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A graph G is called cycle books B[(4, m), 2] if G consists of m cycles C, with a common path P,. Figueroa-Centeno, Ichishima, and
Muntaner-Batle conjecture that the graph B[(4,m), 2] is super edge-magic total if and only if m is even or m = 5mod (8). In this

article, we prove this conjecture for m>36 and m =0 mod (2).

1. Introduction

For undefined terms and notations in this study, we follow
Chartrand, Lesniak, and Peng [1]. Let G be a graph with
V (G) and E (G) be a set of vertices and edges, respectively. A
graph G is called a (p, g) graph if G has p and g number of
vertices and edges, respectively. Kotzig and Rosa [2] defined
that an edge-magic total labeling of G is a bijective function f:
V(G)UE(G) — {1, 2, .., p+g4}, such that flw)+fiwz) +
fz) =k for any edge wz € E(G). Moreover, a super edge-
magic total labeling is an edge-magic total labeling f, such
that f(V(G)) =11, 2, .., p}.

The notion of edge-magic total labeling of a graph is
generalized to edge-antimagic total labeling of graphs. Let
a>0 and f>0 be integers. Let W = {w(xy): w(xy) = f
)+ f(xy)+ f(»), xyE(G)}. If W forms an arithmetic
sequence starting from o with common difference f3, then G
is called (a, 5) — edge antimagic total labeling. Moreover, if
fV(G)={1, 2, .., p}, then G is called super(a,p)—
edge antimagic total labeling. Notice that when =0, the
(a, B) — edge antimagic total labeling of G is the usual edge-
magic total labeling of G with flw) + flwz) + f(z) = « for any
edge wz € E(QG).

One of the most popular problems in the theory of graph
labeling is super edge-magic total labeling of tree. Enomoto
et al. [3] proposed the following conjecture.

Tree conjecture [3]: every tree is
edge antimagic total labeling.

The tree conjecture is still an open problem; however, some
authors proved that tree conjecture is true for some classes of
tree. For example, Bhatti, Javaid and Hussain [4] and Raheem
et al. [5] proved that tree conjecture is true for subdivision of
caterpillar. Javaid, Bhatti, and Aslam [6] proved that tree
conjecture is true for subdivision of stars. Other authors who
studied tree conjecture can be found in Gallian [7].

Another popular problem in the theory of graph labeling
is super edge-magic total labeling of a cycle book. A cycle
book graph is constructed from some cycles either with the
same or different order. Let m > 1 be any positive integer and
let C, be the cycles of order a. A graph G is called a-cycle
books B[(C,,m),2] if G consists of m cycles C, with a
common path P,. For m = 1, we define B[(C,,m),2] to be a
cycle C,. From now on, the graphs, a-cycle books
B[(C,,m),2] is denoted by Bl(a,m),2].

Marr and Wallis ([8], Research problem 2.7, p.39)
proposed the following problem.

super (&, 0)—
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Problem 1. Are all graphs B[(a,m),2] edge-magic total
(super edge-magic total)?

Graph B[(a,m), 2] is constructed from some cycles C,, of
the same order. Swita et al. [9] contructed a graph from some
cycles with different orders. A graph (a,b) — cycle book
Bl(a,m), (b,n),t] is constructed from some cycles C, and
Cp, with a common path P,, a path of order t with m,n, a, b,
and ¢ as the positive integers.

Problem 2. Are all graphs B[(a,m), (b,n),2] edge-magic
total (super edge-magic total)?

Both Problems 1 and 2 are interesting problems for at least
the following two reasons. First reason is the solutions of
Problems 1 and 2 that can be used to construct the secret
sharing scheme in information technology. Reddy and Basha
[10] and Imron et al. [11] used edge-magic total labeling of
catepilar graphs to construct the secret sharing scheme. Bas-
koro, Simanjuntak, and Adithia [12] used edge-magic total
labeling of star graphs to construct the secret sharing scheme.

