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In this paper, we make use of the notion of the character of a transformation on a fixed set X, provided by Purisang and Rakbud in
2016, and the notion of a Δ-structure on X, provided by Magill Jr. and Subbiah in 1974, to define a sub-semigroup of the full-
transformation semigroup T(X). We also define a sub-semigroup of that semigroup. (e regularity of those two semigroups is
also studied.

1. Introduction and Preliminaries

For any semigroup S, we call an element a of S a regular
element of S if there exists an element b of S such that
aba � a. A semigroupS is said to be regular if every element
of S is regular. (e semigroup of transformations on a
nonempty set X, denoted by T(X), is a well-known regular
semigroup. In [1], Nenthein et al. studied the regularity of
the following two sub-semigroups of T(X):

T(X, Y) ≔ α ∈ T(X): Ran(α)⊆Y{ },

T(X, Y) ≔ α ∈ T(X): α(Y)⊆Y{ },
(1)

where Y is a fixed nonempty subset of X and Ran(α) denotes
the range of α for all α ∈ T(X). (e authors obtained that the
two semigroups are regular if and only |Y| � 1 or Y � X. (e
regularity of some other sub-semigroups of T(X) has been
studied by many people (see [2–6] for some recent works).

In this paper, by a partition of a nonempty set X, we
mean a family F � Yi: i ∈ I  of nonempty subsets of X

such that X � ∪ i∈IYi and Yi ∩Yj � ∅ for all i, j ∈ I with
i≠ j. For a given partitionF � Yi: i ∈ I  of a nonempty set
X, let

TF(X) � α ∈ T(X): ∀i ∈ I∃j ∈ I, α Yi( ⊆Yj . (2)

Note that TF(X) is exactly the semigroup of all trans-
formations on X preserving the equivalence relation in-
duced by partition F. (ere have been several works
involving transformations preserving an equivalence rela-
tion (see [3–5, 7–12] for some references).

(roughout this paper, let X be a nonempty set, and let
F � Yi: i ∈ I  be a partition of X, which are arbitrarily
fixed. From the definition of a partition, Purisang and
Rakbud [11] defined a function χ(α): I⟶ I associated with
each α ∈ TF(X) called the character of α, by

∀i, j ∈ I,

χ(α)
i � j⟺α Yi( ⊆Yj.

(3)

(ey also defined and studied the regularity of the
following sub-semigroup of T(X):

T
(J)
F (X) ≔ α ∈ T(X): ∀i ∈ I∃j ∈ J, α Yi( ⊆Yj 

� α ∈ T(X): χ(α) ∈ T(I, J) ,
(4)

where J is an arbitrarily fixed nonempty subset of the index
set I. We summarize some of their results as follows.

Lemma 1 (see [11], Lemma 2.3). For every α, β ∈ T
(J)
F (X),

χ(αβ) � χ(α)χ(β).
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By making use of the notion of the character, the fol-
lowing two equivalence relations χ and χ on T

(J)
F (X) were

defined:

∀α, β ∈ T
(J)
F (X), (α, β) ∈ χ⟺χ(α)

� χ(β)
,

∀α, β ∈ T
(J)
F (X), (α, β) ∈ χ⟺χ(α)

|J � χ(β)
|J.

(5)

Note that, by Lemma 1, they both are congruence re-
lations. (e authors studied the regularity of the quotient
semigroups T

(J)
F (X)/χ and T

(J)
F (X)/χ. (e following are

what they obtained.

Theorem 1 (see [11], (eorem 2.4).  e following state-
ments hold:

(1) T
(J)
F (X)/χ � T(I, J) by the isomorphism [α]↦χ(α);

(2) T
(J)
F (X)/χ � T(J) by the isomorphism [α]↦χ(α)|J,

where for each α ∈ T
(J)
F (X), [α] and [α] denote the equiv-

alence classes of α under the equivalence relations χ and χ,
respectively.

Corollary 1 (see [11], Corollary 2.5).  e following state-
ments hold.

(1)  e three statements below are all equivalent:

(a)  e quotient semigroup T
(J)
F (X)/χ is regular;

(b)  e semigroup T(I, J) is regular;
(c) J � I or |J| � 1.

(2)  e quotient semigroup TF(X)/χ is regular.
(3)  e quotient semigroup T

(J)
F (X)/χ is regular.

(e regularity of the semigroup T
(J)
F (X) was obtained as

follows.

Theorem 2 (see [11], (eorem 2.6).  e semigroup T
(J)
F (X)

is regular if and only if |T
(J)
F (X)| � 1 or T

(J)
F (X) � T(X).

It is easy to see that for each α ∈ TF(X), the equivalence
class [α] of α under the equivalence relation χ is a sub-
semigroup of TF(X) if and only if χ(α) is an idempotent
element of T(I). In [11], the authors studied the regularity of
the semigroup [α] when α is an idempotent element of T(I).
(ey also defined some further sub-semigroups of TF(X) by
making use the notion of the character as follows: let IF(X),
SF(X), and BF(X) be the sets of all elements of TF(X)

whose characters are injective, surjective, and bijective, re-
spectively. Note that, by Lemma 1, the sets IF(X), SF(X),
and BF(X) are sub-semigroups of T(X). (e regularity of
each of these three semigroups was also studied.

