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There are many consensus measures that can be computed using Likert data. Although these measures should work with any number
n of choices on the Likert scale, the measurements have been most widely studied and demonstrated for n = 5. One measure of
consensus introduced by Akiyama et al. for n = 5 and theoretically generalized to all n depends on both the mean and variance and
gives results that can differentiate between some group consensus behavior patterns better than other measures that rely on either
just the mean or just the variance separately. However, this measure is more complicated and not easy to apply and understand. This
paper addresses these two common problems by introducing a new computational method to find the measure of consensus that
works for any number of Likert item choices. The novelty of the approach is that it uses computational methods in 𝑛-dimensional
space. Numerical examples in three-dimensional (for n=6) and four-dimensional (for n=7) spaces are provided in this paper to
assure the agreement of the computational and theoretical approach outputs.

1. Introduction
The significance of reaching consensus in a group or among
groups can easily be appreciated by anyone who has ever been
involved in a group decision-making process. Indeed, some
researchers believe that coming to consensus plays a key role
in group decision-making [1, 2].
The importance of consensus can be further appreciated
when we consider the vast number of fields, other than just
group decision-making, that use consensus. For example,
politics, economics, social choice, and science all use the
idea of consensus [3–5]. When you consider the work of
Lehrer and Wagner [6], it can even be seen how some level
of agreement (or consensus) is necessary for the central
concepts of thinking.
Since consensus is an important idea in many major areas,
there is a demand for an accurate way to measure consensus.
The central idea of many researchers working in this field
of study concerns how to build consensus (or diminish the
disagreement) among all people in one group or in more than

one group. Many of these measures have an iterative process
to try to come to agreement or build consensus [2, 7–9]. If
your task is to build consensus by using a multistage process
within a group as in [10] or even for each person individually
as in [11], you will need at the end of each stage to have a useful
instrument or method to measure consensus.
There are several different meanings or definitions in
the literature for the term “consensus” or “disagreement.”
However, these two concepts are always the compliment of
each other. In this paper, we use the term consensus to mean
an opinion or belief reached by a group of persons who can
agree on Likert scale items, while disagreement refers to a
difference of opinion or perception.
The research to find a mathematical or statistical measure
of consensus (or disagreement) started with simple measures and has progressed over time to more sophisticated
techniques. The simplest and most widely used measures
of consensus and disagreement are the percent agreement
measure and the variance. The percent agreement measure
has been used in different cases and has been applied to