The second reason is both Problems 1 and 2 provide a
challenging problem for the researchers, since they are open
problems. Swita et al. [9] proved Problem 2 fora =7 ora =
4x — 1 for any integer x. MacDougall and Wallis [13] proved
Problem 2 for m = n =1 that a graph Bl(a, 1), (b,1),2] is a
super edge-magic total labeling. Let / = min (a, b) — 3. Notice
that [ is a chord of cycle C ,,;,_,). Thus, [ is a chord of graph
Bl(a, 1), (b,1),2]. Using Kotzig array, Singgih [14, 15]
proposed a new method to construct an edge-magic total
labeling (super edge-magic) of graph cycle C ., , .1y
with [(2r + )"z chords, each of length [ = (a,b) - 3, from
an edge-magic total labeling (super edge-magic) of graph
Bl(a, 1), (b,1),2], where hand z are the positive integers.

Berkman, Parnas and Roditty [16], Enomoto et al. [3],
Kotzig and Rosa [2], and Godbold and Slater [17] are among
others authors that discuss Problem 1 for m = 1. For m >2,
Problem 1 is an open problem; however, some authors
provided a partial solution. Figueroa-Centeno, Ichishima,
and Muntaner-Batle [18] proved that B[(4, m), 2] is an edge-
magic total. Furthermore, they proved that B[(4, m), 2] is not
super edge-magic total for m = 1, 3, 7mod (8)) and m =4, but
B[(4, m), 2] is super edge-magic total form =2, 5,6, 8, 10, 11.
Moreover, they made the following conjecture.

Cycle book conjecture [18]: the graph B[(4, m), 2] is
super edge-magic total if and only if m is even or
m = 5mod (8).

Gallian [7] reported that Yuansheng et al. [19] proved this
conjecture for m is even in Ars Combinatoria, 93 (2009)
431-438. A study [20] contains the abstract of Yuansheng et al.
[19] and claims that Yuansheng et al. proved the cycle book
conjecture is true for m is even. The study [19] is the same as that
of Gallian [7]. We trace this reference, and we find that this
reference is neither in the table of contents of Ars Combinatoria,
93 (2009), nor in the table of contents Ars Combinatoria from
1995 up to 1999. Hence, we assume that the article of Yuansheng
et al. is unpublished. Therefore, it is reasonable to publish this
article. Thus, this study proves the cycle book conjecture for
m > 36 and m = 0 mod (2). The solution of cycle book conjecture
is available from the author for 12 <1 < 34 and m =0 mod (2).

2. Preliminary Notes

In this section, we provide some previous results on super
edge-magic total labeling of a graph. Figuero-Centeno,
Ichisma, and Mutaner-Batle [18] proved some necessary
conditions for super edge-magic total labeling of a graph.
We need them to prove the main results of this study. First,
we define some notations in the following definition.

Definition 1. Let G be a graph B[(4,m),2], X = {u,,,,},
Y = {vpah Z={upthh Uit Uiz - > Ut and
W ={vi, Vo oo s Voot Vinjzaso - - > Vims1}- - We  define  the
vertex set V(G) = XUY UZUW and the edge set E(G) =
{(x,y):x e X,y e YIU{(xp):x € Z,y e WU {(x, y):
xeX,yeZhu{(x,y): x €Y,y e W}

The element of XUY and the edge (u,,/5,2> Vnj242) are
called the common vertices and common edge of the m
copies of C,, respectively.

The graph B[(4,m), 2] in Definition 1 is shown in Fig-
ure 1 and the graph B[(a, m), (b,n),2] is shown in Figure 2.

Theorem 1 (see [18]). Let G be a graph, such that |(VG)| = p
and |E(G)| = q. Then, G is super edge-magic total if and only
if there exists a bijective function f: V(G) — {1,2,...,p},
such that the set S = {f (w) + f (2): f or any edge wz € E
(G)} consists of q consecutive integers. In such a case, f
extends to a super edge-magic total labeling of G with magic
constant k = p + q + s, where s = min(S) and S = {k— (p+
,k—(p+2),....k— (p+q)}

Theorem 2 (see [18]). Let G be a graph, such that |(VG)| = p
and |E(G)| = q and f be a super edge-magic total labeling of
G. Let S={f(w)+ f(2): wz € E(G)} and s=min(S).
Then, Y ey f(v)deg(v) =gs+ (q—1)q/2. In particular,
2Y evic) f (v)deg (v) = 0mod(q).

