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In this paper, we make use of the notion of the character of a transformation on a fixed set X, provided by Purisang and Rakbud in
2016, and the notion of a A-structure on X, provided by Magill Jr. and Subbiah in 1974, to define a sub-semigroup of the full-
transformation semigroup T (X). We also define a sub-semigroup of that semigroup. The regularity of those two semigroups is

also studied.

1. Introduction and Preliminaries

For any semigroup &, we call an element a of & a regular
element of & if there exists an element b of & such that
aba = a. A semigroup & is said to be regular if every element
of & is regular. The semigroup of transformations on a
nonempty set X, denoted by T (X), is a well-known regular
semigroup. In [1], Nenthein et al. studied the regularity of
the following two sub-semigroups of T (X):

T(X,Y):={a € T(X): Ran(a)<Y},

1
T(X,Y) ={aeT(X): a(Y)CY}, ()
where Y is a fixed nonempty subset of X and Ran («) denotes
the range of  for all « € T'(X). The authors obtained that the
two semigroups are regular if and only |Y| = 1 or Y = X. The
regularity of some other sub-semigroups of T'(X) has been
studied by many people (see [2-6] for some recent works).
In this paper, by a partition of a nonempty set X, we
mean a family & = {Y;: i € I} of nonempty subsets of X
such that X = U,,Y; and Y;NY; = @ for all 4, j € I with
i# j. For a given partition & = {Y;: i € I} of a nonempty set
X, let

Ty (X) ={a e T(X): Vieldjela(Y,)Y;} (2)

Note that T'5 (X) is exactly the semigroup of all trans-
formations on X preserving the equivalence relation in-
duced by partition F. There have been several works
involving transformations preserving an equivalence rela-
tion (see [3-5, 7-12] for some references).

Throughout this paper, let X be a nonempty set, and let
F ={Y;: i € I} be a partition of X, which are arbitrarily
fixed. From the definition of a partition, Purisang and
Rakbud [11] defined a function X(“): I — I associated with

each a € Ty (X) called the character of a, by
Vi,jel,

(3)
A Vi= jesa(Y,)ey ;.

They also defined and studied the regularity of the
following sub-semigroup of T'(X):

TP (X) = {ae T(X): Vieldje J,a(Y,)cy,;}

(4)
={a e T(X): X e T(I,))},

where ] is an arbitrarily fixed nonempty subset of the index
set I. We summarize some of their results as follows.

Lemma 1 (see [11], Lemma 2.3). For every a, f5 € Tg) (X),
LB = @y B,
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By making use of the notion of the character, the fol-
lowing two equivalence relations y and ¥ on Tg) (X) were
defined:

(“7[;) c X<:>X(06) — X(ﬁ),
(ﬁ)l
I

Vo, e TY (X), )

5

Vo, e TL(X),  (ap) € ="l = x

Note that, by Lemma 1, they both are congruence re-

lations. The authors studied the regularity of the quotient

semigroups Tg) (X)/y and T(gj) (X)/x. The following are
what they obtained.

Theorem 1 (see [11], Theorem 2.4).
ments hold:
1) Tg) (X)/x =T(1,]) by the isomorphism [oc]»—>)(("‘);
2) Tg) (X)/x =T (]) by the isomorphism f(;]HX(“)I],
where for each « € Tg) (X), [«] and [a] denote the equiv-

alence classes of a under the equivalence relations y and ¥,
respectively.

The following state-

Corollary 1 (see [11], Corollary 2.5).
ments hold.

The following state-

(1) The three statements below are all equivalent:

(a) The quotient semigroup Tg) (X)/y is regular;
(b) The semigroup T (I,]) is regular;
(c)J=Tor|]l=1

(2) The quotient semigroup T (X)/x is regular.
(3) The quotient semigroup Tg) (X)/x is regular.

The regularity of the semigroup Tg) (X) was obtained as
follows.

Theorem 2 (see [11], Theorem 2.6). The semigroup TEJD (X)
is regular if and only ifITg) (X) =1 or Tg) (X) = T (X).

