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Let & be a topologically simple #*-algebra of arbitrary dimension. In this paper, we introduce the notion of semi-inner
biderivation in order to prove that every continuous commuting linear mapping on & is a scalar multiple of the identity mapping.

1. Introduction

Let (&, [.,.]) be a Lie algebra over a field [ of a characteristic
different from two. A linear map D: & — & is called
derivation on (<, [.,.]) if it satisfies the following identity:

D([x, y]) = [D(x), y] +[x, D(y)], (1)

forall x,y e &.
A bilinear map §: & x &£ — &£ is called biderivation
on (&, [.,.]) if it satisfies the following identities:

0([x, y],2) = [x,6(y,2)] +[0(x,2), y],

2
0(x, [y,2]) =[6(x, ¥), 2] +[y,0(x,2)]. @)

For all x, y,z € &, which means that it is a derivation
with respect to both components. In addition, if
0(x,y) =-8(y,x), 6 will be called skew-symmetric bider-
ivation. Let AeF and f be the bilinear map
f: Zx& — & sending (x,y) to Alx, y]; it is straight-
forward to prove that f is a biderivation of (Z, [.,.]); and
the biderivations of this type are called inner biderivations of
(Z, [.,.]. A linear map ¢: & — &£ is called a commuting
linear map on (<, [.,.]) if it satisfies the following identity:
[¢(x),x] =0, for all x € Z. It is easy to show that

[0(x), y] =[x, 0(p)], Vx,yeZ, (3)

which implies that the bilinear map ¢ defined by
8(x,y) = [¢(x), y] =[x, ¢ (M)}, (4)

is a skew-symmetric biderivation on (%, [.,.]).

Commuting maps and biderivations arose first in the
associative ring theory [1, 2]. Since then, many authors have
made considerable efforts to make their study very successful
(see, for example, [3-10]). The way used in [8] requires the
finiteness of the dimension of the simple Lie algebra.
However, the purpose of this paper is to extend the results
given in [8] concerning the commuting linear maps to to-
pologically simple #*-algebras, which are of arbitrary di-
mension. To overcome the problem of the nonfiniteness of
the dimension, we use some techniques related to these
algebras. The &*-algebras are introduced by Schue in [11].
We recall that an £ -algebra over C (the complex field) is a
Lie algebra &, which is also a complex Hilbert space with the
inner product (.,.) endowed with a (conjugate-linear) al-
gebra involution * such that ([x, y],2) = (y, [x*, z]), for all
x,y,zin Z.

Let & be an &*-algebra; for subsets M and N of &, we
recall that [M, N] denotes the closed subspace spanned by
{lm,n]: me M,n € N}. & is said to be semisimple as an
&*-algebra if and only if & = [¥, Z]. From [11], a finite-
dimensional Lie algebra & is semisimple as an &~ -algebra if
and only if it is semisimple in the usual sense. The
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&*-algebra & will be called topologically simple if and only
if there are no nontrivial closed ideals. In [11], the author
shows that the & -algebras are reductive, the semisimple
ones are the Hilbert space direct sum of its closed topo-
logically simple ideals, and the author also gives the clas-
sification of the topologically simple #*-algebras in the
separable case. The classification of the topologically simple
&~ -algebras in the arbitrary dimensional case can be found
in [12]. In [13], Schue shows that every semisimple
&*-algebra has a Cartan decomposition relative to a Cartan
subalgebra. We recall that a Cartan subalgebra of a semi-
simple £*-algebra is defined as a maximal self-adjoint
abelian subalgebra.

The paper is organized as follows. In the second section,
we give some definitions and basic results related to
&*-algebras. In Section 3, we introduce the notion of semi-
inner biderivation in order to show that every semi-inner
biderivation on an arbitrary dimensional topologically
simple & -algebra is inner; using this result, we determine
all continuous commuting linear maps on an arbitrary di-
mensional topologically simple £*-algebras.

2. Preliminaries

In this section, we summarize some basic results related to
& -algebras, collected from [14, 15]. First of all, we point out
that the notation concerning Lie algebras follows principally
from [8, 14]. Let C be the complex numbers field, & a
semisimple &~ -algebra, H a fixed Cartan subalgebra of &Z,
and ~ denotes the conjugation operator on C, a root of &
relative to H is a linear form commuting with the involution:

a: (H, x) — (C,7). (5)

That is, a(h*) = a(h) for any h € H, such that there
exists v, € &, v,#0 satistying [h,v,] = a(h)v, for any
h € H. The subspace

Vy={vy € Z: [hv,] = a(h)v,forallh € H}, (6)

is called the root space associated to «; it follows from this
that if « is a root, then —a is also one and (7°,)* = 7'_,. The
root space associated to the zero root is equal to the Cartan
subalgebra H, using the Jacobi identity; one proves that if
a+fis a root, then [Z,, Zp] € Z,. 4, and if & + f is not a
root, then [Za,gﬁ] = 0. Let @ denote the set of nonzero
roots of Z relative to H, then we have the following Cartan
decomposition & = H® (e ® 7',), where & is the usual
Hilbert space direct sum.