It was observed by Rakbud [12] that the semigroups
T

(J)
F (X), [α] when χ(α) is idempotent, IF(X), SF(X), and

BF(X) can simultaneously be generalized by making use of
the notion of the character as follows: for every sub-semi-
group S of T(I), let

T
(S)
F (X) � α ∈ TF(X): χ(α) ∈ S . (6)

Note that, for each c ∈ T(I), the function α: X⟶ X

defined on each Yi by α(Yi) � zi , where zi is a fixed el-
ement of Yc(i) for all i ∈ I, is an element of TF(X) whose
character is exactly c. Hence, T(S)

F (X)≠∅, and by Lemma 1,
it is a sub-semigroup of TF(X).

Let S be a sub-semigroup of T(I). (en, by considering
the congruence relation χ on TF(X) restricted to T

(S)
F (X),

we have the quotient semigroup T
(S)
F (X)/χ. Obviously,

T
(S)
F (X)/χ � [α]: α ∈ T

(S)
F (X)  and T

(S)
F (X)/χ is a sub-

semigroup of TF(X)/χ. Analogously to (eorem 1, the
following result was established.

Theorem 3 (see [12], (eorem 1.14). T
(S)
F (X)/χ � S by the

isomorphism defined by [α]↦χ(α).

Immediately from (eorem 3, the following corollary
was obtained.

Corollary 2 (see [12], Corollary 1.15).  e quotient semi-
group T

(S)
F (X)/χ is regular if and only if the semigroup S is

regular.

Besides the above results, in [12], the author also used the
notion of the character to define the notion of a weakly
regular transformation and study the regularity of a semi-
group of weakly regular transformations in that sense.
However, the regularity of T

(S)
F (X) has not been studied in

general yet. (is will be in our attention here when S has a
certain property. We are mentioning that S is “the semi-
group of a Δ-structure”on I.

We now refer to the definition of a Δ-structure on a set
and some other related ones from [13] by Magill and
Subbiah. Let A be a family of nonempty subsets of X such
that X ∈ A. And, let M � Hom(A, B): A, B ∈ A{ }, where
Hom(A, B) is a nonempty set of functions from A into B for
all A, B ∈ A, with the following properties:

(Δ1) End(X): � Hom(X, X) is a monoid;
(Δ2) Ran(α) ∈ A for all α ∈ End(X);
(Δ3) For all B ∈ A, α ∈ End(X) and β ∈ Hom(Ran(α),

B), βα ∈ End(X);
(Δ4) For all α, β ∈ End(X) and A, B ∈ A with α(B)⊆A

and β(A)⊆B, if (αβ)|A � idA and (βα)|B � idB, then
β|A ∈ Hom(A, B) and α|B ∈ Hom(B, A), where idZ

denotes the identity function on Z for any non-
empty set Z.

(e pair (A,M) is called a Δ-structure on X, and the
monoid End(X) is called the semigroup of the Δ-structure
(A,M). A subset A of X is called a Δ-retract of X if there is
an idempotent element ρ of End(X) such that A � Ran(ρ).
For any A, B ∈ A, an element λ of Hom(A, B) is called a
Δ-isomorphism (from A onto B) if there is σ ∈ Hom(B, A)

such that σλ � idA and λσ � idB. It is clear for any A, B ∈ A
that an element λ of Hom(A, B) is Δ-isomorphism if and
only if λ is bijective and λ− 1 ∈ Hom(B, A).

In [13], the authors gave some characterizations of
regular elements of the semigroup End(X) as follows.
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Theorem 4 (see [13], (eorem 2.4). Let α ∈ End(X).  en,
the following statements are equivalent:

(1) α is regular;
(2) Ran(α) is a Δ-retract of X, and there is a Δ-retract A

of X such that α|A is a Δ-isomorphism from A onto
Ran(α);

(3) Ran(α) is a Δ-retract of X, and there is A ∈ A such
that α|A is a Δ-isomorphism from A onto Ran(α).

It is clear that T(X) � End(X) when X is equipped with
theΔ-structure (A,M), whereA is the family of all nonempty
subsets of X, and Hom(A, B) is the set of all functions from A

into B for all A, B ∈ A. In this setting, the Δ-retracts of X are
exactly the nonempty subsets of X, and the Δ-isomorphisms
are exactly the bijective functions. More interesting semigroups
of Δ-structures on X were given in [13] as follows:

(i) (e semigroup S(X) of all continuous maps on X is
exactly End(X) when X is a topological space
equipped with the Δ-structure (A,M), where A is
the family of all nonempty subsets of X and
Hom(A, B) is the set of all continuous maps from A

into B for all A, B ∈ A. In this setting, the Δ-retracts
of X are exactly the Δ-retracts of the topological
space X, and the Δ-isomorphisms are exactly the
homeomorphisms.