It is easy to see that for each a € T (X), the equivalence
class [a] of a under the equivalence relation y is a sub-
semigroup of T (X) if and only if y(® is an idempotent
element of T'(I). In [11], the authors studied the regularity of
the semigroup [«] when « is an idempotent element of T (I).
They also defined some further sub-semigroups of T'g; (X) by
making use the notion of the character as follows: let I, (X),
Sg (X), and Bg (X) be the sets of all elements of Ty (X)
whose characters are injective, surjective, and bijective, re-
spectively. Note that, by Lemma 1, the sets I (X), Sg (X),
and Bg (X) are sub-semigroups of T (X). The regularity of
each of these three semigroups was also studied.

It was observed by Rakbud [12] that the semigroups
Tg) (X), [«] when X(“) is idempotent, I (X), S (X), and
Bg, (X) can simultaneously be generalized by making use of
the notion of the character as follows: for every sub-semi-
group & of T'(I), let

T (X) ={a e T (X): x@ e s} (6)

Note that, for each y € T(I), the function a: X — X
defined on each Y; by a(Y,) = {z;}, where z; is a fixed el-
ement of Y, ;) for all i € I, is an element of T (X) whose
character is exactly y. Hence, Tf(;g) (X) # &, and by Lemma 1,
it is a sub-semigroup of T'g (X).

Let & be a sub-semigroup of T (I). Then, by considering
the congruence relation y on Ty (X) restricted to TE; ) (X),
we have the quotient semigroup Tf; 4 (X)/x. Obviously,
T (X)/y = t{[(x]: ae TS (X)) and TS (X)/y is a sub-
semigroup of T (X)/y. Analogously to Theorem 1, the
following result was established.

Theorem 3 (see [12], Theorem 1.14). Tf,;g) (X)/x = S by the
isomorphism defined by [a]—y ®.

Immediately from Theorem 3, the following corollary
was obtained.

Corollary 2 (see [12], Corollary 1.15). The quotient semi-
group Tg) (X)/x is regular if and only if the semigroup § is
regular.

Besides the above results, in [12], the author also used the
notion of the character to define the notion of a weakly
regular transformation and study the regularity of a semi-
group of weakly regular transformations in that sense.
However, the regularity of T(; )(X) has not been studied in
general yet. This will be in our attention here when & has a
certain property. We are mentioning that & is “the semi-
group of a A-structure”on 1.

We now refer to the definition of a A-structure on a set
and some other related ones from [13] by Magill and
Subbiah. Let &/ be a family of nonempty subsets of X such
that X € o/. And, let /# = {Hom (A, B): A, B € &/}, where
Hom (A, B) is a nonempty set of functions from A into B for
all A, B € o, with the following properties:

(A1) End(X): = Hom (X, X) is a monoid;
(A2) Ran(«a) € o for all « € End (X);

(A3) For all Be ¢, a € End(X) and 5 € Hom (Ran («),
B), fa € End (X);

(A4) For all o, 8 € End(X) and A, B € of with a(B)CA
and B(A)CB, if (aff)|, = id, and (Ba)|g = idg, then
Bl € Hom (A, B) and a|; € Hom (B, A), where id,,
denotes the identity function on Z for any non-
empty set Z.

The pair (o, ) is called a A-structure on X, and the
monoid End(X) is called the semigroup of the A-structure
(oA, M). A subset A of X is called a A-retract of X if there is
an idempotent element p of End (X) such that A = Ran(p).
For any A,B € o/, an element A of Hom (A, B) is called a
A-isomorphism (from A onto B) if there is 0 € Hom (B, A)
such that oA = id, and Ao = idy. It is clear for any A, B € &/
that an element A of Hom (A, B) is A-isomorphism if and
only if A is bijective and ™' € Hom (B, A).

In [13], the authors gave some characterizations of
regular elements of the semigroup End(X) as follows.
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Theorem 4 (see [13], Theorem 2.4). Let « € End(X). Then,
the following statements are equivalent:

(1) « is regular;
(2) Ran(a) is a A-retract of X, and there is a A-retract A

of X such that «|, is a A-isomorphism from A onto
Ran(a);

(3) Ran(a) is a A-retract of X, and there is A € o such
that a|, is a A-isomorphism from A onto Ran ().

