the main
theorem by constructing the required homotopy step by step.
This techniques could be used as a model to achieve the
similar result for the equivariant setting (see [6]).

2. Proof of the Main Theorem

Theorem 4 (Whitney embedding theorem). Let M™ and N"
be smooth manifolds, and let f : M — N be a smooth map. If
n > 2m, then f is homotopic to an embedding g : M — N.

Lemma5. Let f: M™ — N" be a map between two smooth
manifolds. Let A be a closed submanifold of M. Assume that
fla is an embedding.

Ifn > 2m, then f is homotopic to an embedding g relative
to A.

Proof. Let T be a tubular neighborhood of A in M.

Step 1. Extend the embedding f, : A — N to an embedding
fr:T — N.

Let v, be the normal bundle of A in M and D(v) denote
the disc bundle of v. Then the tubular neighborhood theorem
implies D(v ) = T.
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Claim. For any given embedding A <%, N and vector bundle
n over A, then

(g extends to an embedding of D (#) into N)
& (there exists a bundle monomorphism  (9)
¢:n—2(9)),

where v(g) is the normal bundle of A in N via g.
Proof of Claim. (&) We have a diagram

¢
D(n) —— D(v(g)) «—— Zero section

J/exp J/E (10)

N A

where exp is the exponential map.

Note that exp(D(v(g)) = tubular neighborhood of Ain N
via g. Then expo¢ : D(y) — N is a desired embedding.

(=) Assume there exists an embedding g so that the
following diagram commutes

D) — 5N

; / an

A

Then v(g) = n@i*v(gy).
We are in the situation where we have a commutative
diagram

A

) f\A =9
’ (12)

Let w(f) == 1y — Ty Then i* /() @ vy = ¥(g),

stable
where = denotes the stable isomorphism between 2 vector

bundles.
Ifn—a > a,theni*(v(f)) ® v4cpr = ¥(g), so there exists
a bundle monomorphism

YAcM (g)

(13)
A

Apply the Claim when g = f|, and 7 = v, Then we

have an extension embedding of g from D(v,cy,) =T EiN N.

Step 2. We have amap fps_jper : M \int(T) — N and o(M \
int(T)) = oT
The condition b > (¢ +a/2 + 1) and Theorem 4 imply that
fiM-int(r) 1 homotopic to an embedding gy (r)-
Defineg: M — N by

_ 1 9M-inuT) (x) if x € M\ int(T), "
96 {!JT (x) ifxeT. (14)
Then f is homotopic to g relative to A. O

2.1. Proof of the Main Theorem. We divide the proof into 3
steps.
a:=1poE
Step 1. Goal: fiber-preserving homotoped the map W =,
Ep to an embedding over B.
By assumption, we have

%
W — E(f.ig) € Ep x Ej; x Eq, (15)
and we also have maps

bi=m1qo6

i w E
_
Q;

w g WxI -5 E,,

(16)

where H := K o (€ xid;), s0 Hyyyo = f ©a, Hyyyq = b.
Recall that oW = ' (Eq) U N, apy is just the inclusion
off’l(EQ) and N into Ep.
Apply the conditionm > g+ ((p + k)/2) + 1 to Lemma 5,
there exists an embedding &/ = a (rel OW). That is, we have a
commutative diagram

Wx1

[

WxI——s Ep 17)

LA

Wx0

b:=110C
We have a map W ——— Eq. By concatenating the

homotopy H and f o L together, we have a homotopy V :
W x [1,2] — E,,;suchthat V(,1) = & and V(,,2) = b.
Hence, i © b is homotopic to f o o/.

Next, we want to modify the homotopy V' such that it is
fiber preserving with respect to pr,.

Note that we have a commutative diagram

b
W x?2 —)EQ

o
V/ ///
- pro (18)

praeV
Wx[1, 2] — B



We can apply the homotopy lifting property for prq, to

get a homotopy of b to b’ through V' such that the following
diagram commute:

b,:=V‘:V><1

Wx2 — EQ

[ A PrQ
Q

Wx[1,2] ——— EqCEy—2 5p (19

f

prp

v o

Wx1 ——— > Ep

LetW, =b : W — Eq. Then Wy, is a fiber-preserving
map over B through the lifting V.