(ii) (e semigroup L(X) of all linear transformations
on X coincides with End(X) when X is a vector
space equipped with the Δ-structure (A,M), where
A is the family of all subspaces of X and Hom(A, B)

is the set of all linear transformations from A into B

for all A, B ∈ A. In this setting, the Δ-retracts of X

are exactly the subspaces of the vector space X, and
the Δ-isomorphisms are exactly the vector space
isomorphisms.

(iii) (e semigroup Γ(X) of all closedmaps onX is exactly
End(X) when X is a T1-space equipped with the
Δ-structure (A,M), where A is the family of all
nonempty closed subsets of X and Hom(A, B) is the
set of all closedmaps fromA intoB for allA, B ∈ A. In
this setting, the Δ-retracts of X are exactly the non-
empty closed subsets of the topological space X, and
theΔ-isomorphisms are exactly the homeomorphisms.

(e regularity of the semigroups S(X), L(X), and Γ(X)

was also deduced via (eorem 4. In addition, we note here
that the semigroup TE(X) of all transformations on X

preserving an equivalence relationE on X can be considered
as the semigroup of all continuous maps on X, where X is
equipped with the topology having the family of all
equivalence classes as a base. (is was proved by Huisheng
[8] (see (eorem 2.8).

(e main aim of this paper is to study the regularity of
the semigroup T

(S)
F (X), introduced in [12], when S is the

semigroup of a Δ-structure on the index set I of the partition
F. We also define, in this situation, a sub-semigroup of
T

(S)
F (X) whose regularity coincides with that of the semi-

group S.

2. The Semigroup and Its Regularity

For any nonempty sets Z and W and partitions
P � Zi: i ∈ H  and Q � Wi: i ∈ K  of Z and W, re-
spectively, let TP,Q(Z, W) be the set of all functions
λ: Z⟶W satisfying the condition that for all i ∈ H, there
is j ∈ K such that λ(Zi)⊆Wj. And, for each λ ∈ TP,Q(Z, W),
let χ(λ)

P,Q: H⟶ K be defined by

∀(i, j) ∈ H × K,

χ(λ)
P,Q(i) � j⟺λ Zi( ⊆Wj.

(7)

It is easy to verify that the map λ↦χ(λ)
P,Q from the set

TP,Q(Z, W) into the set of all functions from H into K is
surjective. If we have three nonempty sets Z, W, and U with
partitions P � Zi: i ∈ H , Q � Wi: i ∈ K , and
R � Ui: i ∈M  of Z, W, and U, respectively, we see for any
λ ∈ TP,Q(Z, W) and ρ ∈ TQ,R(W, U) that ρλ ∈ TP,R(Z, U)

and χ(ρλ)

P,R � χ(ρ)

Q,Rχ
(λ)
P,Q.

For all α, β ∈ TF(X), let

TF(α, β) � TP,Q(Ran(α),Ran(β)), (8)

where

P � Ran(α)∩Yi: i ∈ Ran χ(α)
  ,

Q � Ran(β)∩Yi: i ∈ Ran χ(β)
  .

(9)

And, for each λ ∈ TF(α, β), let χ(λ)
α,β � χ(λ)

P,Q.
Let (J,C) be a Δ-structure on the index set I of the

partition F, and let

EndF(X) � T
(End(I))
F (X) ≔ α ∈ TF(X): χ(α) ∈ End(I) .

(10)

By the property (Δ1) of the Δ-structure (J,C) on I, we
have that χ(idX) � idI ∈ End(I), which yields that
idX ∈ EndF(X). Hence, EndF(X) is a submonoid of
TF(X).

Theorem 5.  ere is a Δ-structure on X such that
End(X) � EndF(X).

Proof. Let

A � Ran(α): α ∈ EndF(X) . (11)

Since EndF(X) is a monoid, we have X ∈ A. For any
α, β ∈ EndF(X), let

Hom(Ran(α),Ran(β)) � λ ∈ TF(α, β): χ(λ)
α,β

∈ Hom Ran χ(α)
 ,Ran χ(β)

  .

(12)

(en, by the surjectivity of the map λ↦χ(λ)
α,β from the set

TF(α, β) into the set of all functions from Ran(χ(α)) into
Ran(χ(β)), we have that Hom(Ran(α),Ran(β))≠∅ for all
α, β ∈ EndF(X). Note that for all α, β, λ, ρ ∈ EndF(X), if
Ran(α) � Ran(λ) and Ran(β) � Ran(ρ), then Ran(χ(α)) �
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Ran(χ(λ)) and Ran(χ(β)) � Ran(χ(ρ)), which yields that
Hom(Ran(α),Ran(β)) � Hom(Ran(λ),Ran(ρ)). Let

M � Hom(Ran(α),Ran(β)): α, β ∈ EndF(X) . (13)

(en, from the above explanation, the family M is well
defined. We will show that (A,M) is a Δ-structure on X. It
is easy to see that

Hom(X, X) � Hom Ran idX( ,Ran idX( ( 

� λ ∈ TF(X): χ(λ) ∈ End(I) 

� EndF(X).