Theorem 3 (see [18]). Let G be a graph B[(4,m),2], such
that S = {f (w) + f (2): wz € E(G)} and s = min(S). If G is
super edge-magic total labeling, then s = m/2 + 3.

The following theorem is derived from the proof of
Theorem 3 in [3]. For self-contained of this article, we re-
write the proof again.

Theorem 4 (see [18]). Let G be a graph B[(4,m),2] in
Definition 1 and let (4,5, V,,/2.2) be the common edges of
all cycles C, in G. If G is super edge-magic total labeling, then
f Wpnin) + f (Vnin) = 6ms + m* + 2s — 17m — 12/2m — 2.

Proof. Let G be a graph B[(4,m),2]in Definition 1. Let
[V(G)| = p,|IE(G)| = g, and t = m/2 + 2. We first notice that
p=2m+2and q=3m+ 1. Moreover, deg(u,) = deg(v,) =
m+1,deg (u,) = deg(v,)=---=deg(u,_;) =deg(v,_,) =
deg(u,,,) = deg(v,,y) = ..., deg(u,,,.,) = deg(v,,.;) = 2.
Let A=XUY and B=ZU W. By Theorem 2, we have
(m+1)Y peaf (W) +2Y 5 f (W) =gs+ (q—1)gq/2 or
(m =1 peaf (W) +2Y 5 f (W) = gs+ (q— 1)g/2. The last

2m+2 -

equality reduces to Y. f (w) +2);7i = gs+ (g - 1)q/2,
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FIGURE 2: Graph B[(a, m), (b,n),2].

since f(w), f(2z) €{1,2,...,2m+2)}, and f(w)# f(2).
Thus, (m—1)Y ,eaf (W) + 2m+2)(2m+3) =gs+ (g—1)
q/2. We substitute g = 3m + 1 to the last equation, and we
have the following equation.

flu)+f(v)=

By the equation (1) and s = m/2 + 3 in Theorem 3, we
conclude that f (u,) + f (v,) =2m+ 3. Hence, the theorem. [

6ms +m* +2s — 17m — 12 (1)
2m -2 '

3. Proof of Cycle Book Conjecture for m Is Even

In this section, we prove that the cycle book conjecture is
true if m is even and m > 36.

Theorem 5. Let G be the graph B[(4,m),2] in Definition 1
with|[V(G)| = p,|IE(G)| = q, m is an even integer, m>36.,
and let f be an edge-magic total labeling of G. Let
S={f(w)+ f(s): f or any edge wzeE(G)] and
s =min(S). Then, G is a super edge-magic total if and only if

(1) [ (tpnin) + [ (Vnsn)) = 6ms + m*+ 2s — 17m— 12
/2m -2

(ii) s=m/2 +3
(iii) S is a set of q consecutive integers
(iv)k=p+q+s

Proof. Let G be the graph B[(4,m),2] with
[V(G)l = p,IE(G)| = g, and let G be a super edge-magic
total. Note that p =2m+2 and g=3m+ 1. Let f be an
edge-magic total labeling of G. If fis a super edge-magic total
labeling of G, then the conditions (i) and (ii) follow from
Theorems 4 and 3, respectively, and the conditions (iii) and
(iv) follow from Theorem 1.

Let f satisfies the conditions (i), (ii), (iii), and (iv). By (i)
and (ii), we conclude that

I (U2in) + f (Vpjaan) = 2m + 3, (2)

The pair (m/2 + 2,3m/2 + 1) is one of the solutions of
equation (2) with f(u,,,,)= m/2+ 2 and f(v,,5,,)
= 3m/2 + 1. By this solution, we define the bijection f, (x),

such that f (t4,2,5) = f (thy242) =m/2+2 and f (v,2,,)
= f (Vpoe2) = 3m/2 + 1 as follows.

m .om
f1(”i)25+2’ IZE+2’ (3)
3m m
fl(vi):7+l’ l=E+2, (4)
filw)=i, i=12,...,m+1, (5)
3m
fl(vi):7+3’ i=1 (6)
filv)=m+2, i=2, (7)
3m .
f1("i):7+2’ i=3 (8)
filv)=2m+1, i=m+1 (9)
Case 1: m = 0 mod (4)
We define
3m i+1
=S +3-(50)
(10)
i:m—l,m—3,...,%+5,—+3,
5m+ 8
fl(vi): 4 > =m, (11)
3m (i—6 m m
)=, :—,__2) )8:6 12
fl(v’)2<2)122 (12)
fim)=2m+3-2, i=m-2m-4,. ., 1614,
(13)



