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Considering a nonlinear dynamical system, we study the nonlinear infinite-dimensional system obtained by grafting an operator
A and an age structure. This system is such that the nonlinearity is at the level of births. We show that there is a time T' dependent
on the constraints on the age and the observability minimal time T, of the pair (A, B) (B is the control operator), from which the
system is null controllable. We first establish an observability inequality useful for the proof of the null controllability of an
auxiliary system. We also apply Schauder’s fixed point in the proof of the null controllability of the nonlinear system..

1. Introduction and Main Results

In this paper, we study the null controllability of an infinite-
dimensional nonlinear system describing the dynamics of
age-structured population.

Let V,H, and U be a four separable Hilbert space. We
identify H and U with their duals. We suppose V is dense in
H and that the following inclusions are checked:

VCHcCV, (1)

where the inclusion of V in H is continuous.
Now, we consider the operator A is defined by

AV — V), (2)

where V is the Hilbert space and V. ¢ H ¢ V', for example,
H'(Q)c*(Q)cH ().

And, we suppose that

AV —V,
{ (3)

Vo, y €V — (A, ¥y v

is measurable. Let y be a solution of the following system:

0 .
§+%—Ay+y0y:)((al)az)Bu, in(0,A)x(0,T),

A A

‘ymﬁ:J mawmmolmawm> in (0,T),

0 0

Y(a>0):)’o(a)> in(O)A))
(4)

where @ € L* (R), and y, is given in

K =L*(0, A;H)andB € =?(L2 (0,T;0), L*(0, T, H)) abounded operator. (5)
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Moreover, the positive function p, denotes the natural
mortality rate of individuals of age a, supposed to be in-
dependent of the times ¢.

The control function is u, depending on t and a, where m
is the characteristic function.

We denote by f the positive function describing the
fertility rate that depends only on the age. The birth law
ensures the survival of the species. In several works, one
denotes _[0 Byda, the number of newborn individuals at
time t. If we consider an oviparous species, that is to say
whose birth process goes through egg laying, we see that
Io Byda is the number of eggs laid at time ¢. Since all the
eggs do not reach maturity, we introduce a function giving
the proportion of eggs who will arrive there. Let @ this
function. Then, we have

A A
y(0,1) = JO ﬁydad)(Jo ﬂyda>> (6)

the distribution of newborn individuals at time ¢.
We assume that the fertility rate § and the mortality rate
U, satisfy the demographic property:

(i) —po(a)=0 foreverya € (0,A),
(H,) =] (ii)—yoeLl(O,A*), forevery A € [0, A),
(111)—J u(a)da = +oo,
)-BeL?([0,A]),
(Hz):‘ .. —~ —~
(ii)—p(a)=0, Vae (0,a)whereae (0,A).

(7)

We define the probability of survival of an individual of
age given by

( 0y, 8y1
ot oa

L V1 (a,0) = Yo (a),

where z € L2(0,T; H) and y, = e My,
Using Theorem 2.8 of [2], the auxiliary system (10)
admits a unique solution y, € C( [0, A]; L*(0,T;H).

——+=——Ay, tyyy =e Aotg’j%

) A A »
¥,(0,t) = Jo ﬁ(a)zdaCD(Jo B(a)e™ zda), in (0, T),

r(a) = e ot 4) (8)

Thus, with hypothesis (H,) — (iii), the probability of
survival at maximal age A is zero. Moreover, hypothesis
(H,) — (ii) means that individuals of age below @ are not
fertile. This hypothesis, in addition to being a demographic
assumption, is also very important in establishing the ob-
servability inequality.

For more details about the modelling of such system and
the biological significance of the hypotheses, we refer to
Webb [1].

Moreover, there exist constants >0, >0, and A such
that, for every ¢, y € V, we have

[<AS, vy v < ylgly Iyl
(H3 ) = ) 5
(A, )y + AlBly = alldlly, 9)
(H,): Pug € L' (0,A).

In the following, we recall that the operator A is inde-
pendent of f and a and generator of a C;, semigroup on H.

Assumptions (H;) and (H,) are necessary for the ex-
istence of the fixed point. Indeed, they make it possible to
establish an adequate regularity on the system for the ex-
istence of a fixed point.

Theorem 1. Let y, € L*(0,A;H) and Bu € L*((a;,a,)
x(0,T);U); under assumptions (H,), (H,), and (H,),
system (4) admits a unique solution y € L*((0,T)x
(0, A); H).

Proof. For the proof of the existence, we consider the fol-
lowing auxiliary system:

in (0, A) x (0, T),

(10)

in (0, A),

Now, we consider the operator A defined in L? ((0, A) x
(0,T); H) on L*((0,A) x (0,T); H) by A(z) = y,(z). Let
y,(zy) and y,(z,) be the solutions of (10), where z is
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replaced, respectively, by z,andz,. We denote by
Y = y,(z,) — ¥, (z,). The function Y verifies
(Y oY .
§+$—AY+(‘IJO+/\O)Y:0, ln(O)A)X(():T):
J A A Iy A A 1 (11)
Y (0,1) = j /S(a)zlda(D(J B(a)e °tzlda> - j ﬁ(a)zzdaGD(J Bla)e °tzzda>, in (0,T),
0 0 0 0
L Y (a,0) = y,(a), in (0,A).

