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In this paper, we consider the Schwartz’s one-factor model for a storable commodity and a futures contract on that commodity.
We introduce the analysis of asymptotic arbitrage in storable commodity models by proving that the futures prices process allows
asymptotic exponential arbitrage with geometric decaying failure probability. Next, we find by comparison that, under some similar
conditions, our result is a corresponding commodity assets (stronger) version of Föllmer and Schachermayer’s result stated in the
modeling setting of geometric Ornstein-Uhlenbeck process for financial security assets.

1. Introduction

Classical Arbitrage Theory in financial market models
(including both security and commodity models) has been
basically concerned with the study of investors’ trading
opportunities that generate risk-less profit in any finite time
horizon 𝑇 > 0. Prohibiting such trading opportunities in
any such financial model is characterized in the classical
literature by the existence of an equivalent martingale mea-
sure (𝐸𝑀𝑀), a result celebrated as the “First Fundamental
Theorem of Asset Pricing” stated for instance in [1, 2]. It
has been proved that most of these market models (financial
securities models especially) share the following feature:
for any finite time horizon 𝑇 > 0, there is a possibility
of excluding arbitrage opportunities from the model by
verifying the so-called Novikov condition on the associated
“market price of risk” (see for instance [3]). But, when the
trading time horizon 𝑇 is large enough (i.e., when 𝑇 →∞), one may generate risk-less profits.The name “asymptotic
arbitrage” was first given to such long-term risk-less profits by
Kabanov and Kramkov in their article “Asymptotic arbitrage

in large financial markets” (see [4]). Next, Föllmer and
Schachermayer ([5]) in a single financial market (of security
assets) discussed this concept of asymptotic arbitrage in a
slightly different form first in a typical case of Ornstein-
Uhlenbeck process and next in a general continuous-time
diffusion setting in which they conjectured the possibility
of generating exponential growth profit on investors wealth
in long-term (i.e., when 𝑇 → ∞). Mbele Bidima and
Rásonyi proved this conjecture in a corresponding discrete-
time setting under two different sets of conditions in [6,
7], proposing the name “asymptotic exponential arbitrage”
to the literature. Moreover, the authors of [6, 7] clarified
the concept by improving the later definition to “asymp-
totic exponential arbitrage with geometrically/exponentially
decaying failure probability” by requiring the control at an
exponential/geometrical decaying rate with the probability
of failing to achieve such an exponential growth profit in
long-term. Next, Du and Neufeld used this later definition
in [8] and proved Föllmer and Schachermayer’s conjecture
in continuous-time setting under stronger conditions using
general security models which are not necessarily diffusion
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processes. And recently, Haba and Jacquier discussed also in
[9] the later form of asymptotic arbitrage in the typical case
of Heston stochastic volatility model.

We have noticed that those studies on asymptotic arbi-
trage are carried out since the past decade only for standard
security models (equity, bonds, interest rates, etc.) and not
yet already for commodity models (oil, gas, coffee, energy,
etc.). In this article, given the particularities of commodity
modeling (especially for storable commodities), we intend to
introduce the analysis of asymptotic (exponential) arbitrage
in those models, in the typical case of Schwartz one-factor
model of commodity futures, just as Haba and Jacquier
discussed it in the special case of Heston model of equities.
And we compare our result to a result from our motivating
paper [5] of Föllmer and Schachermayer where they treated
the special case of geometric Ornstein-Uhlenbeck process
for security assets. But first, in Section 2 below, we start
with a comparative analysis of (storable) commodity markets
with standard security markets, recalling basic definitions
and concepts that we use. Next, in Section 3, the key part
of this paper, we present the Schwartz’s model for storable
commodity futures. After verifying absence of arbitrage and
model completeness on each finite time horizon, we state and
prove ourmain result. And in Section 4, we end ourworkwith
a technical comparative discussion and concluding remarks.

2. Storable Commodities versus
Financial Securities

Unlike standard financial securities (such as stock equities,
bonds, etc.) and their derivatives which are traded in a single
market counter, storable commodities (such as oil, natural
gas, coffee, etc.) are related to two interconnected markets:
the cash-storage (inventory) market where one (or more)
storable commodity is traded at a spot price 𝑆𝑡, 𝑡 > 0, and the
futures market in which a futures contract on this underlying
commodity, initiated at any time 𝑡 ≥ 0 and with delivery date
(time horizon) 𝑇 > 𝑡, is traded at price 𝐹𝑡 fl 𝐹(𝑡, 𝑇).

Under the standard assumption of no-arbitrage, the
relationship between the spot price and the futures price is
given, as stated in [10] or [11, Section 5.6.3], by

𝐹 (𝑡, 𝑇) = 𝑆𝑡𝑒𝑟(𝑇−𝑡), (1)

where 𝑟 is a constant interest rate on an accompanying
risk-free bond paying 1 at time 𝑇. This relation is also
true in standard security markets. But it is known in the
literature that the relationship (1) does not hold in practice for
most commodity markets, especially in storable commodity
markets, because of the inability of investors and speculators
to short the underlying asset, 𝑆𝑡. Hence as indicated in [12],
there is an adjustment by the cost of carry in the nonarbitrage
pricing formula above which is given by the so-called “(net)
convenience yield”, a sort of rate of the cost of carrying the
physical commodity denoted 𝛿𝑡 , letting the relationship above
to become