International Journal of Mathematics and Mathematical Sciences

f1(v) PR i=5+1. (14)
Case 1.1: m = 0mod (12)
We define
3—i . m m
fl(vi)=2m+<7), i=51L17,...,>=7,>~1,
(15)
i—3 . m m
fl(v,.)zzm—<7), 127’13’19""’7_11’?_5’
(16)
i-9 . m m
fl(vi)=2m—(7>, l=9,15,21,...,3—9,3—3,
(17)
filv)=2m+2, i=4
(18)

Next, we will show that S is a set of q consecutive
integers with g = 3m + 1. Recall that X = {u,,,,,} and

Y= {Vm/2+2}'

Let Z1 = {uy,ty ..oy thynin + 1} and S} = {f, (x) + f,
(»): x e X,y € Z,}. Let x € X. By equations (3) and
(5), we conclude that f,(x)+ f, (u;) =m/2+2+1,
i=1,2,...,m/2 +1. Hence, S} ={m/2+3,m/2+4,
om+2,m+ 3}

Let  Z) ={u,},Wi={v} and $={f (x)+f,
(»):xeZ,,yeW,}. Let xe€Z, and y € W,. By
equations (5) and (7), we conclude that f,(x)+
f1(y)=2+m+2=m+4. Hence, S} = {m + 4}.

Let:Zé = {um/2+3’um/2+4’ N '>um>um+1}’z}l = X’ and
S={f1(x)+f1(y):xeZ)yeZl} Let x € Z and
u; € Z. By equations (3) and (5), we conclude that
f1() + fi(u) =m/2 +2+1i,i=m/2+3,m/2 +4,
...,m+ 1. Hence, 8} = {m+5,m+6,...,3m/2,3m/2 +
2,3m/2 + 3}.

Let Z5={uy,us}, Wy ={v, v}, and S} = {f, (u) + f,
(v;): u; € Zs,v; € W,}. By equations (5) and (6), we
conclude that f, (u)+ f,(v;) =1+3m/2+ 3 =3m/2
+4. By equations (5) and (8), we conclude that
fi(us)+ fi(v3) =3+3m/2+2=3m/2+5. Hence,
Sy ={3m/2+4,3m/2 +5}.

Let Z} ={ug g, ...ty Upp b Wi = Ve, Vg
Vs Vel and SL= {1 () + f1 (v): w; € Zg, v; €
W3, i=6,8,...,m/2—2,m/2}. By equations (5) and
(12), we conclude that f, (u;) + f,(v;) =i+ 3m/2 - (i -
6/2),i=6,8, ...,m/2. Hence, S = {3m/2 + 6, 3m/2 +
7,3m/2+8,...,7m/4 + 2, 7Tm/4 + 3}.

1_ 1_

Let Z = {th43 Upmiaiss - - - > ”m—31> U1 b Wi = {Vipnass
Vinizess - > Uz Uy b and - Sg = {f (u) + f1 (v):

u; € Z%, v, e Whi=m/2+3,m/2+5,...,m=3,

m — 1}. By equations (5) and (10), we conclude that

fi)+ fi(v)=i+3m/2+3 - (i+1/2), i =m/2+ 3,
m/2+5,...,m—3,m— 1. Hence, S = {7m/4 + 4,7m/
4+5,...,2m+ 1,2m+ 2}.

Let Zy=XW.=Y and Si={f (x)+f,
(): x € Zg, y € W5}, By equations (3) and (4), we
conclude that f,(t,n0) + f1 (Vyosn) =m/2 +2+
3m/2 +1 = 2m+ 3. Hence, S} = {2m + 3}.