Let a be a root of & relative to H, then « is a linear
functional on H; this implies that there exists a unique vector
h, € H such that a(h) = (h,h,) where (.,.) denotes the
inner product of &. Consequently, h, is self-adjoint, which
means that h} = h, and h, = [v,,v}] for any v, € 7', with
[v | = 1. Then, we have the following result.

Lemma 1 (see [15]). Theset {h,: a € ®} is total in H, i.e., for
any h € H, (h,h,) =0 for all h,, implies h = 0.

Let Z be a Hilbert space, the orthogonal dimension of #
is denoted by dim&, i.e., the cardinality of an orthonormal

basis for 7. We will denote the cardinality of an arbitrary set
E by |E|.

Now, we will define the root system relative to a Cartan
subalgebra of the semisimple #£*-algebra Z.

Definition 1. Let & be a semisimple #*-algebra, H a Cartan
subalgebra of &, and @ the set of nonzero roots of & relative
to H. A subset @, of ® will be called a root system of ® if the
following conditions are satisfied:

(i) If a € @, then —a € D,
(ii) If o, B € @, such that a + ff € O, then a + € D,

We need some further notations; R and Q will refer to
the real and the rational fields, respectively. For a subset & of
@, the set of all C-linear combinations of elements of § will
be denoted by SpcS =SpS and the set of all Q-linear
combinations of elements of & by Spod. If we write
(Sp)S =SpS N, then (Sp)S is obviously a root system.
The following results will be useful in our main proofs.

Lemma 2. Let £ be a topologically simple &~ -algebra and ©
the set of its nonzero roots relative to some Cartan subalgebra
H. For any subset S of @, there exists a topologically simple
& -subalgebra £ of &, with Cartan subalgebra Hyg, such
that

(i) S C ©g, where Dy is the set of roots of L (relative to
(ii) &g is finite-dimensional if S is finite
(iii) L is infinite-dimensional and dimZ¢ = |S| if S is
infinite

Proof. See Proposition 3 in [14]. O

Definition 2. Let & be a topologically simple &*-algebra
and © the set of nonzero roots relative to a Cartan sub-
algebra H. Let a, § € ®; we say that « is connected to § if
there are some y,,7,,...,yx € ® such that a+y,,y,+
Y- Ve + € DU{0}

Obviously, the connected relation is an equivalence
relation on @.

Lemma 3. Any two roots of a topologically simple &£*-al-
gebra are connected.

Proof. LetS ={f,,;} c ®, then by Lemma 2 there exists a
finite-dimensional simple &£*-algebra Z of Z, with Cartan
subalgebra Hy, such that 3, and f; are roots of Z. Using
Lemma 1.3 in [8], we obtain that 3, and f3; are connected in
Z. Since g ¢ @, then 8, and f; are connected in &£. O

3. Semi-Inner Biderivations on " -Algebras
and Commuting Linear Maps on
Topologically Simple L*-Algebras

In this section, we introduce the notion of semi-inner
biderivation in order to show that every continuous com-
muting linear map on a topologically simple £*-algebra &
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is a scalar multiple of the identity mapping. The aim of the
first main theorem of this section is to prove that every semi-
inner biderivation of a topologically simple &*-algebra is
inner. To get this result, we have to show two lemmas.

Definition 3. Let £ bean & -algebraand f: ¥ x ¥ — &£
a biderivation of Z; f is said to be a semi-inner biderivation
of & if there exists two continuous linear maps ¢: & — &
and y: & — & such that

e y) =[¢(x), y]1 =[xy (y)],
where f will be denoted by f .

Vx,ye?,  (7)

Remark 1. By using Lemma 2.1 in [8], any biderivation of a
finite-dimensional simple complex Lie algebra is semi-inner
(a linear map between two finite-dimensional vector spaces
is continuous).

From now on, Z will represent an infinite-dimensional
topologically simple &*-algebra of arbitrary dimension and
L =H® (Y 4eo ®7,) where its Cartan decomposition is
relative to a Cartan subalgebra H (O is the set of nonzero
roots relative to H).

Lemma 4. Let f,,: £ x & — Z be a semi-inner bider-
ivation of &, then for any h € H, we have ¢ (h), y(h) € H.