𝐹 (𝑡, 𝑇) = 𝑆𝑡𝑒(𝑟−𝛿𝑡)(𝑇−𝑡), for all times 𝑡 ∈ [0, 𝑇] . (2)

By comparison to financial security markets, as estab-
lished in [13, p. 37], note that the no-arbitrage price of a for-
ward contract on an underlying security asset (such as stock)
with prices process 𝑆𝑡 which pays a continuous dividend
at (stochastic) rate, say 𝑞𝑡, with the same risk-free interest
rate and the same maturity, is mathematically the same as
formula (2) above by replacing 𝛿𝑡 with 𝑞𝑡. The only difference
resides on the two types of market and the corresponding
type of gain on holding or carrying the underlying asset: in
financial security markets, an asset may be assumed paying
a continuous dividend, and in storable commodity markets,
carrying a storable commodity necessarily requires a cost;
i.e., the presence of convenience yield is consistent with the
theory of storage as explained above.

Next, another distinction of storable commodity markets
with security markets is highlighted by Liu and Tang in [14,
Lemma 1, Theorem 1] where they proved that the following.

Theorem 1. (1) If short-selling is allowed in any physical
commodity market under no-arbitrage condition, then the
convenience yield process 𝛿𝑡 is zero almost surely.

(2) Under short-selling prohibition, a storable commodity
market is arbitrage-free if and only if the convenience yield is
always nonnegative i.e., 𝛿𝑡 ≥ 0.

The interpretation of these results is as follows: in regu-
lating any storable commodity market with futures contracts,
while one should not allow short-selling of physical goods,
absence of arbitrage opportunity on any finite trading time
period [0, 𝑇], 𝑇 > 0, is guaranteed by insuring that the
convenience yield is always nonnegative.

This key initial comparative study will lead our choice
of realistic assumptions on the study of finite time horizon
arbitrage and the investigation of long-term arbitrage in the
Stchwartz one-factor model of storable commodity futures
below.

3. The Schwartz Commodity Futures Model

For a fixed time horizon 𝑇 > 0, consider a cash-storage
market where a single factor, i.e., the only underlying asset,
is a single physical commodity with prices process 𝑆𝑡. Besides
there is a futures exchange where a single futures contract on
this commodity with prices process 𝐹𝑡 := 𝐹(𝑡, 𝑇) for all times𝑡 ∈ [0, 𝑇]. There is also an accompanying bank account or a
risk-free bond which serves as numéraire in the no-arbitrage
relation (2). It pays 1 at time 𝑇 with a constant continuously
compounded interest rate 𝑟 > 0; hence, its price is 𝐵𝑡 = 𝑒−𝑟𝑡
at any time 𝑡 ≤ 𝑇.

According to Schwartz in [15], we assume that the spot
prices process 𝑆𝑡 is governed by the dynamics,

𝑑𝑆𝑡𝑆𝑡 = 𝜅 (𝜇 − ln 𝑆𝑡) 𝑑𝑡 + 𝜎𝑑𝑍𝑡 (3)

or equivalently, the log spot prices process𝑋𝑡 fl ln 𝑆𝑡 follows
a mean-reverting process of Ornstein-Uhlenbeck (OU) type
as follows:

𝑑𝑋𝑡 = 𝜅 (] − 𝑋𝑡) 𝑑𝑡 + 𝜎𝑑𝑍𝑡, (4)
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where 𝑋0 fl ln 𝑆0 is an initial real constant, 𝜇, 𝜎
(with 𝜎 > 0) are real constants representing respectively
the long-term mean and the volatility of the spot prices
process 𝑆𝑡, 𝜅 > 0 and ] fl 𝜇 − 𝜎2/2𝜅 are respectively
the speed and the level of mean-reversion for the OU log
prices process 𝑋𝑡, and 𝑍𝑡 is a standard Brownian motion
on a modeling probability space (Ω,F,P) with respect to
which the underlying process 𝑆𝑡 (with any other derivative
and claim) verifies the usual integrability properties (such as
the square-integrability) required in the sequel. We equip this
space with the natural filtration F fl (F𝑡)𝑡 of the spot prices
process 𝑆𝑡, which is the same as the natural filtration of 𝑍𝑡.
E and V𝑎𝑟 will denote respectively the expectation and the
variance with respect to the measure P, and EQ will denote
the expectation relative to another appropriate measureQ on
the same measurable space (Ω,F).

We formulate the following set of assumptions in linewith
the general conditions discussed in the preceding section.

Assumption 2. (1) Short-selling the physical commodity is
not allowed, but

(2) one may short-sell any real quantity in the futures
contract.

(3) The convenience yield is a constant 𝛿 and is strictly
positive; i.e., 𝛿 > 0.

Itô’s Lemma on (2) and (3) implies that the futures prices
process 𝐹𝑡, still under the probability measure P, follows the
dynamics,

𝑑𝐹𝑡 = 𝜎𝐹𝑡 (𝜓𝑡𝑑𝑡 + 𝑑𝑍𝑡) , (5)

where

𝜓𝑡 fl 𝛾
𝜎 − 𝜅

𝜎𝑋𝑡, with 𝛾 fl 𝜅𝜇 + 𝛿, (6)

stands for the “market price of risk” for the futures prices
contract. As in financial security markets, its interpretation
is straightforward: since the sign of 𝜓𝑡 at any time 𝑡 depends
on the sign of the log-price 𝑋𝑡 = ln 𝑆𝑡 of the commodity,
this gives an insight to investors for when to hold negative
or positive quantities of the futures contract when building
their portfolio in this spot-futures market.