Let  Z§ ={u;:i=5(mod6)} = {us,uyy,. ..ty o
U1} We = {v i=5(mod6)}={vs, vy, .oV
Vp1h and Sy = {f () + f1 (v): u; € Zg,v, € Wl
By equations (5) and (15), we conclude that f, (u;) +
fiv)=i+2m+ (3-il2),i=511,17,...,m/ 2-7,
m/2—1. Hence, S§={2m+4,2m+7,...,9m/4 -2,
9m/4 + 1}

Let Zj, = {u;i=1(mod6)} = {usuys,.. 5t 11
Upppsh Wi ={v;2 i = 1(mod 6)} = {v,, Vi3, s Voo
Vst and Sg = {f, (u) + f1 (v)): u; € Z},v; € W}
By equations (5) and (16), we conclude that f, (u;) +
fiv) =i+2m—(I1-3/2),i=7,13,19,...,m/2 - 11,
m/2—5. Hence, S§={2m+52m+8,2m+11,...,
Im/4 — 1}.

Let Zy, ={u,}, Wy ={v}, and Sj, = {f, (x) + f, (»):
x € Z},,y € Wg}. By equations (5) and (18), we con-
clude that  f,(u,)+ f;(vy) =2m+6. Hence,
Sio = {2m + 6}.
Let Z}, = {u;: i =3 ={(mod 6)} = {ug, tiy5, .- . Uy 11>
U9 Umppsh W= {1 i=3(mod6)} = {vo, vy,
<> Vm-15 V290 U3 and Sy ={f  (u) + f
(v): u; € Z1,,v; € Wo}. By equations (5) and (17), we
conclude that f, (u;) + f,(v;)) =i+ 2m— (I -9/2),i =
9,15,21, ...,m/2-9,m/2-3. Hence, Sj, ={2m+
9,2m+12,2m+ 15, ...,9m/4 — 3, 9m/4,9m/4 + 3}.
Let Zj5 = {u,,}, Wio={v,,},and S}, = {f, (x) + f, (y):
x € Zi;,y € Wi b. By equations (5) and (11), we
conclude that fi(uw,) + fi(v,) =m+5m/4+
2 =9m/2 + 2. Hence, S}, = {9m/4 + 2}.
Let Zi,={upnnb Wiy ={Vmon} and S5 = {f, (x)+
f1(»): x € Z},,y € W},}. By equations (5) and (14),
we conclude that f, (1,,,5,1) + f1 (Vo) =m/2+ 1 +
7m/4 + 3 = 9m/4 + 4. Hence, S}, = {9m/4 + 4}.

Let  Zis={thposr Umizier - - > Umar Um2b Wiz ={Vp
244 Vynsg - - Vi Vmah and Sy ={f, (u)+
f1(v): u; € Z15,v; € W1, }. By equations (5) and (13),
we conclude that f, (u;) + f, (v;)) =i+ 2m+3-i/2,i=
m/2 +4, m/2+ 6,...,m—4,m—2. Hence, S}, = {9m/
4+59m/4+6,9m/4+7,...,5m/2, 5m/2+1, 5m/
2+ 2}

Let Wi3= Y = {Vn0}, Wiy= {1}, and S5 ={f,
(x)+ f1(»): x € W15,y € Wi,}. By equations (4) and
(7), we conclude that f,(v,.,) + f1(v,) = 3m/2+
1+m+2=>5m/2+3. Hence, S, = {5m/2 + 3}.

Let Wis= Y = {Vynaoh Wig= (V1> Vinso - - o> Vimass
Viaash and Sig = {f1 (%) + f1(y): x € Wi5, y € Wil
By equations (4) and (10), we conclude that
F1Wpp) + f1(v) =3m/2+1+3m/2+3 - (i+1/2),
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i=m-1,m-3,m-5,...,m/2+5m/2+3. Hence,
Sl ={5m/2 +4,5m/2 +5,...,11m/4 + 1, 11m/4 + 2}.
Let Wi, =Y = {v,p,5}, W18 = {Vu}>and 8y, = {f (x) +
f1(y): x € Wi,, ¥y € Wi,}. By equations (4) and (11),
we conclude that f,(v,,,.,) + f;(v,) =3m/2+
1+5m/4+2 =11m/ 4+ 3. Hence, S}, = {11m/4 + 3}.