By calculating the scalar product of the first equation of
(11) by Y and integrating with respect to the age a and the
time t, we obtain

A

T A T T rA
JO 1Y (7)1, da + JO 1Y (. A de - JO JO (AY, Yy ydadt + J JO (@) + A1V I dadt

gt

Then,

T A A
Jo 1Y (T,)I%,da + jo 1Y (o A)IEde + (A - A) I JO IYI, dadt

jA ﬁ(a)zldacb( JA ﬁ(a)e)torzlda) - jA B (a)zzda(D( jA B (a)elotzzda)
0 0 0 0

0
(12)

2
dt.
H

T
0

(13)

< M2A||ﬁ||io||z1 - Zzuiz ((0,4)x(0,T);H)"

Choosing A, such that A, — A = 2M2A||/3||f>O (A is given in
assumption (Hj)), we obtain

1 2
2
IY N2 (o, a0x0,17:00) < E“Zl — 2 "L2 ((0,4)x(0,T):H)" (14)

Therefore, the operator

1
||A(Z1) -A (zz)”iz (0,A)x(0.T):H) S 5||z1 - Zz"i2 ((0,4)x(0,T):H)*
(15)

We conclude that, by the Banach fixed point that A
admits a fixed point, we have

A(y1) =y (16)

Finally, replacing z by y, = e 'y in system (10), we
obtain that y is solution of system (4).

Before we state our main result, let us introduce the
notion of null controllability of the pair (A, B). We have the
following result. O

Definition 1. We say that a pair (A, B) is null controllable in
time T, if, for every z, € H, there exists a control
u € L?(0,T;U) such that the solution of the system

Z'(t) = Az (t) + Bu(t), te[0,T], z(0) =z, (17)

satisfies z (T) = 0, for every T >T,.
The main result of this paper is as follows.

Theorem 2. Assume that f and y satisfy conditions (H,) —
(H,) — (H;) above.

Assume that (A, B) is null controllable in any time T > T,
with

To<T,T = min{a - a,,a, - a,} (18)
and a, <a. Then, for every T>a, + A—a, + 2T, and for
every  y, € L*(0,A;H), there exists a  control

uy € L*((ay,a,) x (0,T);U) such that the solution y of (4)
satisfies

y(a,T) =0, forallae (0,A). (19)
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This result can be seen as a generalization of those
obtained by Traoré [3] and Simporé [4] in the case when A is
an elliptic operator with Neumann or Dirichlet homoge-
neous boundary conditions and Echarroudi and Maniar [5]
when A is a degenerate elliptic operator.

Let us now mention some related works in controllability
and observability from the literature. In the Network, In-
formation, and Computer Security, Alcaraz and Wolthusen
studied strategies for the efficient restoration of controlla-
bility following attacks and attacker-defender interactions in
power-law networks in [6]. In [7], Alcaraz presents a net-
work infrastructure based on three layers, where the re-
dundant support is primarily concentrated on a fog-based
structure to protect a specific subset of cyber-physical
control devices.

In the anticancer therapy, Swierniak and Kalmka study a
local controllability of a model of combined anticancer
therapy with delay in control (see [8]).

For linear and nonlinear population dynamics models
(Lotka—Mckendrick model), many results of local or global
controllability have been established.

Indeed, Ainseba and Iannelli, in [9], have worked on the
controllability of two nonlinear dynamic model problems,
the nonlinearity being on mortality and fertility. In the first
model, the control corresponds to a supply of individuals on
a small age interval. The second one is age and space
structured, and the control corresponds to a supply of in-
dividuals on a small subdomain w of the whole space domain
Q.

In [3], Traoré proved the nonlinear Lotka-McKendrick
is null controllable except for a small interval of ages near
zero where the controls is localized with respect to the space
variable but active for all ages.

In [2], Maity et al. study the null controllability of the
linear infinite-dimensional system obtained by grafting an
age structure.

To be in line with the studied models, many authors have
also worked on constrained controllability problems. In-
deed, the authors Maity et al., in [10], solved a problem of
null controllability with positivity of the Lotka-Mckendrick
system with spatial diffusion where the control is localized in
the space variable as well as with respect to the age. The
method combines final-state observability estimates with the
use of characteristics and the associated semigroup.

In [11], Kalmka worked in constrained approximate
controllability IEEE Transactions on Automatic Control.

In this paper, we extend the result of [2] to the nonlinear
case. The nonlinearity is at the level of births and can be
justified as follows.

If we consider an oviparous species, that is to say whose
birth process goes through egg-laying, we see that

I: B (a)yda is the number of eggs laid at time ¢. Since all the
eggs do not reach maturity, we introduce a function giving
the proportion of eggs which will arrive there. Let ® be this
function. Then, we have,

A A
@(J ﬁ@bda)J B(a)yda, (20)
0 0

the distribution of newborn individuals at time ¢.

For the establishment of the observability inequality, we
use the same technique as in [2, 10]. One of the advantages of
this method is that the conditions _[0 Yo (a)da = +o0 on the
mortality function do not interfere in establishing of the
observability inequality which allows us to have a global
controllability, which is not the case in [3, 9]. Moreover, we
improve the observation domain, and better still we have
null controllability for all ages. Indeed, in [3, 5, 9], the
control is localized with respect to the space variable but
active for all ages, and we do not have necessarily the ex-
tinction on the small interval of ages near zero. In this paper,
the control is also localized with respect to the age variable,
and we obtain the state of the system null for all ages.

The remaining part of this work is organized as follows.

In Section 2, we establish the observability inequality of
the adjoint system of an auxiliary linear system. This allows
us to prove its approximate null controllability. Section 3 is
devoted to the proof of the main result of this paper using a
fixed point of Schauder, see for example [12]. To finish, we
give some perspectives in the conclusion in Section 4.