Definition 3. (i) We call the dynamics (5) the Schwartz’s
model for the commodity futures.

(ii) According to [14] of Liu and Tang, a trading portfolio
in this commodity futures model is a pair ofR-valued and F-
adapted processes 𝜋𝑡 fl (𝛼𝑡, 𝜑𝑡) representing respectively the
investor’s position in the risk-free bond of the money market
and in the futures contract in the futures exchange.

(iii) The value process of such a trading portfolio (or
wealth of the investor) denoted 𝑉𝜋𝑡 is defined by

𝑉𝜋𝑡 fl 𝛼𝑡𝐵𝑡 + 𝜑𝑡𝐹𝑡, for all times 𝑡 ∈ [0, 𝑇] . (7)

(iv) Any such trading opportunity is said to be self-
financing if it is a pair of predictable process such that

𝑑𝑉𝜋𝑡 fl 𝛼𝑡𝑑𝐵𝑡 + 𝜑𝑡𝑑𝐹𝑡. (8)

Assumption 4. For computational simplicity, we also assume
that the risk-free interest rate 𝑟 on the bond is zero, i.e., the
bond price is 𝐵𝑡 fl 1 for all times 𝑡 ∈ [0, 𝑇].
Remark 5. (1) This assumption implies that the discounted
futures prices process 𝐹𝑡 fl 𝐹𝑡/𝐵𝑡 is just 𝐹𝑡 and the discounted
value �̃�𝜋𝑡 := 𝑉𝜋𝑡 /𝐵𝑡 of any portfolio is again 𝑉𝜋𝑡 .(2) Similar to the restriction assumed in [12, Section 2.2],
the assumption above hints that wemay restrict the definition
of self-financing portfolios only to the part 𝜑𝑡 of investment
in the futures contract. Denoting the value process now𝑉𝜋𝑡 ≡𝑉𝜑𝑡 , the self-financing relation above becomes

𝑑𝑉𝜑𝑡 = 𝜑𝑡𝑑𝐹𝑡 𝑖.𝑒.,
𝑉𝜑𝑡 = 𝑉𝜑0 + ∫

𝑡

0
𝜑𝑠𝑑𝐹𝑠

for all times 𝑡 ∈ [0, 𝑇] .
(9)

Definition 6 (admissible strategy). A self-financing trading
portfolio 𝜑𝑡 is called an admissible strategy, if there exists a
constant 𝑎 ≥ 0 such that its corresponding value process 𝑉𝜑𝑡
verifies the constraint 𝑉𝜑𝑡 ≥ −𝑎,P − 𝑎.𝑠. for all 𝑡 ≤ 𝑇.

Let H be the set of admissible self-financing strategies
in this model. For any time 𝑡 > 0 (in particular for fixed
time horizon 𝑇 > 0), denote the set of value processes for
all admissible self-financing strategies 𝜑𝑠 up to time 𝑡 with𝑉𝜑0 = 0 asK𝑡; i.e.,

K𝑡 fl {∫𝑡
0
𝜑𝑠𝑑𝐹𝑠 : 𝜑𝑠 ∈ H with 𝑉𝜑0 = 0} . (10)

3.1. No Finite Horizon Arbitrage and Model Completeness.
Recall the following definitions from [16, 17].

Definition 7 (finite horizon arbitrage). (i) For any finite time
horizon 𝑇 > 0, a (self-financing) portfolio 𝜑𝑡 is an arbitrage
opportunity in this futures market model if its corresponding
value process𝑉𝜑𝑡 , 𝑡 ∈ [0, 𝑇], satisfies the following conditions.

𝑉𝜑0 = 0
and 𝑉𝜑𝑇 ≥ 0,

P − 𝑎.𝑠. with P (𝑉𝜑𝑇 > 0) > 0.
(11)

(ii) The model is said to be arbitrage-free for any finite
time horizon 𝑇 > 0 if there is no arbitrage opportunity in the
sense above.

Definition 8 (model completeness). Amarketmodel is said to
be complete if every contingent claim is attainable; i.e., there
is a self-financing strategy whose final value equals the payoff
of the claim.

Theorem 1 (2) (recalled from [14]) applied on our
Assumption 2 (3) insures there is no arbitrage opportunity
in the Schwartz one-factor model of storable commodity (3).
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We check in the result below, using the ”First Fundamental
Theorem of Asset Pricing”, that the Schwartz commodity
futures model (5) is arbitrage-free on any finite time horizon.