Let  Wiy=Y = {vn0l Wi= {Vu Vs -
ve, Vel and Sjg = {f (x) + f1(y): x € Wyg, y € Wi}
By equations (4) and (12), we conclude that
F1 W) + f1(v) =3m/2+1+3m/2— (i-6/2),i=
m/2,m/2-2,m/2 -4, ...,8,6. Hence, Sl ={l1m/
4+4,11m/4+5,...,3m,3m + 1}.

Let Zis = {th1}, Wi ={Vp}> and Sjg={f; () +
f1(y): x € Zl, y € Wi, }. By equations (5) and (9), we
conclude that f,(u,,.)+ f1 (V) =m+1+2m+
1 = 3m + 2. Hence, S}y = {3m +2,}.

Let W), =Y = {v,p0}, Wi ={v;,m}, and S}, = {f,
(x) + f1(»): x € W),, y € Wj,}. By equations (4) and
(8), we conclude that f,(v,,5.,) + f1(v3) = 3m/2
+1 +3m/2 + 2 = 3m + 3. By equations (4) and (6), we
conclude that f, (v,,,,,) + f1(v;) =3m/ 2+ 1+ 3m/2
+3 = 3m + 4. Hence, S,, = {3m+ 3,3m + 4}.

Let Wy =Y={ m/2+2} Wis = V2> Vin- 4200
Vo> Vmizeah  and Szl {f1 () +f1(y):xe€ W24,
y € W} By equations (4) and (13), we conclude that
F1Wpn) + f1(v) =3m/2+1+2m+3 —i/2,i =m-
2, m—4, ..., m/2+6, m/2+4. Hence, S}, = {3m+
53m+6,...,13m/4 +1,13m/4 + 2}.

Let W;6:Y Wb W= {Vun- 1 Vmp-z
Vi, vsh and 8y = {f; (x) + f1(y): x € Wi, y e Wi L.
By equations (4) and (15), we conclude that f,
(Vpaa) + f1(v) =3m/2+ 1+ 2m+ (3-1)/2,i= m/2

-1,m/2-7,...,11,5. Hence, S}, = {13m/4 + 3, 13m/
4+46,...,7m/2 - 3,7m/2}.
Let  Wi=Y={v,nnh  Wi={Vupub and

Sy ={f1 () + f1(y): x € Wi,y € Wi} By equa-
tions (4) and (14), we conclude that f,(v,,,,,)+
f1Wpai) =3mi2+ 1+ 7m/4 + 3 =13m/4 + 4. Hence,
S); = {13m/4 + 4}.

Let Wi =Y = {V22h W1 = Vpso Vi1 -+
vis, Vo) and 8y = {f1 (x) + f1(p): x € Wi, y € Wi
By equations (4) and (16), we conclude that f,
(Vi) + f1(v) =3m/2+ 1+ 2m— (i-3)/2,i= m/2

-5, m/2 - 11,...,13,7. Hence, S}, = {13m/4+ 5,13m
/14+8, ...,7m/2 —4,7m/2 — 1}.
Let Wéz—Y {Vszaahs W33 V- 3 Viniz-9> -+ +> Vis

vo},and 8ys = {f, (x) + f1(): x € W3y, y € W33} By
equations (4) and (17), we conclude that f, (v,,.,) +
FL) =3m2+1+2m— (i-9)/2,i=m [2-3, m/2
-9, ..., 15,9. Hence, Sl ={13m/4+ 7,13m/4
+10,...,7m/2 =2, 7m/2 + 1}.

Let W3, =Y = {vp0} Wis = {vun}> and S5 ={f,
(x) + f1(»): x € W},, y € Wi.}. By equations (4) and
(9), we conclude that f, (v,,,,,) + f1 (V,01) = 3m/2 +
1+2m+1=7m/2+2. Hence, S, = {7m/2 + 2}.

Let Wig=Y = {000}, W3, = {vy}, and S}, = {f, (x) +
f1(»): x € Wi, y € W} }. By equations (4) and (18),
we conclude that f, (vm/2+2) + f1(vy) =3m/2+
1+2m+2=7m/2+ 3. Hence, S,, = {7m/2 + 3}.