(14)

(us, the property (Δ1) is satisfied. From the definition
of the familyA, we immediately have that the property (Δ2)
holds. Next, we will show that the property (Δ3) is satisfied.
Let α, β ∈ EndF(X), and let λ ∈ Hom(Ran(α),Ran(β)). We
want to show that λα ∈ EndF(X). Since λ ∈ Hom(Ran(α),

Ran(β)), we have χ(λ)
α,β ∈ Hom(Ran(χ(α)),Ran(χ(β))). Since

α ∈ EndF(X), we have that χ(α) ∈ End(I). (us, by the
property (Δ3) of the Δ-structure (J,C) on I, we get
χ(λ)
α,βχ

(α) ∈ End(I). It is clear that λα ∈ TF(X), and that

χ(λα) � χ(λ)
α,βχ

(α). Hence, by the membership of χ(λ)
α,βχ

(α) in
End(I), we obtain that λα ∈ EndF(X) as desired. Finally, we
will show that the property (Δ4) holds. Let
α, β,ψ, ϕ ∈ EndF(X) be such that α(Ran(ϕ))⊆Ran(ψ) and
β(Ran(ψ))⊆Ran(ϕ). (en, χ(α), χ(β), χ(ψ), χ(ϕ) ∈ End(I).
(us, by the property (Δ2) of the Δ-structure (J,C) on I,
we get that Ran(χ(ψ)) and Ran(χ(ϕ)) belong to J. Since
Ran(αϕ) � α(Ran(ϕ))⊆Ran(ψ), we have that Ran(χ(αϕ))⊆
Ran(χ(ψ)). To see this explicitly, let j ∈ Ran(χ(αϕ)). (en,
there is i ∈ I such that χ(αϕ)(i) � j, which yields that
αϕ(Yi)⊆Yj. Fix x ∈ Yi. Since Ran(αϕ)⊆Ran(ψ), we get
that αϕ(x) ∈ Ran(ψ). (erefore, there is z ∈ X such that
αϕ(x) � ψ(z). Let k ∈ I be such that z ∈ Yk, and let
] � χ(ψ)(k). (en, ψ(Yk)⊆Y]; so αϕ(x) ∈ Y], which implies
that Yj � Y]. Hence, j � ] ∈ Ran(χ(ψ)). Similarly, by the
inclusion β(Ran(ψ))⊆Ran(ϕ), we obtain Ran(χ(βψ))⊆
Ran(χ(ϕ)). We now have two inclusions Ran(χ(αϕ))⊆
Ran(χ(ψ)) and Ran(χ(βψ))⊆Ran(χ(ϕ)). From these, we get by
Lemma 1 that χ(α)(Ran(χ(ϕ)))⊆Ran(χ(ψ)) and
χ(β)(Ran(χ(ψ)))⊆ Ran(χ(ϕ)). By the assumptions that
α(Ran(ϕ))⊆Ran(ψ) and that β(Ran(ψ))⊆Ran(ϕ), we have
α|Ran(ϕ): Ran(ϕ)⟶ Ran(ψ) and β|Ran(ψ): Ran(ψ)⟶
Ran(ϕ), respectively. And, from the membership of α in
TF(X), we get that for all i ∈ Ran(χ(ϕ)), there exists
j ∈ Ran(χ(ψ)) such that α|Ran(ϕ)(Yi ∩Ran (ϕ))⊆Yj. (us,
α|Ran(ϕ) ∈ TF(ϕ,ψ). By the inclusion χ(α)(Ran(χ(ϕ)))

⊆Ran(χ(ψ)), we have χ(α)|Ran(χ(ϕ)): Ran(χ(ϕ))⟶ Ran(χ(ψ)),

which yields that χ
(α|Ran(ϕ))

ϕ,ψ � χ(α)|Ran(χ(ϕ)). Similarly, we have

that β|Ran(ψ) ∈ TF(ψ, ϕ), and that χ(β|Ran(ψ))

ψ,ϕ � χ(β)|Ran(χ(ψ)).
Suppose that (βα)|Ran(ϕ) � idRan(ϕ), and that (αβ)|Ran(ψ) �

idRan(ψ). We want to show that α|Ran(ϕ) ∈ Hom
(Ran(ϕ),Ran(ψ)), and that β|Ran(ψ) ∈ Hom(Ran(ψ),

Ran(ϕ)). By the inclusions χ(α)(Ran(χ(ϕ)))⊆Ran(χ(ψ)) and
χ(β)(Ran(χ(ψ)))⊆Ran(χ(ϕ)), we have, respectively, that (χ(β)

χ(α))|Ran(χ(ϕ)): Ran (χ(ϕ))⟶ Ran(χ(ϕ)) and (χ(α)

