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In this paper, we derive a fixed-point theorem for self-mappings. That is, it is shown that every isometric self-mapping on a weakly
compact convex subset of a strictly convex Banach space has a fixed point.

1. Introduction

Let 2 be a Banach space and & be a closed convex subset 2.
Let T: € — € be a self-mapping of €. Recall that T is said
to be nonexpansive if

ITx - Tyl <lx - yl, 1

for all x,y€®. The fixed-point set of T is
Fix(T): = {x € €: Tx = x}. We say that the subset € of
is said to have an approximate fixed-point sequence for a
nonexpansive self-map T if

Jim [, - Tx, | =0, 2
for any sequence {x,},.,; C . When the closed convex subset
€ is bounded, then such a sequence always exists; indeed, by
letting ¢, € (0, 1), for all n>1, be a null sequence and defining
the maps T, x = ¢,x, + (1 —¢,)Tx where arbitrarily x, € G,
one can see that |T,y-T,x|< (1 -e)Ty-
Tx|l<(1-¢,)lly— x|, implying that T, is a contraction
mapping with contraction constant 1—¢,. By the Banach
contraction mapping theorem, it follows that there exists a
unique x,, € € such that T,,x, = x,,, which implies that

X, = &,x9 + (1 —¢,)Tx,, (3)

from  which we  get lx, = Tx,ll = €,llxo — Tx,|
<ée,supyegllx —yl.  Given  that ¢ —0 and
sup, ez llx — yll < oo, it follows that {x,},., is an approxi-
mate fixed-point sequence.

Another way of constructing an approximate fixed-point
sequence is to require or assume that Fix(T) is nonempty.
Now due to the assumption that Fix(T) # &, the sequence
{x,},>1 € € is bounded (indeed, |x, — pll <llx, — pll for all
p € Fix(T) and x, taken arbitrarily in €). Hence,

||xn - Tx,,“ = en"xo - Txn" — 0, (4)

and {x,}, is an approximating fixed point for T.
A mapping T: € — ¥ of aset € in a Banach space " is
called isometric if

ITx - Tyl =llx - yll, (5)

for all x, y € €. Note that an isometric mapping is just a
nonexpansive mapping in which the inequality is always an
equality. A well-known result of Brodskii and Milman [1]
asserts that if € is a weakly compact convex subset of 2" and
& has normal structure, then 2 has the fixed-point property
for isometric mappings. In particular, any compact convex
subset of 2" has the fixed-point property (see [2]).

References [3-10] can be consulted for fixed-point
problems on isometric mappings.

Definition 1 (strictly convex Banach space). A strictly
convex Banach space is a Banach space such that whenever
x#0+#y, then |lx + yl = x| + |yl if and only if x = Ay for
some A >0.

An example of a strictly convex Banach space is a Hilbert
space.
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Definition 2 (convex linear). Let 2 be a Banach space and
G be a closed convex subset of . Then, the map
T: € — X is said to be a convex linear if

T(ax+(1-a)y)=aTx+(1-a)y, (6)

for all x, y € € and a € (0, 1).
An example of a convex linear is a linear map.

2. Preliminaries

We introduce the following useful theorems that will be used
in the proof of our main result.

Theorem 1 (Mazur’s theorem). Every nonempty convex
subset of a Banach space is strongly closed if and only if it is
weakly closed.

Theorem 2 (Cantor’s intersection theorem). Let 2 be a
topological space. A decreasing nested sequence of nonempty
compact closed subset of & has nonempty intersection. In
other words, suppose that G, is a sequence of nonempty

@, Cnel””

compact closed subset of X satisfying €, , and it

follows that
(N & +2. 7)

3. Main Result

We give the proof of the main result of this paper, which is
accomplished in Theorem 3 below. The following lemma,
corollary, and proposition shall aid us in arriving at the
conclusion of the main result.

Lemma 1. Let 2 be a strictly convex Banach space and €<
be a closed convex subset and T: € — € be an isometric
mapping. Then, T is convex linear on €. That is, T (ax +
(1-a)y)=aTx+ (1-a)Tyforallx,y € €anda € (0,1).

Proof. Letw =ax + (1 -a)yanda € (0, 1). Without loss of
generality, assume x#y. Then, w-x=(1-a)(y—x)
implies that

lw = x| = (1 =a)lly - xI. (8)
Similarly, w — y = a(x — y) which also implies that
lw =yl = allx - yl. ©)

First, we show that Tx # T'y # Tw. To see this, we observe
that if Tx = Tw, then from (9), we have

lw—yl =alx -yl
alTx -Tyl|
al|Tw - Ty|

= allw - yll,

(10)

leading to the contradiction that a = 1.
Similarly, if Ty = Tw, then from (8), we have

lw-x|=(1-a)ly - x|
=(1-a)lTy - Tx|
(11)
=(1-a)|Tw - Tx|

=1 -a)w- x|,

leading to the contradiction that a = 0.
Now since T is an isometry, it follows that

ITx -Tyl=ITx - Tw+Tw-Tyl|
< Tx —Tw| + |[Tw - Tyl
=llx —wl + lw-yl
(12)
=1 =-a)lx -yl +alx -yl
=[x -yl
=|Tx - Tyl,

which implies that [|[Tx —Tw| + |[Tw—-Tyll = ITx - Tyl
Since X is strictly convex and Tx#Tw# Ty implies that
there exist A >0 such that

Tx—Tw=A(Tw-"Ty),

(1 +M)Tw=Tx+ATy,

(13)
1 A
Tw = me + mTy,
we obtain
Tw=pTx+(1-pB)Ty, (14)

where € (0,1) and f=1/(1+A). We finally show that
B =a.