It is clear that T'(X) = End (X) when X is equipped with
the A-structure (&, #), where o is the family of all nonempty
subsets of X, and Hom (A, B) is the set of all functions from A
into B for all A, B € &/. In this setting, the A-retracts of X are
exactly the nonempty subsets of X, and the A-isomorphisms
are exactly the bijective functions. More interesting semigroups
of A-structures on X were given in [13] as follows:

(i) The semigroup S(X) of all continuous maps on X is
exactly End(X) when X is a topological space
equipped with the A-structure (<, /), where o is
the family of all nonempty subsets of X and
Hom (A, B) is the set of all continuous maps from A
into B for all A, B € &/. In this setting, the A-retracts
of X are exactly the A-retracts of the topological
space X, and the A-isomorphisms are exactly the
homeomorphisms.

(ii) The semigroup L(X) of all linear transformations
on X coincides with End(X) when X is a vector
space equipped with the A-structure (<, .#), where
o is the family of all subspaces of X and Hom (A, B)
is the set of all linear transformations from A into B
for all A, B € &. In this setting, the A-retracts of X
are exactly the subspaces of the vector space X, and
the A-isomorphisms are exactly the vector space
isomorphisms.

(iii) The semigroup I' (X) of all closed maps on X is exactly
End(X) when X is a T,-space equipped with the
A-structure (<, M), where o/ is the family of all
nonempty closed subsets of X and Hom (A, B) is the
set of all closed maps from A into Bforall A, B € &/.In
this setting, the A-retracts of X are exactly the non-
empty closed subsets of the topological space X, and
the A-isomorphisms are exactly the homeomorphisms.

The regularity of the semigroups S (X), L(X), and I'(X)
was also deduced via Theorem 4. In addition, we note here
that the semigroup T'» (X) of all transformations on X
preserving an equivalence relation & on X can be considered
as the semigroup of all continuous maps on X, where X is
equipped with the topology having the family of all
equivalence classes as a base. This was proved by Huisheng
[8] (see Theorem 2.8).

The main aim of this paper is to study the regularity of
the semigroup T;ﬁy) (X), introduced in [12], when & is the
semigroup of a A-structure on the index set I of the partition
F. We also define, in this situation, a sub-semigroup of
Tg )(X) whose regularity coincides with that of the semi-
group §.

2. The Semigroup and Its Regularity

For any nonempty sets Z and W and partitions
P={Z:icH} and @={W;: i €K} of Z and W, re-
spectively, let Ty 4(Z,W) be the set of all functions
A: Z — W satisfying the condition that for all i € H, there
is j € K such thatA(Zi)QWj. And, foreach A € T3 4 (Z, W),

let Xg?@: H — K be defined by

V(i,j) € HxK,

7
X (i) = je=A (Z))w . 7

It is easy to verify that the map Al—))(g’)@ from the set
T 3,4(Z, W) into the set of all functions from H into K is
surjective. If we have three nonempty sets Z, W, and U with
partitions P ={Z:ieH}, @={W;ieK}, and
R ={U;: i € M}of Z,W,and U, respectively, we see for any
AMeTge(Z,W)and p € Tpq(W,U) that pA € Ty g (Z,U)

(0229 I ) 0|
and ng,gz = @icze)(g»,@-
For all o, f3 € T4 (X), let

T4 (&, ) = Ty o (Ran(a), Ran (f)), (8)

where

(9)

P ={Ran(oc) NY;: ie Ran()((“))},
) {Ran(ﬁ)ﬂYi: i€ Ran(X(ﬁ))}.

And, for each A € T4 (a, §), let Xyg = Xg,)@-
Let (7,%) be a A-structure on the index set I of the
partition &, and let

Endg (X) = TS (X) = {a € T (X): ¢ € End(D)}.
(10)

By the property (Al) of the A-structure (7, €) on I, we
have that x4 =id, € End(I), which yields that
idy € Endg (X). Hence, Endg (X) is a submonoid of
T4 (X).

Theorem 5. There is a A-structure on X such that
End(X) = Endg (X).