2. Approximate Null Controllability of
Auxiliary System

2.1. Adjoint System. We suppose that the pair (A, B) is final-
state observable at time T, and we consider the following
auxiliary system (well chosen so as to obtain the main result
of the paper by rotating a fixed point) given by

(dy O )
%+%—mwmmwzgmlmquwjx
) A
y(O,t)=GJ Byda, inQx(0,T),
0
_y(aa0)=)/o, anX(O,A).

(21)

Applying the scalar product of the first equation of (21)
by g and integrating with respect to the age a and time t, we
obtain the adjoint system of (21):
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L q9(a,T) = qr(a),

For every q, € K, under assumption (H,) and (H,),
system (22) admits a unique solution g. Moreover,

'_f_fa—A*q+y0(a)q—G,8q(O,t)=0, in (0,A)x(0,T),

in (0,T), (22)

in (0,A).

integrating along the characteristic lines, the solution g of
(22) is given by

—_ . T _ )
% (T-t)A qT(a+T_t)+Jt (ﬂ(aﬂ:—;)t)e(sl‘)A G(S)[j’(a+s—t)q(0,s)>ds, ifT_tSA_a)
q(t) =
+A-a _ .
J'Z (%e(s—w\ G(s)ﬁ(a+s—t)q(0,s))ds, ifA-a<T-t,
(23)

— “ d
where (a) =e J-OMO(‘X) “

We have the following result.

Theorem 3. Let us assume assumptions (H,) — (H,), and
suppose the pair (A,B) in null controllable for every time
T>T, For T>A-a,+a,+2T,, there exists a control u,
such that the solution y of system (21) verifies

Iy (a Dz a0 <& foreverye>O0. (24)

(@ O 0 < K (16 Toarnan ) | [

For the proof, we need the following results.

Proposition 1. Let us assume assumption (H,) — (H,), and
leta, <a, T>T,+ay,anda, + T, <n<T; then, there exists a
constant C >0 such that, for every qr € K, the solution q of
system (22) verifies the following inequality:

jz_" lq(0, 0l de<C jj j |

a;

B q(a, t)“f]da dt.

(26)

Proposition 2. Let us assume assumptions (H,) — (H,),
and let a, <a,T>T,+a,, and a, <a, <a, — T; there exists
Cr >0 such that the solution q of system (26) verifies the
following inequality:

T ra,
lg(a, 0)]2. (0ay;tt) <Cr Jo J |B*q(a, t)"lz]da de.

(27)

For the proof of Theorem 1, we need the results of
observability.

2.2. Observability Inequality

Theorem 4. Under the assumption of Theorem 3, for every
qr € K, the solution q of system (22) is final-state observable
for every T>a, + A—a, +2T. In other words, for every
T>a,+A—-a,+2T, there exists Ky >0 such that the so-
lution q of (22) satisfies

B q(a,1)|;,dx da dt.

T 2
(25)
0 Ja,
For the proofs of Propositions 1 and 2, we have the
following proposition.

Proposition 3. Let us recall that the pair (A*,B") is final-
state observable in any time T > T, with T, >0. Let C(T) bea
observability cost with C(T) — +o0o as T — T,. Let

T,,T,, and T, be three real numbers such that
0<T,<T,<T; with T,-T,>T, Then, for every
w, € D(A"), the solution w of the problem
ow(A
wa(a ) A'w) =0, in[T,T,],
(28)

w(Ty) =w,,

satisfies the estimate
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T,
o (@)= M@0 [ wmlan @)

where the constants ¢, and c, depend on T and Q.

Proof (see [2, 13]).
For a € (0,a), we have (a) = 0; therefore, system (22)
can be written by
a
———=-A"q+u,q=0, in(0,a)x(0,T),
¢ (30)

q(a,T)=qr(a), in(0,a).

T-n

T—q )
j uﬂammm=j
0 0

0

Proof of Proposition 1. We consider the following charac-
teristics trajectory y(A) = (T = A, T+t —A1).IfT — A =0, the
backward characteristics starting from (0,t). If T' <a,, the
trajectory y (1) never reaches the observation region (a,, a,)
(see Figure 1). So, we choose T >a,.

Moreover, we estimate ¢(0,t) on (0,7 —#), where
n>a,. Indeed, all the characteristic starting on (0,¢) with
t € (T —a,, T) never intersects the observation domain (see

Figure 1).
Without loss of the generality, let us assume here
n<a,<a<T. O

2.2.1. Case 1: For t € (0,T —a). We denote by
w(A)=q(T-AT+t-1); (Ae (0,¢t). (34)

Then, w satisfies

dw(h)

A’ =0,
o) w(A)=0

in(T-aT),
(35)

w(0)=g(T, T +t).

Using Proposition 3 with 0<t,<t, <t, we obtain

a1
o (DI <o ()| < ¢ Jt [B*w@dh,  (36)

that is equivalent to

B'G(T - At +T - D dh

tl
G0, )12, < cye/ J |
to

Tty :
C jT_tl ||B g(a,t+ a)“U a.
(37)

Then, for t; =T —ad and t, =T — a,, we obtain

T ra,
quxwzwscj j

We denote by g(a,t)=q(a,t)e Joﬂg(rx)da.

satisfies

Then, g

a_q+@_A*g]=o in (0,a) x (0, T). (31)

Proving inequality (26) also leads to show that there exits
a constant C > 0 such that the solution g of (31) satisfies

T-n 5 T ra,
| Maoogasc| 7]

Indeed, we have

B*G(a, 0}, dadt.  (32)

T ra,
R

Bg(a 0 dade<C | | [Bq(a.0]} dadt, (33)

a,

~2 2 4 *~2 2 l:l
”q (0, t)“H <C |B g (at+ a)”Uda. (38)

Integrating with respect to t over (0,T —a), we obtain

T-a 5 5 a (T-a+a
| lEoofesc| [

1

B (a,1)|; dtda.