From (14), we have Tw — Tx = (1 — 8) (T'y — Tx) which
implies that

ITw—-Tx| = (1 -BITy - Tx|. (15)
Also, Tw - Ty = B(Tx — Ty) implies that
ITw - Tyl = BITx - Tyl (16)

From (16), BITx - Tyl = [Tw - Tyl = |w - yll = alx -
yl = allTx - Ty| which implies that § =a. Hence, from
(14), we have shown that T'(ax+ (1 —a)y) =aTx+ (1 -
a)Ty which establishes the convex linearity of T. O

Corollary 1. Let & be a strictly convex Banach space, €<
be a closed convex subset, and T: € —> € be an isometric
mapping.  Then, the function f:€ — R,
(I —T)x|l is a continuous convex function.

X —>

Proof. From Lemma 1, T is a convex linear. Hence, sub-
tracting the term ax + (1 —a)y from both sides of T (ax +
(1-a)y)=aTx+ (1-a)Tyforallx,y € €anda € (0,1),
we have
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I-Tax+(1-a)y)=a(I-T)x+(1-a)(I-T)y.
(17)

We have the following evaluation:
flax+(1-a)y) =1 -T)(ax + (1 -a)y)l
=lla(1-T)x+(1-a)(1-T)yl
<al(1-T)xll + (1 - a)l(1 -T)y|
—af(0)+(1-a)f (7).

Thus, f is a convex function and continuous (because T'
is continuous). O

Proposition 1. Let f: C— R be continuous convex
function on a weakly compact convex subset € of any Banach
space L. Then, f attains its minimum on €. That is, there
exist X € € such that

f (%) = min{f (x): x € €}. (19)

Proof. Let m = inf{f (x): x € €}. We show that m> — co
and that f (X) = m for some X € 6.

Suppose that m = —00, and for each n €N, define
€, ={x€®: f(x)< —n}. For each n €N, the set &, is
closed (and weakly closed by Theorem 1), convex, and
nonempty (since m = —co). Therefore, (%,),2; forms a
nested decreasing sequence of weakly compact nonempty
sets. By Theorem 2, N2, 6, # &. But this implies that there
is some X € € such that f(x)< —n for all n € N, an im-
possibility. Consequently, m > — co.

So define neN a  sequence of  sets
€, =1{x €€ f(x)<m+ (1/n)} for all n belonging to N
(natural numbers). As before, (€,), is a nested sequence
of weakly compact nonempty sets and so N €, # 2. If
X € N E,, then X € € and f (X) = m as required. O

Theorem 3 (main result). Every isometric self-mapping
T: € — € on a weakly compact convex subset € of a
strictly convex Banach Space & has a fixed point.

Proof. We know from Corollary 1 that f(x): = (I - T)x|
is a continuous convex function. So, by Proposition 1, f
attains its minimum on C, say X. By the approximate fixed
point of T, it is always possible to choose a sequence
{x,},51 € € such that f(x,) = lx, - Tx,|< (1/n) for all
n>1. Hence, [(I-T)x|=inf|[I-T)x[|=0 and so
Tx =% xee 0

Example 1. Let € = [0,1] and T: [0,1] — [0,1], Tx =1 —
x forall x € [0, 1]. Then, T is an isometry, and by Theorem 3,
T has a fixed point.

As an application of Theorem 3, it is desired to solve the
linear problem

x-v=A(Tx-v), Ae(0,1), (20)

for some nonzero scalar A and constant vector v, where
T: € — € is linear and & is closed and convex. The
following theorem gives a solution.

Theorem 4. Let € be a closed convex subset of a Banach
space X and let T: € — € be linear and continuous. Then,
equation (20) has a solution if the following holds:

() 1Tl = A"
(2) € is weakly compact
(3) X is strictly convex

Proof. By defining the auxiliary mapping
T € — G, x— ATx+(1-A)v, (21)

it is clearly seen that T is well defined and invariant on &
since @ is convex and A€ (0,1). Since
T'y —T'x = A(Ty — Tx), then by taking norms gives us

“T’y - T'x”g, =MTy — Txllg- (22)
Since T is bounded, then

“TI)/ - T’x”g SA”T"B(Q",Q")”)’ - X"gr =1 A_IHJ/ - x”gz

=ly - xlg.
(23)
Since T' is an isometry, then by Theorem 3, one can find
a solution x = T'x = ATx + (1 — M. O
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