Next, we will show that S§ US§ U S}O US!, USl, consists
of 3m/12 consecutive integers. Simple counting shows
that |Sg| =m/12, and [S§] = |S},| =m/12 -1, |S],|=
ISl =1. We arrange the term of SyUSjUS],
USH USl, in Table 1.

We observe from Table 1 that S US; US],US}, US], =
2m+4,2m+5,2m+6,...,9m/4+ 1,9m/4 + 2,9m/4

+3} consists of 3m/12 consecutive integers.

In addition, we will show that S}, U (S}, US,;)' US],
consists of 3m/12 -1 consecutive integers Simple
counting shows that [S),|= m/12, |S},|=1IS)|=
m/13 — 1, and [S,;] = 1. By these information, we ar-
range the terms of S}, U (S, US,;)' US), in Table 2.

We observe from Table 2 that S}, U (S};US,;) US), =
{13m/4 + 3,13m/4 + 4,13m/4 + 5,...,7m/2 — 1,7m/ 2,
7m/2 + 1} consists of 3m/12 — 1 consecutive integers.
Let S= SlUSjU --- USL US),. We will show that S
consists of g consecutive integers with g = 3m + 1.
Let

St ={m/2)+3,(m/2)+4,...,m+2, m+3} =T},
Sy={m+4} =T,

Si={m+5 m+6,...,(3m/2) +2, (3m/2) + 3} = T}
Sy ={(3m/2) + 4, 3m/2) + 5} =T},

St={Bm/2)+6, Bm/2)+7,...,(Tm/4) +2,  (7m/
4)+3} =T},

St = {(7m/4) + 4, (7m/4) + 5
St={2m+3} =T},
S§USUS US] US|, =2m+4,2m+5,2m+6,...,
(9m/4) + 1, (9m/4) + 2 (9m/4) +3 =T}

Si; = {(9m/4) + 4} =

Sy = {(9m/4) + 5, (9m/4) +6, (9m/4) +7,5..., (5m/

2), (5m/2) + 1, (5m/2) +2} =T}y

Sis = {(5m/2) + 3} =T},

St = {(5m/2) + 4, (5m/2) +5,.. .,

4)+ 2} =Tl,,

Si, ={(11m/4) + 3} = T1;,

Sig = {(11m/4) + 4, (11m/4) +5,.

Sl ={3m+2} =T},

Sy ={3m+3,3m+4} =T},

Sy, ={3m+5,3m+6,..., (13m/4) + 1, (13m/4)+
2 =T

S, U (S35US5,)US), = (13m/4) + 3, (13m/4) + 4,
(13m/4) +5,. .., (7m/2) - 1, (7m/2), (7m/2) + 1 =

Tig

Sk = {(7m/2) + 2} = T},,

S), = {(7m/2) + 3} = T3,

Notice that min (T}) = max (T} ;) +1,i=2,3,...,20.

Moreover, T} consists of consecutive integers. Simple

S2m+ 1,2m+ 2} = T,

(11m/4) + 1, (11m/

53m,3m+ 1} =T1,,



i3
£1(v) :2m—(’—), i:9,15,21,...,%— 11,%—5.

(21)

It can be proved in the same lines as previous proof of
Case 1.1 that S is a set of g consecutive integers with
q = 3m + 1. Thus, by Theorem 1, we conclude that G is
super edge-magic total. Hence, the theorem in this case.

Case 1.3: m = 8mod (12)