2
small group consensus. This measure gives only a percentage
of team members who accept a particular opinion [12, 13].
The variance measure, evaluated from Likert items, is usually
used to talk about the disagreement (or lack of consensus)
[14]. This statistical measurement is significant in precise
comparison situations. However, the variance can be useless
in cases of comparing different sizes of groups or for groups
that have different means [15].
Another common approach to calculating the consensus
is 𝑟𝑊𝐺, introduced in [16] by James et al. This measure is based
on the variance and is sometimes called inter-rater reliability.
Two other measures of consensus are presented by Kendall
[17] and Alcalde-Unzu and Vorsatz [18]. The measure Kendall
proposes, usually known as Kendall’s tau (𝜏), is limited to
the status of two individuals and directly calculates the
ratio of pairwise comparisons of how two people agree. The
second measure, symbolically known as (𝜎), was introduced
by Alcalde-Unzu and Vorsatz. This measure determines, for
any pair of alternatives, the absolute value of the difference
between the ratio of persons who choose one alternative and
the proportion of individuals who choose the other option
and then takes the average of these numbers over all possible
pairs of alternatives [18]. The concepts, comparisons, and
properties of these two measures are well introduced in [19].
There are many other more advanced methods presented
to measure the consensus within a group of individuals. The
method of Beliakov et al. [20] concentrates on structuring
a function that can measure the degree of consensus from
a set of inputs provided as numbers from the unit interval.
In the information theory field, Shannon’s [21] formula for
Entropy, or the measure of the degree of disorder of a system
[22], is widely used. The formula is ∑ 𝑝𝑖 log 𝑝𝑖 (where 𝑝𝑖 is
the probability of 𝑖𝑡ℎ event’s outcome). Tastle and Weirman
[23, 24] apply Shannon’s formula to Likert scales responses.
González-Arteaga [1] provides an approach to consensus
measurement based on the Pearson correlation coefficient.
Based on what is presented above, there are several
ways to define consensus and various ways to measure
consensus within and among groups. However, none of
these approaches use computational geometry concepts in
𝑛-dimensional space as introduced in this paper. In this
article, we consider a new method to determine the measure
of consensus (or conversely the index of disagreement)
presented by Akiyama et al. [25] and generalized by Tsuchiya
and Hiramoto [26] with the key to this new method using
computational geometry concepts presented in Abdal Rahem
and Darrah [27]. The researchers in [25] present the sophisticated index of disagreement, called Φ, and the measure of
consensus, Ψ, that use the conditional distribution of the
variance for a given mean [28]. The distinction of this index
is that it allows the comparison of consensus values of various
questions for the same group or the same question for diverse
groups, even comparisons of groups with different sizes and
the questions with different means. However, the way this
index is presented for in [25] for n = 5 and generalized in [26]
to all n is difficult to understand and not easy to apply.
Consequently, Abdal Rahem and Darrah in [27] provide
a straightforward algorithmic method to compute the reliable
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measure introduced in [25]. The idea of this new approach is
much easier to use and understand than the way of calculating
the index of disagreement presented in [25]. However, in
[27], the approach is shown for only two-dimensional space,
which relates to 𝑛 = 5 Likert scale. The aim of the research
presented in this article is to break the limitation of working
with 𝑛 = 5 Likert scale only. Likert items are used in many
disciplines to measure attitudes, preferences, and subjective
reactions [14, 29, 30]. For this discussion, a global Likert scale
is used, with the integers 1 through 𝑛 corresponding to the
words strongly disagree through strongly agree or any other
words the researcher prefers or the question suggests.
The rest of the paper is organized as follows. Section 2
presents the theoretical foundation of our work and defines
the index of disagreement for any number of Likert scale and
provides a visual illustration of how the equations in Section 2
look for any dimension. In Section 3 the techniques are
applied to 𝑛 = 6. Section 4 provides examples of special cases
of sets of probabilities as well as specific means with different
variances of each fixed mean. Finally, some concluding
remarks and future works are discussed in Section 5.

2. Theoretical Foundations
The main theoretical foundations of the consensus measurement are introduced in Akiyama et al. [25]. We introduce
there the idea that variance is always a function of the mean.
For any fixed mean, there will be a range of variances that will
be possible. Then given a mean 𝑚 and a variance V, we find the
consensus measure for this two numbers by using conditional
probability to determine the “ratio of part of the range of
variance to the total range of variance.” In the first paper [25],
this measurement is computed by a series of analytical steps
for 𝑛 = 5. We first algebraically reduce the computation to
a set of three equations in two dimensions. Then by finding
the areas between pairs of these equations and subtracting
these two areas, we were able to find a number that represents
the area given a particular mean, 𝑚, and variance, V. We
used this method to define a function 𝐴(V) and integrate this
function from the ℎ(minimum V) to the given ℎ(V). Finally,
we divide this number by the integration over the total range
of variance, ℎ(minimum V) to ℎ(maximum V), to get the index
of disagreement Φ. The measure of consensus, Ψ, will then be
1-Φ.
In the second paper, Abdal Rahem and Darrah [27], to
simplify the calculation of these areas and make it possible
to generalize to any 𝑛, two algorithms using computational
geometry are presented to replace the complicated analytical
steps involving calculus. The first algorithm focuses on computing 𝐴(V) and the second algorithm is for using numerical
methods to compute the ratio of the integration. Also, all the
background from computational geometry and conditional
probability are located in [27]. The second paper provides a
basis for this generalization work to 𝑛 > 5 that follows in the
remainder of this manuscript.
2.1. Basic Structure for Consensus Measure (Conversely, Index
of Disagreement). Let us start by introducing the notation for
the two main variables we will work with. Suppose 𝑚 and V
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refer to the mean and the variance computed from the survey
wherein the respondents are asked to pick out exactly one
answer from the items: 1, 2, . . . , 𝑛.
Other common notations used throughout are the probabilities 𝑝𝑖 , 𝑖 = 1, 2, . . . , 𝑛, which means all points 𝑝𝑖 will first
satisfy 0 ≤ 𝑝𝑖 ≤ 1. Moreover, 𝐴(V) refer to a set of points
(𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) in 𝑅𝑛−3 space and 𝑓(𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) is a
function from 𝑅𝑛−3 space to 𝑅.
As utilized in [25], the basic equations for the foundation
to compute the index of disagreement are the sum of all
probabilities equal to one, the equation for computing the
mean, and the equation derived from computing the variance
of random variables. Mathematically, we can write the system
of equations as follows:

𝑝1 + 2𝑝2 + 3𝑝3 ⋅ ⋅ ⋅ + 𝑛𝑝𝑛 = 𝑚.

(1)

𝑝1 , 𝑝2 , 𝑝3 , . . . , 𝑝𝑛 ≥ 0.
1
(V + 𝑚2 − 5𝑚 + 6)
2
− 𝑓1 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) .
(2)

+ 𝑓2 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) .
𝑝3 =

1
(V + 𝑚2 − 3𝑚 + 2)
2
− 𝑓3 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 )

where 𝑓1 , 𝑓2 , and 𝑓3 are functions of 𝑛 − 3 variables. Since
we have all the probabilities greater than zero (𝑝1 ≥ 0, 𝑝2 ≥
0, 𝑝3 ≥ 0), we can rewrite the system above as follows:
𝑝1 , 𝑝2 , 𝑝3 , . . . , 𝑝𝑛−3 ≥ 0.
1
(V + 𝑚2 − 5𝑚 + 6) − 𝑓1 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≥ 0.
2
− (V + 𝑚2 − 4𝑚 + 3) + 𝑓2 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≥ 0.
1
(V + 𝑚2 − 3𝑚 + 2) − 𝑓3 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≥ 0
2

(4)
In order to simplify (4), let us define 𝑡 and a function
ℎ𝑚 (V) as below:
𝑡 = ℎ𝑚 (V) =

𝑓1 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≤

1
(V + 𝑚2 − 5𝑚 + 6) .
2

1
(V + 𝑚2 − 3𝑚 + 2)
2

(5)

where 𝑚 is our fixed mean and V is any variance in the
range with respect to that mean. Therefore, (4) will be

𝑓2 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≥ 2𝑡 − 𝑚 + 1.

(6)

(3)

𝐴(V) can be defined as the set of all pairs (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 )
in the (𝑛 − 3)-dimensional space that satisfy (6). Due to the
symmetry of the mean with respect to the midpoint, in the
subsequent discussions we will restrict the range of the mean
to 1 ≤ 𝑚 ≤ (𝑛+1)/2. The remaining portion (𝑛+1)/2 ≤ 𝑚 ≤ 𝑛
can be treated as the symmetric reflection of 1 ≤ 𝑚 ≤ (𝑛 +
1)/2.
In order to find minimum 𝑡 (min 𝑡) and the maximum
𝑡 (max 𝑡), substitute the minimum V (min V) and maximum
V (max V), for a given mean 𝑚, respectively, in ℎ𝑚 . Consequently, 𝑡 = ℎ𝑚 (V) is a linear (one-to-one) mapping of
the interval [min V, max V] onto [min 𝑡, max 𝑡]. The inverse
of 𝑡 = ℎ𝑚 (V) is also a linear mapping of [min 𝑡, max 𝑡] onto
−1
[min V, max V] given by V = ℎ𝑚
(𝑡) = 2𝑡 − 𝑚2 + 3𝑚 − 2.
For purposes of finding the area 𝐴(V) for fixed 𝑚, we
derive three equations from (6) to get three lines, planes,
or hyperplanes in 𝑅𝑛−3 space; say 𝑔𝑖 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ) where
𝑖 = 1, 2, 3 that subdivided the 𝑅𝑛−3 space. For example, in 𝑅2
we have
𝑔1 (𝑥) =