Proof. Let

d ={Ran(a): « € Endg (X)}. (11)

Since Endg (X) is a monoid, we have X € &. For any
a, B € Endg (X), let

Hom (Ran (a), Ran (B)) = {)t €Ty (a,p): Xffﬁ

€ Hom(Ran(X(“)), Ran(x(ﬁ)))}.
(12)

Then, by the surjectivity of the map /1'—%(:2 from the set
T (a, ) into the set of all functions from Ran (X("‘)) into
Ran (y?), we have that Hom (Ran (a), Ran(f)) # @ for all
o, B € Endg (X). Note that for all o, 3,1, p € Endg (X), if
Ran (&) = Ran(1) and Ran(f) = Ran(p), then Ran(y¥) =



4 International Journal of Mathematics and Mathematical Sciences

Ran (X(A)) and Ran (X(ﬁ)) = Ran (X(”)), which yields that
Hom (Ran (), Ran (f)) = Hom (Ran (1), Ran (p)). Let

M ={Hom(Ran(a),Ran(f)): «,f € Endg (X)}. (13)

Then, from the above explanation, the family ./ is well
defined. We will show that (&, #) is a A-structure on X. It
is easy to see that

Hom (X, X) = Hom (Ran (idy), Ran (idy))

={) e T (X): yV € End (D)} (14)
= Endg (X).

Thus, the property (Al) is satisfied. From the definition
of the family &/, we immediately have that the property (A2)
holds. Next, we will show that the property (A3) is satisfied.
Let o, 5 € Endg (X), and let A € Hom (Ran («), Ran (f)). We
want to show that /\(x € Endg (X). Since A € Hom (Ran («),
Ran (f)), we have X ) € Hom(Ran(X("‘) Ran (y ). Since
a € Endg (X), we have that y(® € End(I). Thus, by the
property (A3) of the A-structure (#,%) on I, we get

X(%X(a) € End(I). It is clear that Aa € T4 (X), and that

A = X((X,A[;X Hence, by the membership of X(A)X

End (I), we obtain that Aa € Endg (X) as desired. Flnally, we
will show that the property (A4) holds. Let
o, B, v, ¢ € Endg (X) be such that a(Ran(¢))CRan(y) and
B(Ran(y))CRan(¢). Then, x@,y® W) 4@ e End(D).
Thus, by the property (A2) of the A-structure (7, %) on I,
we get that Ran (X(‘V)) and Ran (X(¢)) belong to 7. Since
Ran (a¢) = a(Ran (¢))CRan (y), we have that Ran (y(*¥)c
Ran (y"). To see this explicitly, let j € Ran(y*?). Then,
there is i €I such that y¥ (i) = j, which yields that
a¢(Y;)CY ;. Fix x €Y,. Since Ran(ag)cRan(y), we get
that a¢(x) € Ran(y). Therefore, there is z € X such that
ad(x) =y(z). Let kel be such that z €Y, and let
v = yW (k). Then, v (Y, )CY ; so ap(x) € Y,, which implies
that Y; =Y,. Hence, j=v € Ran (x¥). Similarly, by the
inclusion p(Ran(y))cRan(¢$), we obtain Ran (X(ﬁ"’))g
Ran (X(¢)). We now have two inclusions Ran (X(“¢))§
Ran (y*) and Ran (X(ﬁ"’))gRan (x9)). From these, we get by
Lemma 1 that ) (Ran (X(¢)))§Ran (X(‘/’)) and
P (Ran(y"))c Ran(y?). By the assumptions that
a(Ran(¢))cRan(y) and that f(Ran(y))CRan(¢), we have
aIRan(¢): Ran(¢) — Ran(y) and ﬁIRan(w: Ran(y) —
Ran (¢), respectively. And, from the membership of « in
T4 (X), we get that for all i € Ran (X(¢)), there exists
j € Ran(y") such that Alran(g) (Y;NRan (¢))CY ;. Thus,

Alran(g) € T (¢, 9). By the (@) (Ran (y%))
CRan (X(“’)),we haveX 2 IRan(X(@): Ran (X(¢)) — Ran (X("’)),

inclusion y

(‘lean((p))

which yields that y, (“)lRan(X(@ Similarly, we have

that Blgan(y) € T (v 9), and that x5 = y Ol o,

Suppose that (ﬁa)IRan(¢) = idgyn(g)> and that ((xﬂ)IRan(W)
idgan(y- We want to show that
(Ran(¢),Ran(y)), and that lg,,, € Hom(Ran(y),

OflRan(¢) € Hom

Ran (¢)). By the inclusions X("‘) (Ran (X(‘p)))gRan (X(“’)) and
X(ﬁ) (Ran (X(“’)))QRan (X(¢))’ we have, respectively, that (X(‘B)
X(oc))|Ran(X(¢)): Ran (X(¢)) _ Ran()(w’)) and (X(rx)
))lRan(X W)‘ Ran And,
ﬁoc)lRan dpan(g) and (aﬁ)IRan(W) = idRan(w), it follows

that (X(ﬂ X )|Ran(X(¢)) = idRan()((@) and (X(a)X(ﬁ))lRan(X(ty)) =
idgqn (), respectively. Therefore, by the property (A4) of the