We define

filv)=2m+2, i=4, (22)
filv)=2m-1, i=5, (23)
fi(v)=2m—-4, i=9, (24)
fiv)=2m, i=7, (25)
filv)=2m-3, i=11, (26)
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TaBLE 1: S§US; UST, US}H US], consists of 3m/12 consecutive integers.
S S5 USi, $11US1o
2m+4 2m+5 2m+6=S5},
2m+7 2m+8 2m+9
2m+ 10 2m+11 2m+ 12
Im/4 -4 Im/4 -4 om/4 -3
Im/4 -2 Im/4 -1 Im/4
Im/4 +1 Im/4+2 =S, om/4 + 3
TABLE 2: S5, U (S35 US,3) US}, consists of 3m/12 — 1 consecutive integers.
S%Z S%S U S%S 8%4
13m/4 + 3 13m/4 +4 = S}, 13m/4 + 5
13m/4+6 13m/4+7 13m/4 + 8
13m/4+9 13m/4 + 10 13m/4 + 11
7ml2 -6 7mf2 -5 7m/2 -4
7m/2 -3 m/2 -2 7m/2 -1
7m/2 7mf2 + 1
counting shows that S consists of g consecutive integers i—9 ' m m
with g = 3m + 1. Thus, by Theorem 1, we conclude that fi(v) =2m _< 2 )) i=1319, 5 9>E -3
G is super edge-magic total. Moreover, by (iv), we have (27)
fiw)=k—-(fi(w)+ fi(v)) for al uveE(G).
Hence, the theorem in this case. ., i3 s, m m
Case 12m54m0d(12) fl(vl)_ m_<42 )a i =15, 1;...,5_7;7_1>
We define (28)
i-9 m m
v; :2m+(—), i=511,17,...,—-9,— -3, i-3 m m
fi(v) 2 2 72 fl(vl)=2m—(7>, i=17,23,...,5-1L—-5
(19)
(29)
.3 . m m
fi(v)=2m _(’ - 5)’ 1=71319...,2-7>-1 It can be proved in the same lines as the previous proof
(20) of Case 1.1 that S is a set of g consecutive integers with

q = 3m + 1. Thus, by Theorem 1, we conclude that G is
super edge-magic total. Hence, the theorem in this case.

Case 2: m = 2mod (4)

3m i+1 S B m m
fl(Vi)=7+3—<T), i=m-1,m 3,...,2+6,2+4,
(30)
Sm+6
fi(v) = L i=m (31)
3m (i—6 .om m
fl(Vi)=7_<T>, 1=5+1,5—1,...,8,6,
(32)

i . m m
fl(vi):2m+3_5> l=m—2,m—4,...,5+5,5+3,

(33)

fi(v) R i= X (34)

Case 2.1: m = 2mod (12)
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We define

3—-i m m
)=2m+(——), i=511,17,...,——-8,——2,
fily) =2m < 2 ) ' 2 72

(35)
i—3
fl(vi):Zm—<lT>, i:7,13,19,...,§_12,ﬂ_6,
(36)
i-9 ) m m
fl(Vi)=2m—<T>, 1:9,15,21,...,5—10,5_4,
(37)
1\%i

It can be proved in the same lines as the previous proof
of Case 1.1 that § is a set of g consecutive integers with
q = 3m + 1. Thus, by Theorem 1, we conclude that G is
super edge-magic total. Hence, the theorem in this

case.
Case 2.2: m = 6mod (12)
We define
i—-9 . m m
fl(vi)=2m—<7>, i=511,17,...,—-10,~~4,
(39)
i—-3 m
v)=2m-{—), i=7,13,19,...,——-8,——2,
(40)
i—-3 . m m
fl(vi)=2m—<7>, i=9,1521,...,— 12,6,
(41)
filv)=2m, i=4 (42)

It can be proved in the same lines as the previous proof
of Case 1.1 that S is a set of g consecutive integers with
q = 3m + 1. Thus, by Theorem 1, we conclude that G is
super edge-magic total. Hence, the theorem in this

case.

Case 2.3 : m = 10mod (12)

We define

fiv)=2m+2, i=4, (43)
filv)=2m-1, i=5, (44)
frv)=2m-4, i=9, (45)
fl (Vi) =2m, i=7, (46)
filv)=2m-3, i=11, (47)

i—-9 m m
Y=om—(=2)i=13,19,.. ., 2 10,2 _ 4,
fi(vy) =2m ( 2 )l 2 2
(48)
fl(v,)_zm—<l—), i=15,21,...,——8,§ 2,
(49)
i—-3 m m
Yoom—(122), iz17,23,.. .. 12" 6
filv) =2m ( 2 ) ! 2 2
(50)

It can be proved in the same lines as previous proof of
Case 1.1 that S is a set of g consecutive integers with
q = 3m + 1. Thus, by Theorem 1, we conclude that G is
super edge-magic total. Hence, the theorem. O

4. Conclusion

We are able to prove the cycle book conjecture for m is even,
but we cannot prove it for m = 5mod (8). Hence, the cycle
book conjecture is an open problem.
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