𝑡−𝑚+2 𝑥
−
3
3

𝑔2 (𝑥) =

2𝑡 − 𝑚 + 1 3𝑥
−
.
8
8

𝑔3 (𝑥) =

𝑡 𝑥
− .
6 2

(7)

And in 𝑅3 we get
𝑔1 (𝑥, 𝑦) =

𝑥 + 3𝑦
𝑡−𝑚+2
−(
)
6
6

𝑔2 (𝑥, 𝑦) =

3𝑥 + 8𝑦
2𝑡 − 𝑚 + 1
−(
).
15
15

𝑔3 (𝑥, 𝑦) =

3𝑥 + 6𝑦
𝑡
−(
).
10
10

or equivalently
𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ≥ 0.

1
(V + 𝑚2 − 3𝑚 + 2) .
2

𝑓3 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≤ 𝑡.

Using the notion 𝑥1 = 𝑝4 , 𝑥2 = 𝑝5 , . . . 𝑥𝑛−3 = 𝑝𝑛 , we can
solve (1) for 𝑝1 , 𝑝2 , 𝑝3 in terms of 𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 as below:

𝑝2 = − (V + 𝑚2 − 4𝑚 + 3)

𝑓3 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≤

𝑓1 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≤ 𝑡 − 𝑚 + 2.

𝑝1 + 4𝑝2 + 9𝑝3 ⋅ ⋅ ⋅ + 𝑛2 𝑝𝑛 = 𝑚2 + V.

𝑝1 =

𝑓2 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≥ (V + 𝑚2 − 4𝑚 + 3) .

𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ≥ 0.

𝑝1 , 𝑝2 , 𝑝3 . . . , 𝑝𝑛 ≥ 0.
𝑝1 + 𝑝2 + 𝑝3 ⋅ ⋅ ⋅ + 𝑝𝑛 = 1.

3

(8)

4
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Figure 1: Example of the area 𝐴 1 (V) and 𝐴 2 (V) in 𝑅2 .

We set 𝑓3 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−3 ) ≤ 𝑡 which leads to defining
𝑔3 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ), so we compare 𝑔1 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ) and
𝑔2 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ) to 𝑔3 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ). If we only compare 𝑔1 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ) and 𝑔2 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ) to find an
area between them (if it exists), this will not give us any
information related to 𝑡. Hence, we define 𝐴(V) as follows:
𝐴 (V) = 𝐴 1 (V) − 𝐴 2 (V)

(9)

where
𝐴 1 (V) = {(𝑥1 , . . . , 𝑥𝑛−3 ) | 𝑔2 (𝑥1 , . . . , 𝑥𝑛−4 ) ≤ 𝑥𝑛−3
≤ 𝑔3 (𝑥1 , . . . , 𝑥𝑛−4 )}

(10)

and
𝐴 2 (V) = {(𝑥1 , . . . , 𝑥𝑛−3 ) | 𝑔1 (𝑥1 , . . . , 𝑥𝑛−4 ) ≤ 𝑥𝑛−3
≤ 𝑔3 (𝑥1 , . . . , 𝑥𝑛−4 )} .

(11)

Note that all 𝑥𝑖 are probabilities, so we restrict 0 ≤
𝑥1 , 𝑥2 , . . . , 𝑥𝑛−4 ≤ 1.
Now that we have presented all the equations required for
restricting the target area, the next step is to compute these
areas in any dimension.
2.2. Determine the Index of Disagreement. Although mathematicians may prefer an analytical process to get an exact
solution, in many cases it is extremely hard or even impossible
to find one. The way of finding the area 𝐴(V) introduced in
Akiyama et al. [25] for 𝑛 = 5 uses an analytical method to
find the exact solution; however, it has many cases that must
be considered. Therefore, the new computational approach
presented in this paper finds a very good solution (as good
as is required) and can be generalized to any 𝑛 ≥ 5.
To examine what it means to determine these areas or
volumes in 𝑛-dimensional space, we can first look at the