(x¥)) — Ran(y V). since

A-structure (#,%) on I, we obtain that X(alka"“’) =

[Ran(v))
|Ran(X(¢)) € Hom (Ran(x?),Ran(x¥)) and wﬁ; W=
X(ﬁ)lRan(Xwn € Hom (Ran (y¥)), Ran (y(?)). These yield,
respectively, that oc|Ran(¢) € Hom (Ran(¢), Ran(y)) and
Blran(yy € Hom (Ran (y), Ran(¢)). O

From now on, we will consider the A-structure (<, /) on
X defined in the proof of Theorem 5, and the semigroup
Endg (X) of this A-structure will be in our attention. By
Theorem 4, the regularity of elements of the semigroup
Endg (X) can roughly be characterized. To get more precise
characterizations, according to Theorem 4, the notions of a
A-retract and a A-isomorphism in the A-structure (&, .#) on
X should particularly be studied. For that purpose, the fol-
lowing elementary theorem, stating some characterizations of
idempotent elements in a transformation semigroup, is needed.

Theorem 6. Let Z be a nonempty set and o € T (Z). Then,
the following statements are equivalent:

(1) « is idempotent;

(2) “'Ran(ot) = idRan(tx)’

(3) There is a partition {Zj: je E} of Z and a subset
{zj: je E} of Z such that z; € Z; for all j € E and
a(Z;) ={z;} for all j ¢ E.

In this situation, the partition {Zj: je E} and the subset
{Zj: je E} of Z are unique determined by a.

For each nonempty subset A of X, we see that there is a
unique subset of I, denoted by J,, such that the family
{ANY;: i €] }isapartition of A. In particular, we have that
J 4 is exactly Ran (y(®) if A = Ran(a) for some « € T (X).

Proposition 1. Lety € T(I), and let ACX. If y is idempotent
and ] , = Ran(y), then there is an idempotent element « of
T 5 (X) such that X(”‘) =y and A = Ran(a).

Proof. Suppose that y is idempotent, and that J, = Ran(y).
Then, by Theorem 6, there is a partition {I j je€Ejoflanda
subset {1 j€ E} ofIsuchthatlj €l; andy(I ) = { }fora]l
j € E. From this, we have that J , = Ran(y) = { je E} For
each jeE, let a; € Ty (UIGIY) where F; —{Y iel;

be idempotent such at X ) () =1, i for all iel. J and
Ran((x )=AnN Yj And, finally, let «: X — X be defined by

aly,, v, = «; for all j € E. Since {Uidei: je E} is a par-
zelj i
tition of X, it follows that « is well defined. It is clear by the way
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of defining « that & € T'g (X) with y(® = . It is also clear that
a is idempotent with Ran («) = A. O

From Proposition 1, the following corollary is easily
obtained.

Corollary 3. Let ACX. Then, A is a A-retract of X if and only
if J 4 is a A-retract of I.

Proof. Suppose that A is a A-retract of X. Then, there is an
idempotent element a of Endg (X) such that A = Ran(«),
which yields that J, = Ran (y(¥). Since « is idempotent, we
have by Lemma 1 that y* is an idempotent element of
End(I). Hence, ], is a A-retract of I. Conversely, suppose
that J, is a A-retract of I. Then, there is an idempotent
element y of End(I) such that J, = Ran(y). Thus, by
Proposition 1, the set A is a A-retract of X. O

Proposition 2. Let  «,f3 € Endg (X), and et
A € Hom (Ran (a), Ran (). If A is a A-isomorphism, then X(M
is a A-isomorphism.