(39)
Finally,

T-a ) 2 T ra, . 5
JO la (O,t)||Hdt§CJOI |B*G(a, t)[; dadz. ~ (40)

2.2.2. Case 2: Fort € (T —a,T —n). We denote by
w(A)=qg(T-AT+t-1); (Ae(T-aT). (41)

Then, w satisfies

%—A*w(l,x)=0, in(T-a,T),
(42)
w(T-a)=g(at+a), inQ.

Using Proposition 3 with T —a <t, <t, <T, we obtain

lw (DI <t < e ™ Ll B wl;dr,  (43)

that is equivalent to

tl
~ 2 Ity—t
1 (0, )l < ¢ ™™ °j |
tU

B*G(T - AT +t-2)|,d\
(44)
Then, for t; =T —#n and t, =T — a,, we obtain
~ 2 1
la.0l <

1

B*G(a,t +a)|;,da. (45)
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Integrating with respect to t over (T —a,T —1), we
obtain

T-n ) noatT-n
| taoogasc| [

T-a

B'G(a1)|,dtda.  (46)

Finally,

T 2 To, 2
JT: ||q<o,)IIHdtsCIOJ |B*4|;, dadt. (47)

% 2 2l % 2 2l T
[ lata. ol dr< e [ g o desceio | 7]
0 0 0 Ja

T ra,
< CePM 0a0) J J |
0 Ja

Proof of Proposition 1. 'The proof will be done in two parts.

2.2.3. The First Part: Interval (0,a,). We consider in this
proof the characteristics (1) = (a+A,1). For A =0, the
characteristics start from (a,0).

For T >a, and a € (0, a,), all the characteristics starting
on (a,0) enter the observation domain (see Figure 2). We
have three cases.

Case 1: T<a, and a, <a.
Two situations can arise:

(i) by = a, — T <a, <ay: in this situation, we split the
interval (0,a,) as

(0,a,) = (0,b,) U (by» ay)- (50)

(ii) a, <by <a,: in this situation, we keep the interval
(0,a).
Case 2: T >a, and a, <a.
In this case, we keep the interval (0, a,).

Case 3: a, >a.

In this case, we prove similarly the observability in
(a;,a) and expand to (a;,a,).
Here, we give the proof in the only situation, where

T <a,, (51)
by=a,-T<a,.

In the remaining part of the proof, we give upper bounds
for LIIB*q (a, O)IIfida, where I is successively each one of the
intervals appearing in decomposition (50) (see Figure 2).

Upper bound on (0,b,): for a € (0,b,), we first set
wA)=q(T+a-AT-1)(Ae (0,T)andx € Q),  where
- J-uyo(oc)dtx
=e 0 q.

Then, w verifies

q

Combining (40) and (47), we obtain the result.
Proving inequality (27) also leads to show that there exits

a constant C >0 such that the solution g of (31) satisfies

a, T ra,
JO ||q(a,0)||§{dtsCJOJ IB*7(a, )| dadt.  (48)

Indeed, we have

B*(a,t)|;,dadt

(49)
Bq(a, t)“édadt.
awa(;) ~A'w(1)=0 in(0,T),
(52)
w(T)=4q(a+T,T).
By applying Proposition 3 with ¢;=0 and

t, =a+T —a,, we obtain

Bw[dl.  (53)

2 c,/a+T—a, arl-a
lw(T)lz; <cie . |
Then, we have

~ 2 c,/a+T-a, ot * 2
13 (. 0)lI}; <ce |B*G (e, a - a)]|;;dA
a;

B G(a, o — a)“?]da.

a+T 2 a;
¢ | aaa-affdesc| |
a; a,

(54)

Integrating with respect a over (0, b,), we obtain

by by ra,
| a@odasc| [ |Bate - o doda
0 0 Ja,

(55)
As
by ra, . 2 a, by . 5
Jo Jm H93 gla,a— a)||Udo¢da = Ll Jo ||B q(a, o — a)||Udadoc,
(56)
then
o 2 i . 2
J I (a, 0)||HdasCJ J IB°G (0 0|} deda.  (57)
0 a; J a-b,
Finally,

B'G(a,0)|;,dadt.  (58)

0

by ) T ra,
j ||q(a,0)||Hdascjoj |

Upper bound (by,a,): for a € (by,a,), we consider al-
ways system (52), but A € (T +a-a,,T).
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a

0 by a a, A

FIGURE 1: An illustration of the estimation of g (a, 0) between 0 and
a, for case 1: green region corresponds to the interval (0, b,), black
corresponds to the interval (by,a,), and blue corresponds to the
interval (a,,a,).

0 a, a, A

FIGURE 2: An illustration of the estimate of g(0, ). Here, we have
chosen a, =d. Since t € (0,T —#) with a; + Ty <yn<T, all the
backward characteristics starting from (0, t) enters the observation
domain.

Applying Proposition 3 with t;=a+7T -a, and
t, =a+T —ay, we obtain

I3 (a, 0)||§{gcj IB'd(@a-alde (59
And as before, we obtain

T

0

L ||q(.o)||2dascj J IB°F[ dadt.  (60)

2.2.4. The Second Part: Interval (a,,a,). Here, we suppose
T>T,and a,<ay,<a, - T,.
And as in [2], we prove the existence of C >0 such that

agy T ra,
Jlu'q(.o)llédascjo Lll | dade.  (61)

B'g

a

Consequently, combining (58), (60), and (61), we obtain

a, T ra,
JO lqO)das<C JO J IB* g} dadt.  (62)

Lemma 1 (see Figure 3). Let us suppose that T > A - a, +

a, + 2T, with Ty<T. Then, there exists
ay € (a,, min{a, ta,} — T) and x>0 such that
T—(a,+Ty+x)>A-a, (63)

Proof. Without loosing the generality, we suppose that
a, =a.