Step 2. Goal: construct a bundle isomorphism
v(d)@e =b” (vEQQEM), (20)

where €' is the trivial bundle.

Since dim W < rank »(&f), it is enough to give a stable
equivalence between such bundles.

Now, we have

wSE, cst = Vwest =v(d) @ A" (vgeq).  (21)

We also have a commutative diagram

E(f,iq) ——E, (22)

.Q{ ~q= 7'[P o <[§ - .d* (VEPQSL) = (ﬂp o (-g)* (VEPQSL) 5

b =b=nge % = b" (v cp,) = (70 °B) (Vaer,,)-
(23)

Thus, the bundle map & : vyegyy — & = (Vg cst) @
165(Ve,cE,,) Yields the following stable isomorphism

stable % *
Vyegr @€' = (mpo E) (vEPgSL) ® (150 %) (vEQQEM) .
(24)
Putting (21), (23), and (24) together, we get

1 stable

v ()@ (np 0 B)" (vEPQSL) o' = (1p096)" ('VEpgsL)

ob” (VEQQEM) .
(25)
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Consequently, we have
v(d)oe = (vEQgEM) ) (26)

This implies that we did construct a bundle map

E!
W) ® e'—— YEQSEm

T -

b/
w——"—— Eq

which gives us the extension of map b' to the tubular
neighborhood of W in Ep. More precisely,

!

¥p: D (o)) — D(v(el) &) > D (vgep,), @8)

where D denotes the disc bundle. Note that ¥ M Eq and
Wr(0D(ny)) € Epr \ Eq.

Since () ® €' = b'* (VEQQEM), we can find a subbundle
1, of b'* (vEQg E,,) such thatn, = »(&). For simplicity, let 77, :=
().
Step 3. Goal: construct the fiber-preserving smooth map ¥ :

EpxI — E,;over B.
Recall that we have

W D(ef) =D(v(e)@e')=D(b" (vgep,)).

Then there exists a neighborhood D of W in D(b'*
(Vg,cp,,)) such that D = D(b"* (v, g, ) and D = D(A(sA)),
According to (19), we have a commutative diagram

Viw x
W x2 e Eyx2
Wx[1,2] ————— Eyx[1,2] (30)
Wx1 - Epx 1
VIle

where ¥, (w,t) = (V' (w, 1), t).

Letn, =v(d ®€'), n, = b*(vEQgEM).

According to (27), there exists a bundle # over W x I such
that #yy,; = #; fori = 1,2.

Let D, := D(»(«)), D, = D. Then D; — D(y;) is a
homotopy equivalence for i = 1,2 and also D, = D,.

Since D, UW x [1,2] U D, — D, x [1,2] is a cofibra-
tion and a homotopy equivalence, there exist an extension
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¥,
D, x [1,2] =5 E,; x [1,2] such that the following diagram
commutes

D2 _— D('VEQQEM) (L EM X 2

¥,
D, x [1,2] Eyp % [1,2]
Y fip, v
D, EyzE)yx1
(31)

Next we want to construct an embedding W Z D,x[2,3]
such that the following hold:
(i) /' (W) n{D, x 2} = f(Eg),
(ii) o' (W) n{D, x 3} = N,
(iii) &' h D, x 9[2, 3].
We start by letting o« : W — [2, 3] be a smooth map such
that o« M 9[2,3], & 1(2) = fﬁl(EQ) and & !(3) = N, and we

1
also have an inclusion W <% D,.
Let of' := i, x a. Then &' is such a required map.
By the construction, we have

D(v(e")) = D,y x [2,3]. (32)
Let v, be the composition of the maps

W p, Xid[y,3) 10j (33)

w & D, x[2,3] Mx[2,3] 22 M.

Defineamap ¥, =y, xa: W — E,; x[2,3].

Using the fact that D(v(<f") = D, x [2,3], then D, x
o[2,3]ud' (W) — D, x[2,3] is a cofibration and homotopy
equivalence. Hence there exists an extension D, x [2,3] i
E\ % [2,3].