Proposition 9. The Schwartz’s model of commodity futures
(5) admits an equivalent martingale measure; hence, it is
arbitrage-free, for any finite time horizon 𝑇 > 0.
Proof. Solving the stochastic differential equation (4) we get
for all 𝑡 ∈ [0, 𝑇],

𝑋𝑡 = 𝑒−𝜅𝑡𝑋0 + ] [1 − 𝑒−𝜅𝑡] + 𝜎∫𝑡
0
𝑒−𝜅(𝑡−𝑠)𝑑𝑍𝑠. (12)

This (as argued for instance in [13, pp. 65-66]) implies that the
random variable 𝑋𝑡 is normally distributed as

𝑋𝑡 ∼ N(𝑒−𝜅𝑡𝑋0 + ] [1 − 𝑒−𝜅𝑡] , 𝜎22𝜅 (1 − 𝑒−2𝜅𝑡)) . (13)

From this we get E(𝑋𝑡) < ∞ and E(𝑋2𝑡 ) = V𝑎𝑟(𝑋𝑡) +[E(𝑋𝑡)]2 < ∞ for all times 𝑡 ∈ [0, 𝑇], and next we obtain
that

E [𝜓2𝑡 ] = E [(𝛾𝜎 − 𝜅
𝜎𝑋𝑡)

2]

= E [𝛾2𝜎2 −
2𝛾𝜅
𝜎2 𝑋𝑡 +

𝜅2
𝜎2𝑋2𝑡]

= 𝛾2
𝜎2 −

2𝛾𝜅
𝜎2 E [𝑋𝑡] +

𝜅2
𝜎2E [𝑋2𝑡 ] < ∞.

(14)

Hence E[exp((1/2) ∫𝑡
0
𝜓2𝑠 𝑑𝑠)] < ∞, showing that the market

price of risk 𝜓𝑡 = 𝛾/𝜎 − (𝜅/𝜎)𝑋𝑡 for the futures prices
satisfies theNovikov condition. It follows byRadon-Nikodym
Theorem that the strictly positive and P-integrable random
variable 𝐿𝑇 : Ω → R+ defined as

𝐿𝑇 fl exp(−∫𝑇
0
𝜓𝑡𝑑𝑍𝑡 − 1

2 ∫
𝑇

0
𝜓2𝑡 𝑑𝑡) (15)

defines an equivalent probability measure Q by setting𝑑Q/𝑑P fl 𝐿𝑇. Applying Girsanov’s Theorem (see [17,
Theorem 4.5.1]), this measure is an equivalent martingale
measure, i.e., under which the (discounted) futures prices
process 𝐹𝑡 is a martingale and is written as

𝑑𝐹𝑡 = 𝜎𝐹𝑡𝑑𝑊𝑡, (16)

where 𝑊𝑡 fl 𝑍𝑡 + ∫𝑡
0
𝜓𝑠𝑑𝑠, 𝑡 ∈ [0, 𝑇], is a Brownian motion

underQ, showing the result, as required.

Next, we state and prove the following result.

Proposition 10. The Schwartz commodity futures model (5) is
complete.

Proof. For any fixed time horizon 𝑇 > 0, we have to show
that for any contingent claimwith payoff a (square integrable)

random variable 𝐶𝑇, there is a self-financing portfolio 𝜑𝑡 such
that 𝑉𝜑𝑇 = 𝐶𝑇. The self-financing condition (9) means, we
seek a predictable process 𝜑𝑡 such that

𝑑𝑉𝜑𝑡 = 𝜎𝜑𝑡𝐹𝑡𝑑𝑊𝑡 with 𝑉𝜑𝑇 = 𝐶𝑇, (17)

under the equivalent martingale measure Q.
Noting that the filtration (F𝑡)𝑡 is also generated by

the Brownian motion 𝑊𝑡, the (discounted) portfolio value
process 𝑉𝜑𝑡 is a Q-martingale if and only if

𝑉𝜑𝑡 = E
Q [𝑉𝜑𝑇 | F𝑡] = E

Q [𝐶𝑇 | F𝑡]
for all times 𝑡 ∈ [0, 𝑇] , (18)

and the process𝑀𝑡 fl EQ[𝐶𝑇 | F𝑡] is aQ-martingale. But it is
easy to check that the process𝑀𝑡 is a Q-martingale since 𝐶𝑇
is square Q-integrable hence integrable because it is square
P-integrable (from the model set-up assumptions) and Q is
equivalent to P. Therefore, the Itô martingale representation
theorem (in [17, Theorem 4.6.2]) entitles that there is an F-
predictable process 𝜃𝑡 such that

𝑑𝑀𝑡 = 𝜃𝑡𝑑𝑊𝑡 i.e.,
𝑑𝑉𝜑𝑡 = 𝜃𝑡𝑑𝑊𝑡. (19)

Hence it is enough in (17) to take 𝜑𝑡 fl 𝜃𝑡/𝜎𝐹𝑡 for all times𝑡 ∈ [0, 𝑇], ending the proof.
Remark 11. Denote M𝑒𝑇(𝐹) the set of equivalent local-
martingale measures (which are equivalent martingale mea-
sures since 𝐹𝑡 is a diffusion) in the model up to time 𝑇 >0. By the “Second Fundamental Theorem of Asset Pricing”
(see [11, Theorem 5.4.9]), the completeness of this model
entitles that M𝑒𝑇(𝐹) = {Q} where Q is the above equivalent
martingale probability measure. We will need this fact as one
key argument in proving the main result of this paper in the
subsection below.

3.2. Existence of Asymptotic Exponential Arbitrage. Recall
under Assumptions 2 and 4 that the futures prices of the
underlying commodity in (2) is 𝐹𝑡 ≡ 𝐹(𝑡, 𝑇) fl 𝑆𝑡𝑒−𝛿(𝑇−𝑡) for
all times 𝑡 ∈ [0, 𝑇], where 𝑇 > 0 is a fixed time horizon, and
that for any admissible self-financing portfolio 𝜑𝑡 in H, the
investors’ wealth in the futures contract which we considered
in (9) is 𝑉𝜑𝑡 = 𝑉𝜑0 + ∫𝑡0 𝜑𝑠𝑑𝐹𝑠 at any time 𝑡 ∈ [0, 𝑇].