Proof. Let A € Hom(Ran(«), Ran(f)). Then, X ) ¢ Hom
(Ran ()(("‘)) Ran ()((/3 ). Suppose that A is a A- 1somorphlsm
Then, there exists ¥ € Hom (Ran (f3), Ran («)) such that Ay =

idRan(ﬁ and YA =idg,, (. By the membership of ¥ in
Hom (Ran(3), Ran («)), we have X ﬂa) € Hom (Ran (X(ﬂ))
Ran(X(“))) Since Ay = idg,,( By We get that XaﬁXﬁa =

X;(z/\ﬁw - X:;IZM ®) = idgyn o #)- Slmllarly, since YA = idpy, (o
get X[E’?Xaﬁ idggn (@) Thus, Xoc,ﬂ is a A—lsomorphlsm. O

In the following theorem, we provide a characterization
of the regularity of elements of Endg (X) in terms of the
A-retract and the A-isomorphism of I.

Theorem 7. Let o € Endg (X). Then, « is regular if and only
if Ran(x\*) is a A-retract of I, and there is ACX such that
each of the following statements holds true:

(i) J4 is A-retract of I;

(ii) X("‘)IJA is a A-isomorphism from J 4 onto Ran (X("‘));

(iii) ol zny, is a bijective function from ANY; onto
Ran(a) ﬂYXw(i) forallie],.

Proof. Suppose that Ran (y(®) is a A-retract of I, and that
there exists a subset A of X such that each of the following
statements holds true:

(i) J4 is A-retract of I;
(ii) )(("‘)|]A is a A-isomorphism from ], onto Ran (X("‘));
(iil) al4ny, is a bijective function from ANY; onto
Ran («) ﬂYXm)(i) forallie J,.

Since Ran (y(¥) is a A-retract of I, we have by Corollary 3
that Ran («) is a A-retract of X. And, since J 4 is a A-retract of
I, there is an idempotent element y of End(I) such that

J 4 = Ran(y). Thus, by Proposition 1, there is an idempotent
element B of Tz (X) such that y® = yand A = Ran (). This
yields that A is a A-retract of X. By condition (ii), we have
that X(“)I j, isa bijective function from ], onto Ran (X(“)).
Thus, by condition (iii), we get that «| ,, which is an element
of T (B, a), is bijective. By condition (ii) once again, we
have Xpa (ala) _ X(“)IIA € Hom(J 4, Ran (X("‘))) and X;,([?‘A) i
(X(“)l A) € Hom(Ran(X("‘)),]A). It follows that «f, is a
A-isomorphism from A onto Ran(«). Therefore, by Theo-
rem 4, we obtain that « is regular. Conversely, suppose that «
is regular. Then, by Theorem 4, we get that Ran(«) is a
A-retract of X, and that there is a A-retract A of X such that
al 4 is a A-isomorphism from A onto Ran («). Since Ran («)
and A are A-retracts of X, we have by Corollary 3 that
Ran (y(®) and ], are A-retracts of I, respectively. Since | , is
a A-isomorphism from A onto Ran(«), we have that (iii)
holds. And, by Proposition 2, we get that (ii) holds. O

If End(I) =T(I), then Endg (X) becomes Tg (X).
Hence, by Theorem 7, the following corollary is immediately
obtained.

Corollary 4. Let a € T (X). Then, « is regular if and only if
there is ACX such that each of the following statements holds true:

(i) X1, is a bijective function from J , onto Ran (x);

(ii) al oy, is a bijective function from ANY; onto
Ran(«) NY forallie],.

Note that by considering T'; (X) as the semigroup of all
continuous maps on X, where X is equipped with the to-
pology having the family of all equivalence classes as a base,
the regularity of a € T'5; (X) can be deduced from Theorem 4
as well. This was provided by Huisheng [9]. The author
obtained for any a € Ty (X) that « is regular if and only if
for each i € I, there is j € I such that Y, NRan (a)Ca(Y;).
Here, we get another characterization of the regularity of
elements of Ty (X) in terms of the character.

The following three corollaries are immediately obtained
from Theorem 7 as well.

Corollary 5. Suppose that I is a topological space, and let
End(I) = S(I). Let o € Endg (X). Then, « is regular if and
only if there is ACX such that each of the following statements
holds true:

(i) X("‘)le is a homeomorphism from J , onto Ran (X("‘));

(ii) al oy, is a bijective function from ANY; onto
Ran («) ﬂYXm () forallie],.