χ(β))|Ran(χ(ψ)): Ran (χ(ψ))⟶ Ran(χ(ψ)). And, since
(βα)|Ran(ϕ) � idRan(ϕ) and (αβ)|Ran(ψ) � idRan(ψ), it follows
that (χ(β)χ(α))|Ran(χ(ϕ)) � idRan(χ(ϕ)) and (χ(α)χ(β))|Ran(χ(ψ)) �

idRan(χ(ψ)), respectively.(erefore, by the property (Δ4) of the

Δ-structure (J,C) on I, we obtain that χ
(α|Ran(ϕ))

ϕ,ψ �

χ(α)|Ran(χ(ϕ)) ∈ Hom(Ran(χ(ϕ)),Ran(χ(ψ))) and χ(β|Ran(ψ))

ψ,ϕ �

χ(β)|Ran(χ(ψ)) ∈ Hom(Ran(χ(ψ)),Ran(χ(ϕ))). (ese yield,
respectively, that α|Ran(ϕ) ∈ Hom(Ran(ϕ),Ran(ψ)) and
β|Ran(ψ) ∈ Hom(Ran(ψ),Ran(ϕ)). □

From now on, we will consider the Δ-structure (A,M) on
X defined in the proof of (eorem 5, and the semigroup
EndF(X) of this △-structure will be in our attention. By
(eorem 4, the regularity of elements of the semigroup
EndF(X) can roughly be characterized. To get more precise
characterizations, according to (eorem 4, the notions of a
Δ-retract and a Δ-isomorphism in the Δ-structure (A,M) on
X should particularly be studied. For that purpose, the fol-
lowing elementary theorem, stating some characterizations of
idempotent elements in a transformation semigroup, is needed.

Theorem 6. Let Z be a nonempty set and α ∈ T(Z).  en,
the following statements are equivalent:

(1) α is idempotent;
(2) α|Ran(α) � idRan(α);
(3)  ere is a partition Zj: j ∈ E  of Z and a subset

zj: j ∈ E  of Z such that zj ∈ Zj for all j ∈ E and
α(Zj) � zj  for all j ∈ E.

In this situation, the partition Zj: j ∈ E  and the subset
Zj: j ∈ E  of Z are unique determined by α.

For each nonempty subset A of X, we see that there is a
unique subset of I, denoted by JA, such that the family
A∩Yi: i ∈ JA  is a partition of A. In particular, we have that

JA is exactly Ran(χ(α)) if A � Ran(α) for some α ∈ TF(X).

Proposition 1. Let c ∈ T(I), and let A⊆X. If c is idempotent
and JA � Ran(c), then there is an idempotent element α of
TF(X) such that χ(α) � c and A � Ran(α).

Proof. Suppose that c is idempotent, and that JA � Ran(c).
(en, by(eorem 6, there is a partition Ij: j ∈ E  of I and a
subset ij: j ∈ E  of I such that ij ∈ Ij and c(Ij) � ij  for all
j ∈ E. From this, we have that JA � Ran(c) � ij: j ∈ E . For
each j ∈ E, let αj ∈ TFj

(∪ i∈Ij
Yi), where Fj � Yi: i ∈ Ij ,

be idempotent such that χ(αj)(i) � ij for all i ∈ Ij and
Ran(αj) � A∩Yij

. And, finally, let α: X⟶ X be defined by

α|∪ i∈Ij
Yi

� αj for all j ∈ E. Since ∪ i∈Ij
Yi: j ∈ E  is a par-

tition ofX, it follows that α is well defined. It is clear by the way
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of defining α that α ∈ TF(X) with χ(α) � c. It is also clear that
α is idempotent with Ran(α) � A. □

From Proposition 1, the following corollary is easily
obtained.

Corollary 3. Let A⊆X.  en, A is a Δ-retract of X if and only
if JA is a Δ-retract of I.

Proof. Suppose that A is a Δ-retract of X. (en, there is an
idempotent element α of EndF(X) such that A � Ran(α),
which yields that JA � Ran(χ(α)). Since α is idempotent, we
have by Lemma 1 that χ(α) is an idempotent element of
End(I). Hence, JA is a Δ-retract of I. Conversely, suppose
that JA is a Δ-retract of I. (en, there is an idempotent
element c of End(I) such that JA � Ran(c). (us, by
Proposition 1, the set A is a Δ-retract of X. □

Proposition 2. Let α, β ∈ EndF(X), and let
λ ∈ Hom(Ran(α),Ran(β)). If λ is a Δ-isomorphism, then χ(λ)

α,β
is a Δ-isomorphism.