problem in 2-dimensional space. The equations 𝑔𝑖 (𝑥) are line
segments and so the intersections are points. To find the
desired area, we simply find the area bounded between two
lines and that satisfies 0 ≤ 𝑥 ≤ 1 and 0 ≤ 𝑦 ≤ 1, since x and y
are probabilities. In this case, there are two ways to compute
the area, analytically [25] and by using the computational
geometry concepts [27]. See Figure 1 for an example.
By adding one more probability, the volume is then in
three dimensions. In this case, the equations 𝑔𝑖 (𝑥, 𝑦) are
planes. This means the intersections are lines instead of
points. Moreover, for 𝑛 = 7, The work will be in four dimensions. Thus, the equations 𝑔𝑖 (𝑥, 𝑦, 𝑧) are hyperplanes and the
intersection of any two hyperplanes is a 3-dimensional object,
and so on. See Figure 2 for an example.
Consequently and since the region has such a strange
shape in general, calculating its area or volume proves to be
very difficult with analytical methods, especially as we go
to higher dimensions, but calculating the area of rectangles
or cubes is simple. We will use this method to simplify our
calculations by subdividing the region into small rectangles
or cubes, as is a common method for approximating an
area or volume. One of the popular approaches to finding
the area under a curve numerically is using the Riemann
sum. Employing the same idea as the Riemann sum, with
some modification to make it more accurate and fit with our
problem, we can determine the area or volume of the required
region.
Before presenting the steps of the algorithms, recall that
the area for any 𝑛 is bounded by [0, 1] (i.e., 0 ≤ 𝑥𝑖 ≤ 1 for any
𝑥𝑖 ∈ 𝑅𝑛−3 ).
Algorithm
(1) Divide the interval [0, 1] for every 𝑥𝑖 −axis into 𝑁
subintervals of length Δ, (Δ = 1/𝑁), where 𝑁 is a
positive integer

International Journal of Mathematics and Mathematical Sciences

0

0.2

0.4

5

0
0.6

0.8

0.2

1

g2 (x, y)

g1 (x, y)

g3 (x, y)

g3 (x, y)
(a) 𝐴 1 (V)

0.4

0.6

0.8

1

(b) 𝐴 2 (V)

Figure 2: Example of the area 𝐴 1 (V) and 𝐴 2 (V) in 𝑅3 .

(2) For 𝑖1 = 1 to 𝑁

which means that the system of inequities in (6) becomes
𝑥, 𝑦, 𝑧 ≥ 0.

For 𝑖2 = 1 to 𝑁
..
.
For 𝑖𝑛−3 = 1 to 𝑁
𝑠𝑗 = 𝑠𝑖1 ,𝑖2 ,...,𝑖𝑛−3 .

𝑥 + 3𝑦 + 6𝑧 ≤ 𝑡 − 𝑚 + 2.
3𝑥 + 8𝑦 + 15𝑧 ≥ 2𝑡 − 𝑚 + 1.
3𝑥 + 6𝑦 + 10𝑧 ≤ 𝑡.

(3) If 𝑠𝑗 satisfy (10) then 𝐴 1 = 𝐴 1 + Δ𝑛−3
If 𝑠𝑗 satisfy (11) then 𝐴 2 = 𝐴 2 + Δ𝑛−3 and avoid all
others.
(4) 𝐴(V) = 𝐴 1 − 𝐴 2 .
Note that in this approach of finding the area, the larger
the 𝑁 (i.e., the smaller Δ) is, the closer the estimate gets to the
exact area.
Once you get 𝐴(V), you can use the same algorithm
for determining the integration as we presented in [27] to
compute the index of disagreement and the consensus value.

3. Index of Disagreement in 3D
In order to ensure that the methods described above produce
acceptable results, they are applied to different cases. For 𝑛 =
5, you can find the examples with details in Akiyama et al.
[25] or Abdal Rahem and Darrah [27].
For 𝑛 = 6, our example is in 3-dimensional space, and the
equations 𝑓𝑖 (𝑥, 𝑦, 𝑧), 𝑖 = 1, 2, 3 are as follows:
𝑓1 (𝑥, 𝑦, 𝑧) = 𝑥 + 3𝑦 + 6𝑧.
𝑓2 (𝑥, 𝑦, 𝑧) = 3𝑥 + 8𝑦 + 15𝑧
𝑓3 (𝑥, 𝑦, 𝑧) = 3𝑥 + 6𝑦 + 10𝑧

(13)

(12)

For determining the volume restricted by two planes and
the 𝑧−axis, apply the algorithm above. This will find the
volume by adding each small cube when 𝑠𝑗 satisfies one of
the systems of equations to get 𝐴 1 and 𝐴 2 and then use those
to find 𝐴(V).