We see that, unlike in financial security models, since the
futures price depends on two time parameters 𝑡 and 𝑇, to
discuss the asymptotic behavior of the wealth process 𝑉𝜑𝑡 ,
i.e., from long-term trading in the futures contract when the
delivery date 𝑇 becomes larger and larger, it is enough to do
it when the running time 𝑡 is getting larger and larger.

Next, Föllmer and Schachermayer introduced the follow-
ing form of asymptotic arbitrage, which we adapt here in our
present modeling setting of commodity futures.
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Definition 12 (Definition 1.1 in [5]). The futures price process𝐹𝑡 is said to allow (strong) asymptotic arbitrage if, for any
threshold 𝜀 > 0, there are 𝑡 < ∞ and 𝑉𝜑𝑡 ∈ K𝑡 such that

(i) 𝑉𝜑𝑡 ≥ −𝜀, P − 𝑎.𝑠.,
(ii)P [𝑉𝜑𝑡 ≥ 𝜀−1] ≥ 1 − 𝜀. (20)

And they stated the following general result to prove
existence of (strong) asymptotic arbitrage in a general semi-
martingale setting.

Proposition 13 (Proposition 2.1 in [5]). For any locally
bounded semimartingale 𝑆𝑡 such that the setM𝑒𝑡 (𝑆) of equiva-
lent local martingales, for any time 𝑡 > 0, is not empty, then for
any constants 0 < 𝜀1, 𝜀2 < 1, for any time 𝑡 > 0, the following
are equivalent:

(i) There is 𝑉𝜑𝑡 ∈ K𝑡 such that 𝑉𝜑𝑡 ≥ −𝜀2, P − 𝑎.𝑠. and
P[𝑉𝜑𝑡 ≥ 1 − 𝜀2] ≥ 1 − 𝜀1.

(ii) There is 𝐴 𝑡 ∈ F𝑡 with P[𝐴 𝑡] ≤ 𝜀1 such that for each
P̃ ∈ M𝑒𝑡 (𝑆) we have P̃[𝐴 𝑡] ≤ 1 − 𝜀2.

In our present paper we use this result in proving that the
futures prices process 𝐹𝑡 in (5) allows asymptotic exponential
arbitrage in the sense below, defined by Mbele Bidima and
Rásonyi, and we compare our result to their result in a special
case of standard geometric Ornstein-Uhlenbeck process for
security assets.

Definition 14 (from Definition 1.1 in [6]). We say that the
futures prices process 𝐹𝑡 generates asymptotic exponential
arbitrage (AEA) with geometrically decaying failure proba-
bility (GDP-F), if there are constants 𝐶, 𝜆1, 𝜆2 > 0 and a
trading strategy 𝜑𝑡 ∈ H such that the value process 𝑉𝜑𝑡
satisfies the following conditions:

(i) 𝑉𝜑𝑡 ≥ −𝑒−𝜆1𝑡, P − a.𝑠.,
(ii) and P[𝑉𝜑𝑡 ≥ 𝑒𝜆1𝑡] ≥ 1 − 𝐶𝑒−𝜆2𝑡 or equivalently,
(ii)’ P[𝑉𝜑𝑡 < 𝑒𝜆1𝑡] ≤ 𝐶𝑒−𝜆2𝑡, for large time 𝑡 > 0.
This definition presents a better economic interpretation

than Föllmer and Schachermayer’s definition. Indeed, Defini-
tion 12 above means that while the maximum loss an investor
may achieve is bounded by 𝜀, its wealth up to time 𝑡 is at
least 𝜀−1 with probability larger than 1 − 𝜀. But there is no
clear relationship between the threshold 𝜀 and the time 𝑡 from
which one realizes a potential profit. This drawback is solved
in the preceding definition which says that the maximal
loss of the investor’s wealth at any time 𝑡 is exponentially
bounded in (i) by 𝑒−𝜆1𝑡 and (ii) means that, even from zero
initial capital, an investor may generate a profit that grows
exponentially fast in time with probability converging to 1
exponentially fast. And (ii)’ states that failing to achieve such
a growth profit can be controlled in time by a probability
converging to 0 exponentially fast.

Now we state below the main theorem of this paper.

Theorem 15. Consider the Schwartz commodity futures model
(5). Under Assumptions 2 and 4, there exists a trading strategy𝜑𝑡 ∈ H such that its corresponding value process 𝑉𝜑𝑡 (with zero

initial value i.e., 𝑉𝜑0 = 0) satisfies, for some positive constants
𝑐, 𝜆 ∈ R with 𝑐 < 𝜆 ∈ (0, 𝜅/2 + 𝛾2/2𝜎2),

(𝑖) 𝑉𝜑𝑡 ≥ −𝑒−𝑐𝑡, P − 𝑎.𝑠.,
(𝑖𝑖)P [𝑉𝜑𝑡 ≥ 𝑒𝑐𝑡] ≥ 1 − 𝑒−𝑏𝑡, (21)

for large time 𝑡 > 0, where 𝑏 fl (𝛾2/2𝜎2 + 𝜅/4 − 𝜆)2/(𝛾2/2𝜎2 +𝜅/2 − 𝜆) > 0.
The proof of this result relies on the application of

Proposition 13 above, an appropriate use of Large Deviation
Principle in the following preliminary result, which we prove
analogously to that derived in [5].