Proof. Let λ ∈ Hom(Ran(α),Ran(β)). (en, χ(λ)
α,β ∈ Hom

(Ran(χ(α)),Ran(χ(β))). Suppose that λ is a Δ-isomorphism.
(en, there exists ψ ∈ Hom (Ran(β),Ran(α)) such that λψ �

idRan(β) and ψλ � idRan(α). By the membership of ψ in
Hom(Ran(β),Ran(α)), we have χ(ψ)

(β,α) ∈ Hom(Ran (χ(β)),

Ran(χ(α))). Since λψ � idRan(β), we get that χ(λ)
α,βχ

(ψ)

β,α �

χ(λψ)

β,β � χ
(idRan(β))

β,β � idRan(χ(β)). Similarly, sinceψλ � idRan(α), we

get χ(ψ)

β,α χ
(λ)
α,β � idRan(χ(α)). (us, χ(λ)

α,β is a Δ-isomorphism. □

In the following theorem, we provide a characterization
of the regularity of elements of EndF(X) in terms of the
Δ-retract and the Δ-isomorphism of I.

Theorem 7. Let α ∈ EndF(X).  en, α is regular if and only
if Ran(χ(α)) is a Δ-retract of I, and there is A⊆X such that
each of the following statements holds true:

(i) JA is Δ-retract of I;
(ii) χ(α)|JA

is a Δ-isomorphism from JA onto Ran(χ(α));
(iii) α|A∩Yi

is a bijective function from A∩Yi onto
Ran(α)∩Yχ(α)(i) for all i ∈ JA.

Proof. Suppose that Ran(χ(α)) is a Δ-retract of I, and that
there exists a subset A of X such that each of the following
statements holds true:

(i) JA is Δ-retract of I;
(ii) χ(α)|JA

is a Δ-isomorphism from JA onto Ran(χ(α));
(iii) α|A∩Yi

is a bijective function from A∩Yi onto
Ran(α)∩Yχ(α)(i) for all i ∈ JA.

Since Ran(χ(α)) is a Δ-retract of I, we have by Corollary 3
that Ran(α) is aΔ-retract of X. And, since JA is aΔ-retract of
I, there is an idempotent element c of End(I) such that

JA � Ran(c). (us, by Proposition 1, there is an idempotent
element β of TF(X) such that χ(β) � c and A � Ran(β). (is
yields that A is a Δ-retract of X. By condition (ii), we have
that χ(α)|JA

is a bijective function from JA onto Ran(χ(α)).
(us, by condition (iii), we get that α|A, which is an element
of TF(β, α), is bijective. By condition (ii) once again, we
have χ(α|A)

β,α � χ(α)|JA
∈ Hom(JA,Ran(χ(α))) and χ((α|A)−1)

α,β �

(χ(α)|JA
)− 1 ∈ Hom(Ran(χ(α)), JA). It follows that α|A is a

Δ-isomorphism from A onto Ran(α). (erefore, by (eo-
rem 4, we obtain that α is regular. Conversely, suppose that α
is regular. (en, by (eorem 4, we get that Ran(α) is a
Δ-retract of X, and that there is a Δ-retract A of X such that
α|A is a Δ-isomorphism from A onto Ran(α). Since Ran(α)

and A are Δ-retracts of X, we have by Corollary 3 that
Ran(χ(α)) and JA areΔ-retracts of I, respectively. Since α|A is
a Δ-isomorphism from A onto Ran(α), we have that (iii)
holds. And, by Proposition 2, we get that (ii) holds. □

If End(I) � T(I), then EndF(X) becomes TF(X).
Hence, by(eorem 7, the following corollary is immediately
obtained.

Corollary 4. Let α ∈ TF(X).  en, α is regular if and only if
there isA⊆X such that each of the following statements holds true:

(i) χ(α)|JA
is a bijective function from JA onto Ran(χ(α));

(ii) α|A∩Yi
is a bijective function from A∩Yi onto

Ran(α)∩Yχ(α)(i) for all i ∈ JA.

Note that by considering TF(X) as the semigroup of all
continuous maps on X, where X is equipped with the to-
pology having the family of all equivalence classes as a base,
the regularity of α ∈ TF(X) can be deduced from(eorem 4
as well. (is was provided by Huisheng [9]. (e author
obtained for any α ∈ TF(X) that α is regular if and only if
for each i ∈ I, there is j ∈ I such that Yi ∩Ran(α)⊆α(Yj).
Here, we get another characterization of the regularity of
elements of TF(X) in terms of the character.

(e following three corollaries are immediately obtained
from (eorem 7 as well.

Corollary 5. Suppose that I is a topological space, and let
End(I) � S(I). Let α ∈ EndF(X).  en, α is regular if and
only if there is A⊆X such that each of the following statements
holds true:

(i) χ(α)|JA
is a homeomorphism from JA onto Ran(χ(α));

(ii) α|A∩Yi
is a bijective function from A∩Yi onto

Ran(α)∩Yχ(α)(i) for all i ∈ JA.

Corollary 6. Suppose that I is a T1-space, and let
End(I) � Γ(I). Let α ∈ EndF(X).  en, α is regular if and
only if there is A⊆X such that each of the following statements
holds true:

(i) JA is a closed subset of I;
(ii) χ(α)|JA

is a homeomorphism from JA onto Ran(χ(α));
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(iii) α|A∩Yi
is a bijective function from A∩Yi onto

Ran(α)∩Yχ(α)(i) for all i ∈ JA.