Suppose that T>a,+A-a,+2T,eT -a, +T,>
A —a, +T. Then, there exists x>0 (well chosen) such that
T-a,-2k-Ty>A-a,+TyoT - (a, +x+T))>A- (a,
-k —=T,).

We denote by
T-(a, +x+Ty)>A-a,.

We are in position to prove the observability
inequality. O

ag=a,—«k—T then,

Proof (proof of theorem 2). Let a, € (a;, min{a, ta,} - T,),
as in the previous Lemma. We have
A ) a, ) A )
| la@.olida= | "lacolda+ | lacoida
o
(64)
From the result of (23) and applying the previous lemma,

there exists a, € (0,a) such that

q(a,0) = J:_a(ﬂl(a+s)G(s)ﬁ(a+s)q(O,s))ds,

m(a)
(65)

and then

A 5 T—(a,+x+T,) 5
J IIq(a,O)IIHdausj lq(o)I3dr.  (66)

a, 0

Finally, with the result of Proposition 1, we obtain

A ) T ra,
J IIq(.O)IIHda§K3JOJ |

With the result of Proposition 2 and inequality (67), we
obtain the result of Theorem 4 (see Figure 3).

The figures below illustrate, respectively, the estimate of
the nonlocal term, the estimate of g(a,0), and the obser-
vation time. O

|, dadt. (67)

B'g

Proof of the Theorem 3. For € > 0, we consider the functional
J, define by

1 (T (% ) 1 A )
Je (w) =§J J IIuIIUdadH—J Iy (T)lizda,  (68)
0Ja 2e Jo

a

where y is the solution of the following system:
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a

{T-t=A-a}

0 a;

a, A

F1GuRre 3: The backward characteristics starting from (a, 0) with a € (a,, A) (green lines) hits the line (a = A), gets renewed by the renewal
condition f3(a)q (0, t), and then enters the observation domain. More precisely, in addition to the observation time T'; of the pair (A, B), the
backward characteristics need at most A —a, time to hit the line a = A, get renewed by the renewal condition (a)g(0,t), and take
maximum T, + a, time to enter the observation domain. Thus, we need in all, atleast, T = A — a, + a, + 2T, time to obtain the observability
inequality. So, with the conditions T > A — a, + a, + 2T, Ty > T, and a, + T, < < T, all the characteristics starting at (a,0) with a € (a,, A)
get renewed by the renewal condition $(a)q(0,t) in t € (0,T — #) and enter the observation domain.

dy 9y _ .
E+$—Ay+y0y—(%u, in (0,A)x(0,T),
J A
y©.0=G(1) | Blalyda, in(0.T)
0
L )/(a,o) =y0) in(())A)a
(69)
with I € L2 (0, T; H). O

Lemma 2. The functional ], is continuous, strictly convex,
and coercive. Consequently, ], reaches its minimum at a point
u, € L*((a,,a,) x (0,T);U).

Moreover, setting y,, the associated solution of (69), and
q.> the solution (21) with g,(a,T) = (1/¢)y,(a,T), has
u, = $B"q,, and there exist C, >0 and C, > 0 independent of
¢ and [, such that

T ra, . 2 2
J, 118 s dac <ol a0

“ys ('T)niz 0.4 S€C, “)/0"22 (0,A;H)"

(70)

Proof (proof of lemma). It is easy to check that J, is co-
ercive, continuous, and strictly convex. Then, it admits a
unique minimizer u,. The maximum principle gives that
u, = #q,.

By calculating the dot product of the first equation of
(69) with u = %*q, by Y and integrating with respect to the
age a and the time ¢, we obtain

T ra,
,[0 Jall

Using the inequality of Young, we obtain, for any § >0,

* 2 1 A 2 2 A
Baclidad + [ 12 (Tda = [ <oa. (o) da

(71)

T ra, . 2 1 A ) 2 1 A 2
J, I 1 alaaae | lyienldass || Lyoliaa

1 A
+3 | (o da
(72)

Using the observability inequality (25) and choosing
Kp =6, where K is given in (25), we obtain
1 T ra, . ) 1 A 2 1 A 2
N Ba i daar + [ brenlfdass [ Inlida (73)
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Then, the result is obtained. O 3. Null Controllability of Nonlinear System

Now, we consider the following system:

ay(l) oay(l) .
st ag ~ AV (D + ey (1) =X (4,0)BB g, in (0,4)x(0.T),
1 A 74
y(l)(O,t):G(Z)Joﬁ(a)y(l)da, in (0,T), (74)
)’(l)(%o):yo’ in(0>A)>
where G () = ®(1),1 € L?>(0,T; H). Lemma 3. Under assumption (H,), there exists C>0 and
We have the following. K >0 such that the solution y,(I) of (69) verifies
T rA
e Ol oo * [, [ wolye @lfdade <Klyol} -
”ys 0 ('A)"iz(O,T:H) < CNJ’OHiZ (0,A:H)"
Proof. (proof of the lemma). For the proof, we denote by
P () = y, ()M Then, p, (I) satisfies
(op. (1)  9p (1) _ ~dotpp* .
ot + oa _Apa(l)+#0ps(l)_l(al,az)e BB qe(l)’ ln(O’A)X(O’T)’
1 A 76
ps(l)(O,t):G(l)joﬁps(l)da, in (0,T), (76)
p.(1)(a,0) = y,(a), in (0,A).
The function p, (I) verifies By calculating the dot product of the equation of (77) by
9o . () 9p.(1 p. (1) and integrating with respect the age a and the times t,
%U+%O+Ap£(l) + (R + 1), (D we obtain
(77)
=1 (611’512)67/\0)f]313’l<q£ (l)
A T T A T A
[ Ipcwaolida+ [ lercaliae-[ [ <apdpmyvdades | [ Qo+ um)p 0 dact
0 0 0Jo 0Jo (78)
T (A A T
- JO jo (e (D1 (408 BB, () dadt + JO lp. (1) (0,)];,da + JO lp. () CO)|I7,dt.
We have
T A s 1 (T[4, . X 8 (T (% . 5
| ] B 1 e B a Oy ppdade < [ [P e fpade S [ ] B0, (79)

1
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As
T A e C, (T (4 5 8 (T (%, . 5
IO IO (B (1.1 (4 )¢ "B g, (D dade <5k IO JO [p. 0]}, dade + IO J 184, 0|2, (80)
moreover Therefore, we have the result.
T , , Let A be an operator defined on L?(0,T; H) by
[ 1. Ot <o 1Bl A DL 700700 ]
0 A= Br.da, (84)
(81) 0
Using assumption (H,) and choosing A, and & such that ~ where y, (I) is the solution of the following system. U
Ao = (% +Cy (Bl A) + y + 1), (82)  Proposition 4. We suppose that operator A verifies the

we obtain

T rA
o+ | | wollo.OlFdads + o O 5

+|p. (l)"iz (0T)x(0,4):V) = Cly ”iz (0,A:H)’
(83)

(with a and A the parameters given in the assumption (Hj;)).

oY (1)
ot

A
Y(1)(0)= | Broda

where
(.A).
From the results of the previous lemma, we have

”ys (Z)ULZ (0,A)x(0,T):H) = K"J’OHL2 (0,TH)" (87)

R= [y Pty (Dda+ [ fy.(Dda—-P(A)y, ()

hypotheses (H;). Then, the operator A is continuous,
bounded, and compact of that L*(0,T;H). Therefore, A
admits a fixed point.
Proof (proof of the proposition 3). Let
A
M = J By, (Hda. (85)
0

Then, Y = e~ M is the solution of the following system:

LAY (D) + MY (1) = e‘WU Z/SBB*qeda+R>, in (0,A)x(0,T),

(86)

in (0,T),

By calculating the dot product of the first equation of
(87) by Y (I) and integrating with respect the age a and the
times t, we obtain

T
0

T
I (1) CTOIE - JO <AY(1),Y(1)>Vf,th+AOJ 1Y (D)l de

T a, T
= JO(Y(Z),J e_AOtBB*qg(l)>H,Udt+ Jo (R,Y(l))H,Hdt+||Y(l)(.0)||§{.

We have, using Young inequality,

T

(88)

T a,
J (B*Y(l),J e*/\ut]g*q‘9 D>y pdt + j (RY (D)) py pydt
0 a; 0

) 1

0

<— JT “B*Y(l)uz dt + — JT Jaz HB*q (l)||2 dadt +i JT "R"2 dt +§ J
2 v 28 Jo Ja ¢ v 28 Jo H 2

. (89)
. 1Y (D17, de.



12 International Journal of Mathematics and Mathematical Sciences

Then,

T a, 1 T
j (B*Y(l),J ¢ °tB*q£(l)>U_Udt+J RY (D)) gy et
0 a; 0

LED iy || [ e

Boundness of R: we have
2

T A
"R"iz .1 H) SZe)L"T ‘l By, (Ddall dt
H
+2"/3 ”oo")’e (l)"LZ((OA)x(OT + 2/3A||ys(l)( A, )"L2 0.T:H)"
(91)

1 sl o],

A
A
”R”iz(O,T: H) <2e of JO ﬂO/jda JO

(90)

g, () dadt + I IRIZ dt.

As pof € L' (0,1), using Cauchy Schwarz inequality, we
obtain

dadt

(92)

+ 2"ﬁl “oo"ye (l)"iz o.axo.r)H) T 2B (A)||y£ (DA, )”iz (0T:H)"

Then,

A T A
IRE o1 < 26" [ wopda | [ oy 0 dact

+2[B']| o v € Z)HLZ(OA)X(OT
(93)

Finally, in Lemma 3, there exists K; >0 such that
2 2
IRIZ: o7 1) < Ko 3012 o7y (94)

Now, wusing assumption (H;) and
Ay = (6(C+1)/2) + 1+ A, we obtain

choosing

1Y @ TIE + oY DI oz +1Y O 0.0 5)

<K “)’ 0 "iz ((0,4)%(0,T);H)?

(with & and A the parameters given in the assumption (Hj)).
Then, M is bounded in L?(0,T;V) independently of !
and e.

+ 28y D CA)|3: orumry

Proceeding in the same way by calculating the dot
product of the first equation of (86) by a test function v, we

obtain
T oy
|Gl scvior ol gum 9

Then,

T“yO"LZ(OAH) (97)

H otz (orv') ~
Then, M is bounded in L?(0,T;V) and OM/ot is
bounded in L?(0,T; V') independently of [ and e.