Indeed, consider, for any time 𝑡 > 0 and for any constant𝜆 > 0, the event,
𝐴 𝑡 fl [𝐿 𝑡𝑒(𝑌𝑡−𝑌0)𝛾/𝜎 ≥ 𝑒−𝜆𝑡] , (22)

where 𝜓𝑡 is the market price of risk process for the futures
prices process 𝐹𝑡, 𝐿 𝑡 fl exp(− ∫𝑡

0
𝜓𝑠𝑑𝑍𝑠 − (1/2) ∫𝑡

0
𝜓2𝑠 𝑑𝑠) is

the Radon-Nikodym density process similarly defined as in
equation (15) and 𝑌𝑡 fl (1/𝜎)𝑋𝑡 is the log spot prices process
weighted by the volatility 𝜎. Then, we have the following.

Lemma 16. Assume for computational simplicity that the level
of mean-reversion of log spot prices in (4) is 0; i.e., ] := 𝜇 −𝜎2/2𝜅 = 0. Then, for any 𝜆 ∈ (0, 𝜅/2 + 𝛾2/2𝜎2), we have

lim sup
𝑡→∞

1
𝑡 lnP [𝐴 𝑡] ≤ −𝑏, (23)

where 𝑏 is defined as above.
Proof. Let us mention first that our proof below is analogue
(but not exactly) to part of that of Proposition 4.1 in [5]
from which we avoid a complicating used argument on
ergodic properties of the process𝑋𝑡 by defining our𝐴 𝑡 above
differently.

Next, since we assumed ] fl 𝜇−𝜎2/2𝜅 = 0; i.e.,𝜇 = 𝜎2/2𝜅,
then (4) becomes

𝑑𝑋𝑡 = −𝜅𝑋𝑡𝑑𝑡 + 𝜎𝑑𝑍𝑡
or equivalently 𝑑𝑌𝑡 = −𝜅𝑌𝑡𝑑𝑡 + 𝑑𝑍𝑡. (24)

For all time 𝑡 > 0 we have ln(𝐿 𝑡𝑒(𝑌𝑡−𝑌0)𝛾/𝜎) = ln𝐿 𝑡 + (𝑌𝑡 −𝑌0)𝛾/𝜎, and
ln𝐿 𝑡 = −∫𝑡

0
𝜓𝑠𝑑𝑍𝑠 − 1

2 ∫
𝑡

0
𝜓2𝑠 𝑑𝑠

= −∫𝑡
0
(𝛾𝜎 − 𝜅

𝜎𝑋𝑠) 𝑑𝑍𝑠 −
1
2 ∫
𝑡

0
(𝛾𝜎 − 𝜅

𝜎𝑋𝑠)
2 𝑑𝑠

= −∫𝑡
0
(𝛾𝜎 − 𝜅𝑌𝑠) (𝑑𝑌𝑠 + 𝜅𝑌𝑠𝑑𝑠)

− 1
2 ∫
𝑡

0
(𝛾𝜎 − 𝜅𝑌𝑠)2 𝑑𝑠
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= −𝛾𝜎 ∫𝑡
0
(𝑑𝑌𝑠 + 𝜅𝑌𝑠𝑑𝑠) + 𝜅∫

𝑡

0
𝑌𝑠 (𝑑𝑌𝑠 + 𝜅𝑌𝑠𝑑𝑠)

− 1
2 ∫
𝑡

0
(𝛾2𝜎2 − 2

𝛾𝜅
𝜎 𝑌𝑠 + 𝜅2𝑌2𝑠 )𝑑𝑠

= − 𝛾𝜎 (𝑌𝑡 − 𝑌0) + 𝜅∫
𝑡

0
𝑌𝑠𝑑𝑌𝑠 + 𝜅2 ∫

𝑡

0
𝑌2𝑠 𝑑𝑠

− 𝜅2
2 ∫𝑡
0
𝑌2𝑠 𝑑𝑠 − 𝛾2

2𝜎2 𝑡

= − 𝛾𝜎 (𝑌𝑡 − 𝑌0) + 𝜅∫
𝑡

0
𝑌𝑠𝑑𝑌𝑠 + 𝜅2

2 ∫𝑡
0
𝑌2𝑠 𝑑𝑠

− 𝛾2
2𝜎2 𝑡

= 𝛾
𝜎 (𝑌0 − 𝑌𝑡) + 𝜅∫

𝑡

0
𝑌𝑠𝑑𝑌𝑠 + 𝜅2

2 ∫𝑡
0
𝑌2𝑠 𝑑𝑠

− 𝛾2
2𝜎2 𝑡

= 𝜅 (∫𝑡
0
𝑌𝑠𝑑𝑌𝑠 + 𝜅

2 ∫
𝑡

0
𝑌2𝑠 𝑑𝑠) + 𝛾

𝜎 (𝑌0 − 𝑌𝑡)

− 𝛾2
2𝜎2 𝑡.