Corollary 7. Suppose that I is a vector space, and let
End(I) � L(I). Let α ∈ EndF(X).  en, α is regular if and
only if there is A⊆X such that each of the following statements
holds true:

(i) JA is a subspace of I;
(ii) χ(α)|JA

is an isomorphism from JA onto Ran(χ(α));
(iii) α|A∩Yi

is a bijective function from A∩Yi onto
Ran(α)∩Yχ(α)(i) for all i ∈ JA.

We end this section with a discussion on the regularity of
the quotient semigroup EndF(X)/χ, where χ is the con-
gruence relation on EndF(X) defined by

∀α, β ∈ EndF(X),

αχβ⟺ χ(α)
� χ(β)

.
(15)

By virtue of Corollary 2, we immediately get that the
semigroup EndF(X)/χ is regular if and only if the semi-
group End(I) is regular.

3. A Subsemigroup of EndF(X) and
Its Regularity

In this section, we define a sub-semigroup of EndF(X) and
study the regularity of that semigroup. Let κ be a cardinal
number, and let

M
(κ)
F (X) � α ∈ TF(X): ∀i ∈ Ran χ(α)

 , |Yi ∩Ran(α)|≤ κ .

(16)

Lemma 2. Let σ, ρ ∈M
(κ)
F (X) and c ∈ TF(σ, ρ).  en,

cσ ∈M
(κ)
F (X).

Proof. Let β � cσ. We now want to show that β ∈M
(κ)
F (X). It

is clear that β ∈ TF(X). Next, let i ∈ Ran(χ(β)). Since
χ(β) � χ(c)

σ,ρ χ(σ), we have Ran(χ(β)) � χ(c)
σ,ρ(Ran(χ(σ)))

⊆Ran(χ(c)
σ,ρ )⊆Ran(χ(ρ)). (us, i ∈ Ran(χ(ρ)), and there is

j ∈ Ran(χ(σ)) such that χ(c)
σ,ρ(j) � i, which yields that

c(Yj ∩Ran(σ))⊆Yi ∩Ran(ρ). Since j ∈ Ran(χ(σ)), there is
k ∈ I such that χ(σ)(k) � j, which implies that σ(Yk)⊆Yj.
(us, β(Yk) � c(σ(Yk)) � c(σ(Yk)∩Ran(σ))⊆ c(Yj ∩Ran
(σ))⊆Yi ∩Ran(ρ). From this, we obtain that Yi ∩Ran(β)≠∅.
Since i ∈ Ran(χ(ρ)), we have that |Yi ∩Ran(ρ)|≤ κ. And, since
Ran(β)⊆Ran(c)⊆Ran(ρ), it follows that
0< |Yi ∩Ran(β)|≤ |Yi ∩Ran(ρ)|≤ κ.(us, β ∈M

(κ)
F (X). □

Corollary 8.  e set M
(κ)
F (X) is a sub-semigroup of TF(X).

Proof. Let α, β ∈M
(κ)
F (X). (en, α|Ran(β) ∈ TF(β, α). (us,

by Lemma 2, we get that αβ � α|Ran(β)β ∈M
(κ)
F (X). □

Let

E
(κ)
F (X) � EndF(X)∩M

(κ)
F (X). (17)

Note that for each c ∈ T(I), there is α ∈M
(κ)
F (X) such

that χ(α) � c. Such a function α can easily be defined as
follows: for each j ∈ Ran(c), let zj be a fixed element of Yj

and let α: X⟶ X be defined by α(∪ i∈c−1(j)Yi) � zj  for
all j ∈ Ran(c). (us, by the note, we have that E

(κ)
F (X)≠∅.

Furthermore, it is a sub-semigroup of EndF(X).

Theorem 8. Let α ∈ E
(1)
F (X).  en, the following statements

are equivalent:

(1) α is a regular element of E
(1)
F (X);

(2) α is a regular element of EndF(X);
(3) χ(α) is a regular element of End(I).

Proof. ((3)⇒(2)). Suppose that χ(α) is a regular element of
End(I). (en, by the regularity of χ(α) in End(I), we get by
(eorem 4 that Ran(χ(α)) is a Δ-retract of I, and that there is
an idempotent element c of End(I) such that χ(α)|Ran(c) is a
Δ-isomorphism from Ran(c) onto Ran(χ(α)). Since c is an
idempotent element of End(I), we have by (eorem 6 that
there is a partition Ij: j ∈ E  of I and a subset ij: j ∈ E 

of I with ij ∈ Ij for all j ∈ E such that c(Ij) � ij  for all
j ∈ E. So, Ran(c) � ij: j ∈ E . Since χ(α)|Ran(c) is a
Δ-isomorphism from Ran(c) onto Ran(χ(α)), we have that
χ(α)|Ran(c) ∈ Hom(Ran(c),Ran(χ(α))) is bijective, and that
(χ(α)|Ran(c))

− 1 ∈ Hom(Ran(χ(α)),Ran(c)). So, Ran(χ(α)) �

χ(α)(ij): j ∈ E  with |Ran(χ(α))| � |E|. Since α ∈M
(1)
F (X),

we have that |Ran(α)∩Yi| � 1 for all i ∈ Ran(χ(α)). Let
Ran(α)∩Yχ(α)(ij) � aj  for all j ∈ E. (en,
Ran(α) � aj: j ∈ E . For each j ∈ E, fix bj ∈ α− 1(aj)∩Yij

.