4. Numerical Example
Now we can look at some examples to see if the method produces the desired results. First, we consider some special cases
of sets of probabilities. We use the probabilities to determine
the mean and the variance. We apply the algorithms above to
get the consensus values for these special cases to show that
they make sense.
The first case we consider is the case when all the
respondents have chosen the same response. In other words,
when one of the probabilities, say 𝑝6 , is one and all others are
zeros. This case gives us 𝑚 = 6 and V = 0, and therefore the
ratio of the index is Φ𝑛=6 = 0/0.000443 = 0 which gives the
consensus value of one.
The second case is when the responses are evenly distributed at opposite ends of the scale. For example, probabilities are 0.5 for 𝑝1 and 𝑝6 , and all others are zeros. This time
we will get the mean 𝑚 = 3.5 and the variance V = 6.25. These
values of the mean and variance lead to full disagreement (i.e.,

6
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Table 1: The Index of disagreement Φ and the consensus Ψ for
selected values of 𝑚 and V.
Mean
1.1

1.2

Variance (V)
0.09
0.1
0.2
0.3
0.39
0.49
0.16
0.2
0.3
0.4
0.5
0.6
0.7
0.76
0.96

Φ𝑛=6
0.0000
0.0238
0.3562
0.755
0.9595
0.0000
0.0000
0.0134
0.0874
0.2609
0.5275
0.7736
0.9374
0.9899
1.0000

Ψ𝑛=6
1.0000
0.9762
0.6435
0.245
0.0405
1.0000
1.0000
0.9866
0.9126
0.7391
0.4725
0.2264
0.0626
0.0101
0.0000

this work as easy as A, B, C. (𝐴) Set up the equations 𝑔𝑖 ,
(𝐵) determine the areas, and (𝐶) calculate the integrations
and then the index of disagreement. Additionally, by using
these simple steps in an Excel spreadsheet, you can get all the
variables defined above, and for (𝐵) and (𝐶), all you need to
do is to enter the algorithms into any software you prefer. For
instance, all the examples in this paper were computed using
Microsoft Excel spreadsheet and Matlab.
In future studies, we plan to develop the same ideas
to compute the consensus measure for continuous scales.
We also plan to continue looking for easier and faster
methods to find the areas and volumes described in the
paper by using advanced computation geometry and highdimensional statistics concepts [31, 32].
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Φ = 1) since the ratio is Φ = 0.0052/0.0052 = 1, which then
means the consensus is zero. Notice that the result in these
two cases is exactly what we would expect and also what we
got for 𝑛 = 5 with the original method.
Before looking at the different values for the mean and
variance, we will look at one more special case. Now, suppose
all probabilities are equal. Symbolically, 𝑝𝑖 = 1/6, 𝑖 =
1, 2, . . . , 6. The mean in this case is 𝑚 = 3.5 and the variance
is V = 2.92. These two values for mean and variance imply
Φ = 0.0034/0.0052 = 0.6538. Subsequently, the consensus
Ψ = 1 − 0.6538 = 0.3462 compared to Φ = 0.6666 and
Ψ = 0.3334 for 𝑛 = 5.
For selected values of 𝑚 and V, Table 1 shows the different
cases of index of disagreement, for 𝑛 = 6, Φ, and the
consensus Ψ.
The results of all examples above are reasonable and
acceptable especially if we compare the results with the same
cases for two dimensions, 𝑛 = 5, in [27].