Hence, using the Lions—Aubin lemma, we conclude that
A is bounded and compact in L2 (0, T; H). O

3.1. Step 2: Continuity of the Operator A. Let (my (p))
and (m,,(p)) be the solution of the following cascade
system:
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(om, (1) +8m1,£(l)
ot da

1 m . (1)(a,0)=0,

A
k my (1)(0,t) = ®(1)JO Bm,  (1)da,

[ om,, (1) +E)mo)g(l)
ot oa

3 mO,g(l)(a)O):mO)

A

Due to Lemma 2, there exists
v, € L*((ay,a,) x (0,T); U) such that
||m1,£ O (T) + Mg e (O (.T) || <K, (100)

for any £>0.

Any suitable control can be chosen, in particular, the
control of minimum norm in L2 ((a,, a,) x (0, T); U). Let us
then consider

- Amy, (1) +pgmy (1) =0,

mgy,. (1)(0,t) =CI>(Z)J0 B(a)my,(l)da,

—Am, (1) + pgm, (1) =X(a1’az)B*v£, in (0,A)x(0,T),

in(0,A), (98)
in (0,T),

in (0,A)x(0,T),
in (0,A), (99)

in (0,T).

The function @ (I) is bounded, when I spans L? (0, T; H).
Since the solution 11, . on system (33) depends continuously
on the data v, , it follows that the operator A is continuous.
Moreover, the operator A" (I') = | ' (a)l'da is continuous
on L?(0,T; H), and therefore, we conclude that the operator
A is continuous.

Schauder’s fixed-point theorem (see [4, 12]) implies that
A admits a fixed point. Then, there exists € H such that

A
Ve (l) = ml,s (l) + mo,s (l); (101) A(l) =]= J ﬁysda, (103)
0
where v, is the optimal control characterised by Lemma 2 d !
such that (100) holds, and let us consider the operator: and y, solves
L*(0,T;H L*((0,A)x(0,T);H),
3 ( ) — L°((0,A)x(0,T);H) (102)
I — y ().
( a & a £ * .
a—);+%—Ay‘S +uy(a)y, = 1(44,)BB g, In (0,A)x(0,T),
A A
J y:(0,1) = J ﬁygdaq)(J [Sysda), in (0,7), (104)
0 0
L y:(a,0) = y,(a), in (0,A).
Moreover, we have 4. Applications

T ra, . 5 2
J 118 daae <ol .

“)’s ('T)”iz 0,AH) S SCZHJ’O “iz (0,A;H)"

(105)

Finally, when ¢ — 0,
B'q.—u,

(106)
|y (T)];; — Iy (Tl = o.

Assumptions (H;) and (H,) are not necessary in the case of
the linear system.

4.1. Nonlinear Population Dynamics System Structuring by
Age and Spatial Diffusion. We consider the following
nonlinear population dynamics structuring by age and
spatial position:
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(0y Oy _ .
§+$—Ay+‘uo(a)y—l(al,az)Bu, inQ=Qx(0,A)x(0,T),
Boundary condition, onX=0Q x(0,A)x(0,T),
4 (107)

A A
y(x,0,s,t) = ®<Jo ﬁyda) .[o Byda, inQx(0,T),

L y(x,a,5,0) =y, inQx(0,A),
where A is a operator define in the domain O ¢ RM, N € N,  we assume there exists a constant C >0 such that
and B=1,.
For

- 0 oy .
AVI = Z a—xi<0'i)j$j>, Wlth Uij

=0 € C*(Qforl<i, j<N,

(108)

N
2. 01 (&> CIE (x < O£« RY)
i,j=
(109)

N
D(A) = {w e B () suchthatAy € *(@)and ¥ =Y 0, Yy, = o}.

= o ——
oy, & Mox;

The pair (A,B) is observable for every time T'>0.  4.2. Nonlinear Population Dynamics Models with Degenerate
Moreover, the operator A verifies hypotheses (H3), where  Diffusion. We consider the following nonlinear population
V = H'(Q),H = L*(Q). Then, applying Theorem 2, the  dynamics with degenerate diffusion (see [5]):
system (107) is null controllable for every time
T>a, +A-a,.

(0y O .
a—)tl+£—ax(k(x)axy)+‘u0(a)y: l(ul)uz)Bu, inQ=Qx(0,A)x(0,T),
y(0,a,t)=0o0ray,(0,a,t) =0, in(0,A)x(0,T),
d y(Lat)=0, in(0,A)x(0,T), (110)
A A
y(x,0,s,t) = CD(J ﬁyda)J Byda, inQx(0,T),
0 0
L y(x,a,5,0) = y,, inQx(0,A),
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where k is the nonnegative function in Q = (0,1) and de- Let us set the state and the control space as follows:
generates. Moreover, B = x; ;.

€ L*(Q) absolutely continuous in [0, 1
v=n.(Q) =12 ) - Y S [ ]<+oo, 9(0)=¢(1)=0¢,
Jok(x) (0,9) dx
(111)
€ Hy(Q
1 () = { LD )},
ko, e H (Q)

equipped with the following norm Moreover, the operator A verifies hypotheses (Hj;),

where V = H; (Q)and H = L*(Q).
Now, multiplying 9, (k(x)d,¢) by ¥ and integrating by
part over (0,1), where pandy € H}C (Q)), we obtain

gl =gl o) +|VE D9 o
(112)

A 7 P ()]

= . (115)

1
We consider the unbounded operator A on H = L?(Q) J k(x)o, v, dx
0

1
J 3, (k(x),¢)ydx
defined by 0

D(A) = H; (Q),
Ay =0, (k(x)0,y).