Corollary 6. Suppose that I is a T,-space, and let
End(I) = I'(I). Let a € Endg (X). Then, « is regular if and
only if there is ACX such that each of the following statements
holds true:

(i) J 4 is a closed subset of I;
(ii) )(("‘)|,A is @ homeomorphism from J , onto Ran (x¥);
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(iii) alsny, is a bijective function from ANY; onto
Ran () ﬂYX(a>(,») forallie ],

Corollary 7. Suppose that I is a vector space, and let
End(I) = L(I). Let o € Endg (X). Then, a is regular if and
only if there is ACX such that each of the following statements
holds true:

(i) J 4 is a subspace of I;
(ii) X(“)IJA is an isomorphism from ], onto Ran(x'¥);

(iii) ol oy, is a bijective function from ANY; onto
Ran(a) ﬂYX(a>(,~) forallie],.

We end this section with a discussion on the regularity of
the quotient semigroup Endg (X)/y, where x is the con-
gruence relation on Endg (X) defined by

Va, 3 € Endg (X),

. (15)
ayf = ¢ = .

By virtue of Corollary 2, we immediately get that the
semigroup Endg (X)/y is regular if and only if the semi-
group End(I) is regular.

3. A Subsemigroup of Endg (X) and
Its Regularity

In this section, we define a sub-semigroup of Endg (X) and
study the regularity of that semigroup. Let x be a cardinal
number, and let

MP (X) ={a € T3 (X): Vi € Ran(x), |, N Ran (a)] < ]
(16)

Lemma 2. Let 0,p € ME;) (X) and y e Tg(0,p). Then,
yo e MP (X).

Proof. Let 8 = yo. We now want to show that § € M % (X). It
is clear that e Tg (X). Next, let i€ Ran (X(ﬁ?). Since

B = é,y))(("), we  have Ran()((ﬂ)) = Xé?;,) (Ran (X(")))
CRan (X,gﬁ))gRan (X(P)). Thus, i€ Ran(X(P)), and there is
jeRan(x@) such that X(g?;)) (j) =i, which vyields that
y(anRan(o))gYinRan(p). Since j € Ran()(<")), there is
k € I such that X(")(k) = j, which implies that O'(Yk)QY]-.
Thus, f(Y,) = y(0(Y,)) = y(o(Y,) NRan (o))< y(Yj NRan
(0))<Y; NRan(p). From this, we obtain that Y; N Ran (f8) #+ &.
Since i € Ran (X(P)), we have that |Y; N Ran (p)| < . And, since
Ran ()<Ran (y)CRan (p), it follows that
0<|Y,nRan(B)|<|Y;NRan(p)| <. Thus,f € M¥ (X). O

Corollary 8. The set M;f) (X) is a sub-semigroup of T & (X).

Proof. Let a,f3 € Mg) (X). Then, algqyp) € T (B> ). Thus,
by Lemma 2, we get that aff = alg,,g)f € Mg’,f) (X). O

Let
EX (X) = Endg (X)n M P (X). (17)

Note that for each y € T'(I), there is o € M;‘) (X) such
that y® = y. Such a function & can easily be defined as
follows: for each j € Ran(y), let z; be a fixed element of Y';
and let a: X — X be defined by a (U1 (jY;) = {zj} for
all j € Ran(y). Thus, by the note, we have that E;i‘) (X)+@.
Furthermore, it is a sub-semigroup of Endg (X).

Theorem 8. Lef a € E;) (X). Then, the following statements
are equivalent:

(1) « is a regular element of E;) (X);
(2) «a is a regular element of Endg (X);
(3) X(“) is a regular element of End (I).

Proof. ((3)=1(2)). Suppose that X("‘) is a regular element of
End (I). Then, by the regularity of (¥ in End (I), we get by
Theorem 4 that Ran ( X("‘)) is a A-retract of I, and that there is
an idempotent element y of End (I) such that y(® |Ran(y) 1s @
A-isomorphism from Ran (y) onto Ran (y‘®). Since y is an
idempotent element of End (I), we have by Theorem 6 that
there is a partition {I]-: G E} of I and a subset ji;: j € E}»
of I with ijel; for all j € E such that y(Ij) = i-} for all

je€E. So, Ran(y)={i;: jeE}. Since X(a)lRan](y) is a
A-isomorphism from Ran (y) onto Ran (y®), we have that
X(a)lRan(y) € Hom (Ran (y), Ran (y(*)) is bijective, and that
()(("‘)IR,&n(y))_1 € Hom (Ran (X("‘)), Ran(y)). So, Ran (X(“)) =
{x@(i)): j € E} with [Ran (y)| = |E|. Since « € M) (X),
we have that [Ran(a)NY;| =1 for all i € Ran(y®). Let
Ran(a)NY @ i) = {a]-} for all j€E. Then,
Ran(a) = {aj: je E} For each j € E, fix b; € al (a) ny,.