5. Conclusions and Future Work
A new approach for generalizing the consensus measure
(or index of disagreement) presented in Akiyama et al.
[25] has been developed to work for Likert scales with any
number of choices. By using computational geometry and
𝑛-dimensional space concepts, this paper not only has been
able to generalize all the work constructed in [25, 27] but also
shows comparable results to those obtained in the last two
articles. The difference of this approach compared to the other
consensus measures, which also work for any Likert items,
is that this measure considers the conditional distribution of
the variance for a given mean. In other words, this method
provides more information than others that are only based
on just the mean or just the variance.
Another distinguishing feature of this new method is that
it is easy to understand and apply. In fact, we can summarize
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[1] T. González-Arteaga, R. d. A. Calle, and F. Chiclana, “A new
measure of consensus with reciprocal preference relations: the
correlation consensus degree,” Knowledge-Based Systems, vol.
107, pp. 104–116, 2016.
[2] B. Zhang, Y. Dong, and Y. Xu, “Multiple attribute consensus
rules with minimum adjustments to support consensus reaching,” Knowledge-Based Systems, vol. 67, pp. 35–48, 2014.
[3] R. M. Alston, J. R. Kearl, and M. B. Vaughan, “Is there consensus
among economists in the 1990’s,” Paper and Proceedings American Economic Review, vol. 82, pp. 203–209, 1992.
[4] S. Alonso, E. Herrera-Viedma, F. Chiclana, and F. Herrera, “A
web based consensus support system for group decision making
problems and incomplete preferences,” Information Sciences,
vol. 180, no. 23, pp. 4477–4495, 2010.
[5] T. Justice and D. W. Jamieson, The Facilitator’s Fieldbook: Stepby-Step Procedures, AMACON, a division of the American
Management Association, 2012.
[6] K. Lehrer and C. Wagner, Rational consensus in science and
society: a philosophical and mathematical study, Philosophical
studies series in philosophy, vol. 24, 1981.
[7] E. Herrera-Viedma, F. Herrera, and F. Chiclana, “A consensus
model for multiperson decision making with different preference structures,” IEEE Transactions on Systems, Man and
Cybernetics, Part A: Systems and Humans, vol. 32, no. 3, pp. 394–
402, 2002.
[8] E. Herrera-Viedma, L. Martı́nez, F. Mata, and F. Chiclana, “A
consensus support system model for group decision-making
problems with multigranular linguistic preference relations,”
IEEE Transactions on Fuzzy Systems, vol. 13, no. 5, pp. 644–658,
2005.
[9] R. O. Parreiras, P. Y. Ekel, J. S. C. Martini, and R. M. Palhares,
“A flexible consensus scheme for multicriteria group decision
making under linguistic assessments,” Information Sciences, vol.
180, no. 7, pp. 1075–1089, 2010.