(25)

So for all times 𝑡 > 0,

ln (𝐿 𝑡𝑒(𝑌𝑡−𝑌0)𝛾/𝜎) = 𝜅Γ𝑡 − 𝛾2
2𝜎2 𝑡,

where Γ𝑡 fl ∫𝑡
0
𝑌𝑠𝑑𝑌𝑠 + 𝜅

2 ∫
𝑡

0
𝑌2𝑠 𝑑𝑠

(26)

Applying Theorem 2.2 of [18], the stochastic process Γ𝑡/𝑡
satisfies a large deviations principle with good rate function𝐼; i.e., (see for instance [19])

−inf
𝑥∈𝑈

𝐼 (𝑥) ≤ lim inf
𝑡→∞

1
𝑡 lnP [Γ𝑡𝑡 ∈ 𝑈]

≤ lim sup
𝑡→∞

1
𝑡 lnP [Γ𝑡𝑡 ∈ 𝐵] ≤ −inf

𝑥∈𝐵
𝐼 (𝑥) ,

(27)

for any open set𝑈 and any closed set𝐵 in the natural topology
onR, with the function 𝐼 defined by

𝐼 (𝑥) =
{{{{{{{

2𝜅 (𝑥 + 1/4)2
2𝑥 + 1 , if 𝑥 > −12

∞, if 𝑥 ≤ −12 .
(28)

Since this function is strictly increasing on (−1/2,∞), the
large deviations upper bound above implies for 𝐵 fl [𝑥,∞]

that lim𝑡→∞(1/𝑡) lnP[Γ𝑡/𝑡 ≥ 𝑥] ≤ −𝐼(𝑥), for any 𝑥 > −1/2.
Next, for all times 𝑡 > 0, we obtain from (26) that

P [𝐴 𝑡] = P [𝐿 𝑡𝑒(𝑌𝑡−𝑌0)𝛾/𝜎 ≥ 𝑒−𝜆𝑡]
= P [ln (𝐿 𝑡𝑒(𝑌𝑡−𝑌0)𝛾/𝜎) ≥ −𝜆𝑡]
= P[Γ𝑡𝑡 ≥ 𝛾2

2𝜅𝜎2 −
1
𝜅𝜆] .

(29)

Hence,

lim sup
𝑡→∞

1
𝑡 lnP [𝐴 𝑡]

≤ lim sup
𝑡→∞

1
𝑡 lnP[Γ𝑡𝑡 ≥ 𝛾2

2𝜅𝜎2 −
1
𝜅𝜆]

≤ −𝐼( 𝛾2
2𝜅𝜎2 −

1
𝜅𝜆) = −𝑏,

(30)

showing the lemma, as required.

Next, we have the following.

Proof of Theorem 15. The preceding lemma implies that
P[𝐴 𝑡] ≤ 𝑒−𝑏𝑡 for all time 𝑡 > 0. Next, by definition
of the Radon-Nikodym density 𝐿 𝑡, we have Q[Ω \ 𝐴 𝑡] =
∫
Ω\𝐴𝑡

𝐿 𝑡𝑑P ≤ 𝑒−𝜆𝑡. Hence Q[𝐴 𝑡] ≥ 1 − 𝑒−𝜆𝑡 for all times
𝑡 > 0. Now, since the futures prices process 𝐹𝑡 is a locally
bounded semimartingale, then Proposition 13 and Remark 11
(on the uniqueness of the𝐸𝑀𝑀 Q) imply (with 𝜀1 fl 𝑒−𝑏𝑡 and
𝜀2 fl 𝑒−𝜆𝑡) that for large time 𝑡 > 0, there is a value process
𝑉𝜑𝑡 ∈ K𝑡; i.e., there exists a trading strategy 𝜑𝑡 ∈ H such
that 𝑉𝜑𝑡 ≥ −𝑒−𝜆𝑡, P − 𝑎.𝑠. and P[𝑉𝜑𝑡 ≥ 1 − 𝑒−𝜆𝑡] ≥ 1 − 𝑒−𝑏𝑡.

To complete the proof, for any positive constant 𝑐 < 𝜆
and for a large enough time 𝑡 > 0, define the trading strategy
𝜑𝑠 fl 𝜑𝑠𝑒(𝜆−𝑐)𝑡.Then clearly 𝜑𝑠 ∈ H and we have (at large time
𝑡) that 𝑉𝜑𝑡 = 𝑒(𝜆−𝑐)𝑡𝑉𝜑𝑡 , which implies that𝑉𝜑𝑡 ≥ −𝑒−𝑐𝑡,P−𝑎.𝑠.
and that

P [𝑉𝜑𝑡 ≥ 𝑒𝑐𝑡] = P [𝑉𝜑𝑡 ≥ 𝑒−𝜆𝑡]
≥ P [𝑉𝜑𝑡 ≥ 1 − 𝑒−𝜆𝑡] (since 𝑡 is large enough)
≥ 1 − 𝑒−𝑏𝑡,

(31)

which shows existence of a trading strategy 𝜑𝑡 that generates𝐴𝐸𝐴with 𝐺𝐷𝑃-𝐹 in the Schwartz commodity futures model,
as required.