Let f: X — X be defined by f(U e, Y;) = {b;} forall j € E.
Since the family { Ujer,Yi: j € E} is a partition of X, we get

that /3 is well defined. It is clear that f3 is an idempotent element
of Ty (X), and that X(ﬁ) =y € End(I). Thus, 8 is an idem-
potent element of Endg, (X) yields that Ran () is a A-retract of
X. Moreover, we have alg,, )y, is @ bijective function from
Ran(f)NY; onto Ran(a) NY, @ for all i € Ran (X(ﬁ)).
Therefore, by Theorem 7, we obtain that « is regular.

((2)=(1)). Suppose that « is a regular element of
Endg (X). Then, by Theorem 4 and Proposition 1, there
exists an idempotent element o of Endg; (X) such that y(? =
X(“) and Ran(«) = Ran (o). Since « € Eg) (X), it follows that
o€ Eg) (X). By Theorem 7, there exists an idempotent el-
ement p of Endg (X) such that

(a) X(“)IRan(X<p>) is a A-isomorphism from Ran(X(P))
onto Ran (X(”));

(b) @lran(p)y, is a bijective function from Ran(p)NY;
onto Ran(6) NY, ., for all i € Ran(x)).

From (a) and (b), we have that
(ocIRan(p))_1 € Hom (Ran (o), Ran(p)) and p € E;) (X), re-
spectively. Let f = (algan(p))” ' 0. Then, by the property (A3),
we have that € Endg (X). And, by Lemma 2, we imme-
diately obtain that f8 € M;) (X). Thus, S € Eg) (X). Finally,
we will show that afa = «. Let x € X. Then, a(x) € Ran (o).
Hence, there is z € X such that a(x) = 0(z). And, since o is
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idempotent, it follows that afa(x) = o(a(x)) = 0(0(2)) =
0(z) = a(x). Therefore, afa = a, and hence « is a regular
element of Eg) (X).

((1)=(3)). It follows directly from Lemma 1. O

Corollary 9. The semigroup E;) (X) is regular if and only if
End(I) is regular.

4. Conclusions

The semigroup T;fs’ )(X), where & is a sub-semigroup of
T (I), was first defined by Rakbud [12] in 2018 via the notion
of the character introduced by Purisang and Rakbud [11] in
2016. Here, we focus on studying the regularity of the
semigroup Tg )(X) when & is the semigroup of a
A-structure on I, which is written as & = End(I). In our
study, we obtain that Tf; )(X), which is denoted by
Endg (X), is the semigroup of a A-structure on X. From this,
the regularity of elements of Endg (X) can generally be
explained via Theorem 4 established by Magill and Subbiah
[13] in 1974. We also obtain a characterization of regular
elements of Endg (X) in terms of the A-structure on I (see
Theorem 7). From this result, we deduce the regularity of
Endg (X) when End (1) is one of the following semigroups:
the transformation semigroup T (I), the semigroup S(I) of
continuous maps on I when I is a topological space, the
semigroup I'(I) of closed maps on I when I is a T',-space,
and the semigroup L (I) of linear transformations on I when
I is a vector space (see Corollaries 4-7). Apart from the
regularity of Endg (X), we provide a sub-semigroup of
End (X), namely, the semigroup E'Y (X), whose regularity
coincides with that of End (I). In [13], Magill and Subbiah
also generally gave some characterizations of Green’s rela-
tions for regular elements of the semigroup of a A-structure.
Since our semigroup Endg (X) is the semigroup of a
A-structure on X, some rough characterizations of Green’s
relations for regular elements of Endg (X) can immediately
be deduced from the results of Magill Jr. and Subbiah.
We end this paper with some interesting questions:

(1) Can Green’s relations for regular elements of
Endg (X) be characterized more deeply in terms of
the A-structure on I?

(2) Can other notions such as the ideal, the rank, the left
regularity, and the right regularity in the semigroup
Endg (X) be explained in terms of those in the
semigroup End(I)?
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