Note that for (x,3) € D, x 3 such that ‘T’z(x, 3) € Eq x 3,

the map ‘T’ﬂ p,x3 = Yr forces that x has to be in W, so the
definition of ¥, implies x € N. Thus

¥yp,3 (Eq) = N. (34)

Wedeﬁneamap‘?: {EpxITU{D,x[1,2]}u{D,x[2,3]} —
E,; % [0, 3] by

N (f (p),t) iftelol],
V(p.t)= (T (p).t) iftel1,2], (35)
(%, (p).t) iftel23].

Then ¥ is well-defined map over B by the construction.

It’s not hard to see that {E, x I} U {D; x [1,2]} U {D, X
[2, 3]} is diffeomorphic to E x I. Define the map ¥ to be the
composition of maps

Epx1— {EpxI}U{D, x [1,2]} U{D, x [2,3]}
(36)

LBy %103 22 By,

where proj is the projection to the first factor.

Thus, we get amap ¥ : Ep x I — E,; over B so that
¥\g,x0 = f- By construction, ¥ M E, and \Pl;Slle(EQ) = Nas
required.

Corollary 6. Assume m > q + ((p + k)/2) + 1. Then the
map f can be fiber-preserving homotoped to a map whose
image does not intersect Eq if and only if [c,¢] = 0 €

OF i (E(Fih ).

3. Application to Fixed Point Theory

Let p : M™* — B* be a smooth fiber bundle with compact
fibers and k > 2. Assume that B is a closed manifold. Let f :
M — M be a smooth map over B. Thatis, po f = p.

The fixed point set of f is

Fix(f) ={xe M| f (x) = x}. (37)
We have a homotopy pull-back diagram

ngL M
evy A (38)
M ———— MxgM
Ay

where

(i) Z;M = {a e M" | f(a(0)) = a(1)},
(ii) ev, and ev, are the evaluation map at 0 and 1
respectively,
(iii) A := the diagonal map, defined by x — (x, x),
(iv) A ¢ := the twisted diagonal map, defined by x —
(x, f(x)),

(v) MxgM := the fiber bundle over B with fiber over b €
B, given by F, x F, where F,, is the fiber of p over b.

Proposition 7. There exists a homotopy from f to f, such that
Ay MA
fi :

The proof relies on the work of Kozniewski [4], relating
to B-manifolds. Let B be a smooth manifold. A B-manifold
is a manifold X together with a locally trivial submersion p :
X — B. A B-map is a smooth fiber-preserving map.

Lemma 8. Let X and Y be B-manifolds, and let Z be a B-
submanifold of Y. Let g : X — Y be a B-map. Then, there
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is a fiber-preserving smooth B-homotopy H, : X — Y such
that Hy = g and H; M Z.

Proof. See [7] for the proof. O

We have a transversal (pull-back) square

Fix(f,) —————> M

i A (39)

M ———MxM
Ag

I

where i is the inclusion. Transversality yields that »(i) =
i*(v(A)) = i* (TM).

Choose an embedding M < S™** for sufficiently large k.
Then we have

n

'VFiX(fl)gser Vv (l) (&) l* ('VMgSwHk)

(40)

n

i* (TM) 3] 1* ('VMgsm-k) =e€.

. . . J
We denote this bundle isomorphism by Vg f,)cgnn — €. We

also have a map Fix(f;) EN M defined by x — c,, where
¢, is the constant map at x. Thus LPord( f) = [Fix(f), g g1

determines the element in Q}{r(ff M; €).
Applying Theorem 2, We obtain the following corollary.

Corollary 9 (converse of fiberwise Lefschetz fixed point
theorem). Let f : M™* — M™™* be a smooth bundle map
over the closed manifold B*. Assume that m > k + 3. Then,
f is fiber homotopic to a fixed point free map if and only if
L"(f) =0 € Q' (Z;M;e).

Corollary 10. Let f : M™* — M™* be a smooth bundle
map over the closed manifold B*. Assume thatm > k+3. Ifthere

is [N,N 5, ng, VNcgmik 5, €] € Q{r(EfM; €) f where N

is a finite subset of M such that L""“(f) = [N, g, gl, then the
map f can be fiber-preserving homotoped to a map h such that
Fix(h) = N.
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