Remark 17. Note that we have proved this result after proving
Lemma 16 under the condition that the mean-reversion level
] of the log spot prices process 𝑋𝑡 is zero. This assumption
wasmade to simplify computations. Indeed, if we assume that
] fl 𝜇 − 𝜎2/2𝜅 ̸= 0, then Theorem 15 is still stated and proved
similarly. We only modify the proof of Lemma 16 by replacing
the term (𝛾2/2𝜎2)𝑡 in (25) with the term (𝜅]𝛾/𝜎2 − 𝜅2]/𝜎 −
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𝛾2/2𝜎2)𝑡 and the constant 𝑏 in the inequality (30) would be
obtained as 𝐼(𝜅]/𝜎 + 𝛾2/2𝜅𝜎2 − ]𝛾/𝜎2 − (1/𝜅)𝜆), where 𝐼 is
the same rate function in (28).

4. Discussion and Conclusion

Thenovelty of our works and the impact of ourmain theorem
in this paper are highlighted in the following comparative
discussion. Using our modeling notations, Föllmer and
Schachermayer considered a financial security prices process𝑆𝑡 evolving as simple case geometric Ornstein-Uhlenbeck
process 𝑆𝑡 fl 𝑒𝑋𝑡 , where

𝑑𝑋𝑡 = −𝜅𝑋𝑡𝑑𝑡 + 𝜎𝑍𝑡. (32)

And they stated and proved in Theorem 4.2 of [5] the
following:

If 𝜆 ∈ (0, 𝜎2/8 + 𝜅/4) and any 𝑐1 < 𝜆, then there is a
contingent claim 𝑋𝑇 ∈ K𝑇 such that, for any 𝑐2 < 𝜆 − 𝑐1, we
have

(i) 𝑋𝑇 ≥ −𝑒−𝑐2𝑇 for large 𝑇,
(ii) lim𝑇→∞ lnP[𝑋𝑇 < 𝑒𝑐1𝑇] = −(𝜎2/8+𝜅/4−𝜆)/(𝜎2/8+𝜅/2 − 𝜆) =: 𝑏.
(1) Note first that the Schwartz one-factor model for a

storable commodity which we considered in (3)-(4) corre-
sponds to their security modeling setting under the case ] fl𝜇−𝜎2/2𝜅 = 0which we assumed in Lemma 16. And although
stated under similar conditions, the proof of our result above
(Theorem 15) is established in part using our own method.(2)Moreover, we assumed no short-selling of the under-
lying physical commodity in our work, a condition whichwas
absent in the security modeling setting of [5]. Furthermore,
the authors of [5] considered the security asset in trading is
paying no dividend while in our storable commodity setting
we considered the futures contract in trading with a constant
positive convenience yields 𝛿.(3) Next, statement (ii) of their result above implies
P[𝑋𝑇 ≥ 𝑒𝑐1𝑇] ≥ 1 − 𝑒−𝑏𝑇 for large time horizon 𝑇 > 0, which
is similar to statement (ii) of our main theorem. But one sees
the difference with our corresponding exponential decaying
probability rate 𝑏 = (𝛾2/2𝜎2 + 𝜅/4 − 𝜆)2/(𝛾2/2𝜎2 + 𝜅/2 − 𝜆),
where the term 𝜎2/8 in the expression of 𝑏 is replaced by𝛾2/2𝜎2 with 𝛾 fl 𝜅𝜇 + 𝛿 = 𝜎2/2 + 𝛿.

We clearly notice here that if 𝛿 = 0, then 𝑏 = 𝑏 and
our result will correspond to Föllmer and Schachermayer’s
Theorem 4.2.

But we assumed 𝛿 > 0; hence, we clearly observe the effect
of the constant convenience yield 𝛿 in this corresponding
storable commodity setting, which, in addition, highlights
the difference between the two results regarding the market
price of risk expression. Indeed, in the modeling setting of
Föllmer and Schachermayer, the market price of risk from(8) of [5] for the security asset is the process −(𝜅/𝜎)𝑋𝑡 +𝜎/2, and our market price of risk process for the futures
prices which we derived in (6) is −(𝜅/𝜎)𝑋𝑡 + 𝛾/𝜎 =−(𝜅/𝜎)𝑋𝑡 + 𝜎/2 + 𝛿/𝜎. This is greater (by the constant 𝛿/𝜎)
almost surely than the former market price of risk, showing

that carrying a physical commodity is riskier in trading
the Schwartz’ commodity futures than trading a financial
security in the corresponding geometricOrnstein-Uhlenbeck
setting of Föllmer and Schachermayer.

We conclude at this point that our work in this paper
could be viewed as a (storable) commodity version of the
works of Föllmer and Schachermayer done in the finan-
cial security setting of geometric Ornstein-Uhlenbeck. And
Remark 17 highlights under a general level of mean-reversion
condition that our result is stronger than this corresponding
version (Theorem 4.2) of Fölmer and Schachermayer (2007).

To conclude, we mention a common weak point of the
two results, ours and Föllmer and Schachermayer’s. Unlike
in the works of Mbele Bidima and Rásonyi in [6, 7] done in
discrete-time settings, and like other similar works such as
[8, 9], the trading opportunity producing asymptotic expo-
nential arbitrage is not explicitly constructed. Nevertheless,
our result gives an insight to potential investors that even
if arbitrage opportunities are ruled out for finite delivery
date 𝑇 > 0 as guaranteed in Proposition 9, trading in
log-term (i.e., when 𝑇 is large enough) in the Schwartz
commodity futures exchange may generate risk-less profit for
some trading strategy to be still found.
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