(113) Using the Cauchy-Schwarz inequality, we obtain

1
Jo 0, (k(x)0,¢)ydx| < C“k(x)ax(p“Lz(Q)"k (x)0,.v|,- @
Proposition 5 (see [14]. The operator A: D(A) — L*(Q) (116)
is closed, self-adjoint, and negative with dense domain.
Hence, A is the infinitesimal generator of a strongly Th
continuous semigroup e’ on L?(Q). en
1
The function k € C°([0,1])NC!(0,1) is such that it Jo 0, (k(x)0,.9)y dx SC”‘/’"H}((O)”‘/’”H}((Q)' (117)
satisfies k (0) = 0 and k > 0 in Q, and there exists M, € [0,1)
such that Similarly, we have
! 1 1
xk' (x) <M k(x), forallx € [0,1]. (114) _J 3, (k(x)2,¢)gdx :J k(x) (3,9)%dx. (118)
0 0
Under the above assumptions, the pair (A,B) is ob-
servable for every time T >0 (see [15]). Then, for all y>1 and a <1, we have
1 L 1 5 L )
_ JO 3, (k(x)9,¢)ydx + y JO odx = jo k(%) (3,9)2dx + y JO ¢*dx 2 algl o (119)

Then, applying Theorem 2, system (110) is null con-  4.3. Nonlinear Population Dynamics Models with Degenerate
trollable for every time T'>a, + A — a,. Diffusion (the Nondivergence Form). We consider the
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following nonlinear population dynamics with degenerate
diffusion (see [5]):

ot oOa

y(0,a,t)=y(l,a,t)=0,

L y(x$ a, s, 0) = )/0,

where k is the nonnegative function in Q = (0,1) and de-
generates. Moreover, B = x; ;.
Let us set the state and the control space as follows:

2

1
H = Lf/k(Q) = {q) e L} (Q)] Jo%dx<n+ qoo]»,

V =H,,(Q) =L, (Q)nHy(Q),

H}, (Q) ={§0 € Hy, (Q)|  thng? q € hLT/k(Q)})

(121)
with the following norms:
1P 2
L I X
¢ Hy vk ¢ 12 (Q) “ xq)"Lz(Q) (122)

lolE: = Il ) + k320l

We consider the unbounded operator A on H = Lf/k (Q)
defined by

D(A) = H;, (Q),

(123)
Ay = k(x)2>,y.

Proposition 6 (see [16]). The operator A: D (A) — L*(Q)
is closed, self-adjoint, and negative with dense domain.

Hence, A is the infinitesimal generator of a strongly
continuous semigroup e'* on L%, (Q).
The function k € C°([0,1])NC3(0,1) is such that

The function (xk,/k) € L*(0,¢), and there exists
M, € (0,2) and R, >0 such that (xk,/k)<M, and
|0, (xk,/k)| <R, (1/k(x)) for all x € (0,¢).

1,2 1
_<k(x)aix(p’ §0>(H}/k)',Hl +YJ‘O%dx = J-O (ax(P)zd'x +YJ‘

17k

A A
y(x,0,s,t) = Q(JO ﬁyda) JO Byda,

a—y+a—y—k(x)aixy+yo(a)y: 1(u1,az)Bu’ inQ=Qx(0,A)x(0,T),

(0,A)x(0,T),
(120)

inQx(0,T),

inQx(0,A),

The function ((x - 1)k,/k) € L°(1 —¢,1), and there
exists M, € (0,2) and R,>0 such that
((x = Dk,/k) <M, and |0, ((x — 1)k, /k)| <C(1/k(x))
forall x € (1 -¢1).

Under the above assumptions, the pair (A,B) is ob-
servable for every time T >0 (see [16]).

Moreover, the operator A verifies assumption (Hj;),
where V = H{, (Q)and H = L}, (Q).

Indeed, let pand y € H}, (Q), and we have

1
J ¢, Y, dx
0

. (124)

|<k( x)0.0, v (H,)H

1
1/k

Using the Cauchy-Schwarz inequality, we obtain

|k (0.9 (11,

1/k 1/k

S "axq’"LZ(Q)”axv’"LZ(Q)'
(125)
Using the Hardy-Poincaré inequality,

1.2

1
forallp € H}, (Q), 3C>0such that J %dstJ @2dx,
0 0

(126)
we obtain
2
k()P0 (v | <ol o)l o) (127)
Similarly, we have
1
- <k( X )aixgo’ ¢> (H}/k ),)H{/k = JO (ax(P)zdx' (128)
Then, for all y>1 and a <1, we have
1 ¢2
2
O?de(xII(pIIH}/k(Q). (129)
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Then, applying Theorem 2, we obtain this result.

Proposition 7. By  applying  Theorem 2,  for
¥o € L*(0,T; L3, (Q)) and for every T >a, + A —a,, there
exists u € L*((0, A) x (0,T); L}, (Q)) such that the solution
of system (120) verify

y(T)=0, aeinQx(0,A). (130)

5. Conclusion

Considering a nonlinear infinite dimensional system ob-
tained by grafting an operator A and an age structure, we
show there is a time T dependent on the constraints on the
age and the observability minimal time T" of the pair (A, B)
(B is the control operator) from which the system is null
controllable. In application, the spatial diffusion operator
and two spatial degenerate diffusion operators are provided.

In the desire to consolidate even more the result ob-
tained in this article, we will think in our future work of the
case of controllability with positivity constraint and also to
establish algorithms allowing to calculate the control from
its characterization.

These outstanding questions are therefore in this order:

Controllability with positivity constraints: we will be
interested in controllability with positivity constraint.

Numerical implementation: for a given fertility rate f3,
the mortality rate ‘p, the initial condition y,, and a
positive parameter € > 0, how to determine a numerical
algorithm allowing to determine the e-approximate
null control function h?
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