International Journal of Mathematics and Mathematical Sciences
[10] Y.-C. Dong and H.-J. Zhang, “Multiperson decision making
with different preference representation structures: a direct
consensus framework and its properties,” Knowledge-Based
Systems, vol. 58, pp. 45–57, 2014.
[11] A. K. Wisecup, Do We Have Consensus?: Examining the Sources
of Systematic Variation in Cultural Identity Meanings, Duke
University, 2011.
[12] R. D. Gailbreath, S. L. Wagner, R. G. Moffett, and M. B. Hein,
“Homogeneity in behavioral preference among U. S. Army
leaders.,” Group Dynamics: Theory, Research, and Practice, vol.
1, no. 3, pp. 222–230, 1997.
[13] H. Prapavessis and A. V. Carron, “Sacrifice, cohesion, and
conformity to norms in sport teams,” Group Dynamics: Theory,
Research, and Practice, vol. 1, no. 3, pp. 231–240, 1997.
[14] G. Norman, “Likert scales, levels of measurement and the ’laws’
of statistics,” Advances in Health Science Education: Theory and
Practice, vol. 15, no. 5, pp. 625–632, 2010.
[15] L. G. Conway III and M. Schaller, “Methods for the measurement of consensual beliefs within groups,” Group Dynamics:
Theory, Research, and Practice, vol. 2, no. 4, pp. 241–252, 1998.
[16] L. R. James, R. G. Demaree, and G. Wolf, “rwg: an assessment of
within-group interrater agreement,” Journal of Applied Psychology, vol. 78, no. 2, pp. 306–309, 1993.
[17] M. Kendall, Rank Correlation Methods, Hafner Publishing
Company, New York, NY, USA, 3rd edition, 1962.
[18] J. Alcalde-Unzu and M. Vorsatz, “Measuring the cohesiveness
of preferences: an axiomatic analysis,” FEDEA, 2008, Working
Paper 28/2008.
[19] J. Alcalde-Unzu and M. Vorsatz, “Measuring consensus: concepts, comparisons, and properties,” Studies in Fuzziness and
Soft Computing, vol. 267, pp. 195–211, 2011.
[20] G. Beliakov, T. Calvo, and S. James, “Consensus measures constructed from aggregation functions and fuzzy implications,”
Knowledge-Based Systems, vol. 55, pp. 1–8, 2014.
[21] C. E. Shannon, “A mathematical theory of communication,” Bell
Labs Technical Journal, vol. 27, pp. 379–423, 1948.
[22] K. D. Bailey, Social Entropy Theory, State University of New
York, New York, NY, USA, 1990.
[23] W. J. Tastle and M. J. Wierman, “Consensus and dissention: a
new measure of agreement,” in Proceedings of the Annual Meeting of North American Fuzzy Information Processing Society, pp.
385–388, 2002.
[24] W. J. Tastle and M. J. Wierman, “Consensus and dissention: a
measure of ordinal dispersion,” International Journal of Approximate Reasoning, vol. 45, no. 3, pp. 531–545, 2007.
[25] Y. Akiyama, J. Nolan, M. Darrah, M. A. Rahem, and L. Wang,
“A method for measuring consensus within groups: an index of
disagreement via conditional probability,” Information Sciences,
vol. 345, pp. 116–128, 2016.
[26] Y. Tsuchiya and N. Hiramoto, “Measuring consensus and dissensus: a generalized index of disagreement using conditional
probability,” Information Sciences, vol. 439/440, pp. 50–60, 2018.
[27] M. A. Rahem and M. Darrah, “A geometric approach for
computing a measure of consensus for groups,” International
Mathematical Forum, vol. 11, pp. 961–973, 2016.
[28] D. Sartori and A. G. Bluman, Elementary Statistics: A Step by
Step Approach, The McGraw-Hill, USA, 8th edition, 2012.
[29] P. L. Gardner, “Scales and statistics,” Review of Educational
Research, vol. 45, no. 1, pp. 43–57, 1975.
[30] S. S. Stevens, “On the theory of scales of measurement,” Science,
vol. 103, no. 2684, pp. 677–680, 1946.

7

[31] M. Shabbir, Some Results in Computational and Combinatorial
Geometry, The State University of New Jersey, NJ, USA, 2014.
[32] P. Rigollet, “High-Dimensional Statistics, Massachusetts Institute of Technology: MIT OpenCourseWare,” https://ocw.mit
.edu, 2015.

Advances in

Operations Research
Hindawi
www.hindawi.com

Volume 2018

Advances in

Decision Sciences
Hindawi
www.hindawi.com

Volume 2018

Journal of

Applied Mathematics
Hindawi
www.hindawi.com

Volume 2018

The Scientific
World Journal
Hindawi Publishing Corporation
http://www.hindawi.com
www.hindawi.com

Volume 2018
2013

Journal of

Probability and Statistics
Hindawi
www.hindawi.com

Volume 2018

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Submit your manuscripts at
www.hindawi.com
International Journal of

Engineering
Mathematics
Hindawi
www.hindawi.com

International Journal of

Analysis

Journal of

Complex Analysis
Hindawi
www.hindawi.com

Volume 2018

International Journal of

Stochastic Analysis
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Advances in

Numerical Analysis
Hindawi
www.hindawi.com

Volume 2018

Journal of

Hindawi
www.hindawi.com

Volume 2018

Journal of

Mathematics
Hindawi
www.hindawi.com

Mathematical Problems
in Engineering

Function Spaces
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

International Journal of

Differential Equations
Hindawi
www.hindawi.com

Volume 2018

Abstract and
Applied Analysis
Hindawi
www.hindawi.com

Volume 2018

Discrete Dynamics in
Nature and Society
Hindawi
www.hindawi.com

Volume 2018

Advances in

Mathematical Physics
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