Let β: X⟶ X be defined by β(∪ i∈Ij
Yi) � bj  for all j ∈ E.

Since the family ∪ i∈Ij
Yi: j ∈ E  is a partition of X, we get

that β is well defined. It is clear that β is an idempotent element
of TF(X), and that χ(β) � c ∈ End(I). (us, β is an idem-
potent element of EndF(X) yields that Ran(β) is aΔ-retract of
X. Moreover, we have α|Ran(β)∩Yi

is a bijective function from
Ran(β)∩Yi onto Ran(α)∩Yχ(α)(i) for all i ∈ Ran(χ(β)).
(erefore, by (eorem 7, we obtain that α is regular.

((2)⇒(1)). Suppose that α is a regular element of
EndF(X). (en, by (eorem 4 and Proposition 1, there
exists an idempotent element σ of EndF(X) such that χ(σ) �

χ(α) and Ran(α) � Ran(σ). Since α ∈ E
(1)
F (X), it follows that

σ ∈ E
(1)
F (X). By (eorem 7, there exists an idempotent el-

ement ρ of EndF(X) such that

(a) χ(α)|Ran(χ(ρ)) is a △-isomorphism from Ran(χ(ρ))

onto Ran(χ(σ));
(b) α|Ran(ρ)∩Yi

is a bijective function from Ran(ρ)∩Yi

onto Ran(σ)∩Yχ(σ)(i) for all i ∈ Ran(χ(ρ)).

From (a) and (b), we have that
(α|Ran(ρ))

− 1 ∈ Hom(Ran(σ),Ran(ρ)) and ρ ∈ E
(1)
F (X), re-

spectively. Let β � (α|Ran(ρ))
− 1σ. (en, by the property (Δ3),

we have that β ∈ EndF(X). And, by Lemma 2, we imme-
diately obtain that β ∈M

(1)
F (X). (us, β ∈ E

(1)
F (X). Finally,

we will show that αβα � α. Let x ∈ X. (en, α(x) ∈ Ran(σ).
Hence, there is z ∈ X such that α(x) � σ(z). And, since σ is
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idempotent, it follows that αβα(x) � σ(α(x)) � σ(σ(z)) �

σ(z) � α(x). (erefore, αβα � α, and hence α is a regular
element of E

(1)
F (X).

((1)⇒(3)). It follows directly from Lemma 1. □

Corollary 9.  e semigroup E
(1)
F (X) is regular if and only if

End(I) is regular.

4. Conclusions

(e semigroup T
(S)
F (X), where S is a sub-semigroup of

T(I), was first defined by Rakbud [12] in 2018 via the notion
of the character introduced by Purisang and Rakbud [11] in
2016. Here, we focus on studying the regularity of the
semigroup T

(S)
F (X) when S is the semigroup of a

Δ-structure on I, which is written as S � End(I). In our
study, we obtain that T

(S)
F (X), which is denoted by

EndF(X), is the semigroup of aΔ-structure on X. From this,
the regularity of elements of EndF(X) can generally be
explained via (eorem 4 established by Magill and Subbiah
[13] in 1974. We also obtain a characterization of regular
elements of EndF(X) in terms of the Δ-structure on I (see
(eorem 7). From this result, we deduce the regularity of
EndF(X) when End(I) is one of the following semigroups:
the transformation semigroup T(I), the semigroup S(I) of
continuous maps on I when I is a topological space, the
semigroup Γ(I) of closed maps on I when I is a T1-space,
and the semigroup L(I) of linear transformations on I when
I is a vector space (see Corollaries 4–7). Apart from the
regularity of EndF(X), we provide a sub-semigroup of
EndF(X), namely, the semigroup E

(1)
F (X), whose regularity

coincides with that of End(I). In [13], Magill and Subbiah
also generally gave some characterizations of Green’s rela-
tions for regular elements of the semigroup of a Δ-structure.
Since our semigroup EndF(X) is the semigroup of a
Δ-structure on X, some rough characterizations of Green’s
relations for regular elements of EndF(X) can immediately
be deduced from the results of Magill Jr. and Subbiah.

We end this paper with some interesting questions:

(1) Can Green’s relations for regular elements of
EndF(X) be characterized more deeply in terms of
the Δ-structure on I?

(2) Can other notions such as the ideal, the rank, the left
regularity, and the right regularity in the semigroup
EndF(X) be explained in terms of those in the
semigroup End(I)?
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