Proof. For any a € ®,, we select x, € 7,, such that
Ix.l =1, x; =x_, € 7_,, and h € H. Then, we have
(o] = Iy
[has Xa] = @ (he)xas (®)
[ x-a] = —a(ho)x_q
Let o € O, we denote by @, the set ®\{a, —a}. Let
¢ (hy) = ayhy +ayx, +asx_, + Z ksxg,

~ (9)
Be@,
¢(x,) =bihy +byx, +byx_, + Z tpxg, (10)
ﬁe(btx
G (x_o) = Crhy + X, + 03X, + Z tgxp, (11)
ﬁGQIX
V(hy) = s1hy + 5%, + S3x_o + Z mgxg, (12)
ﬂ€®(x
¥ (xy) = prhs + paXy + P3X_o + Z ngXgs (13)
peo,
V(x_y) = Qihg + @rX, + q3x_o + Z rpXp. (14)
Bed,

For some a;,b;,c; sl,pl,q,,kﬁ,tﬁ,lﬁ,mﬁ,nﬁ,r € C, the
sums are orthogonal i=1,23,pe®, and h;cH,
i=1,2...,6

By equations (10) and (14), we have
f(htx’xa) = [¢(hot)>xtx] = ala(hl)xtx - a3hoc

+ Z kﬁ I:.x/;, xa],

ﬁéd)d

f(howxoc) = [ha’ l//(xtx)] = ‘x(ha)pra - a(hoc)pr—a
+ Y mgB(h
pe,
(15)
If we compare the two equations above and

[xp, x,] € Lo p# H since f € ®,, we obtain a, = 0. In the
same way, by considering f (h,, x_,) with equations (10) and
(14), a, = 0. Similarly, considering the images f (x,, h,) and
f(x_4h,), we obtain s, = s; = 0, by equatlons (11)-(Q3).

If we put a;h, = h" ez1andsh4—h € 1, then equa-
tions (9) and (12) can be written as follows:

(/)(hw) = E(x + Z kﬁxﬁ’ (16)
pe,

l//(h(x) = il/a + Z Mﬁxﬁ (17)
pe,

Now, for any root y € ®,, theset ®\{a, —a,y,—y} is
denoted by @, ;- By equations (16) and (17), we can write

¢ (h,) = h"‘+kx y ko Y ke
ﬁed),w

Z HpXp:

ﬁe(bw

18
() = B+ gy + g 1)

The two equations above imply that
(oo hy) = [@(ha) 1y ] = =y(hy YRy, + p(y ey,

= 2 kaB(hy )xp

,BGCD”
f(ha’hy) = [ha’ V/(hy)] = ‘x(hoc)!’locx
+ z /’lﬁﬁ (hoc)x

ﬂe(Da,y

a” & (htx)nu—axfa

(19)
By comparing, one has k, = k_, =y, = p_, = 0. Due to
the arbitrariness of y, we obtain ¢(h,)=h"€ H and
v(h,) = h*eH. By Lemma 1, the set {h,, « € ®} is total in
H and ¢ and y are continuous, and we have ¢ (H) ¢ H and
v(H) C H. O

Lemma 5. Let f4,ZxL—ZL be a semi-
inner biderivation of £, then there is a complex number A
such that
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d(x)=v(x)=Ax, VxeZL,ac. (20)

Proof. Leth € H and a,y € @ such that a # 7y, then we have

f(xah) =[¢(x0), h] = [, ¢ (x,)], (21)
f(xph) =[xy (W)] = [y (h), x,] = —a(y(h)x,. (22)

Let
gb(xa) =h"+ Z tﬁx/;, (23)

Ped

where tg € Cand 1* € H. Using equations (21) and (23), we

obtain
2. 1B (). (24)

ped

f(xa’h) ==

Combining equations (22) and (24), we obtain f « (h) =

a(y (h)) and tgB(h) = 0 for every f € O\{B}.
For any B € ®\{a}, if we replace h by h; in equation (24),
we get £z = 0; this implies that
=t X, + h°,
¢ (x(x) ocxoc + (25)
a(h)t, = a(y(h)).

The image of f (h,x,) is computed. Similarly, we get
Y (%) = koo + B,
a(h)ky = a(¢(h)),

(26)

where kg € C and heH.
For any a, € @, using equations (25) and (26), we have

(o x5) = [@ (%) %] = ta e 5] + B(H ) x5 (27)

f(xa,xﬁ) = [xa, W(xﬁ)] = kg [xa, xﬁ] - a(ﬁﬁ>xa. (28)

By combmmg equations (27) with (28), we first see that
B(R*) = oc(h ) = 0 if a#B. However, —a(h%) = oc(h *) =
by taking 8 = —a. This means that 8(h%) = 0 for all § € @,
ie,h* e n peo Ker B, which gives h* = 0. Similarly, by taking
a = —f3, we have Eﬁ = 0. Therefore, by equations (25) and

(26), one can obtain

=t x_,
V/(xtx) = koXq-
Using equation (29) and f(x,,x_,) = [¢(x,),x_,] =
[, W (x_p)], it follows that
ty=k, Vae. (30)

Then, comparing equations (27) with (28), we obtain
to=kg fora+pe®. (31)

Let S = {a} €D, then by Lemma 2 there exists a finite-
dimensional simple &*-algebra &g of &, with Cartan

subalgebra H, such that « is a root of Z. Now, let us prove
that f,, (ZLsxZ)CF indeed; let x,y € & then
x=hy+ Yo xpand y=h, + Zyeq,syy.

Fow o) =18 y1= Y [$(h)y, ]+ Y [texs b,
yedy Pedg
+ 2 2 [t
Pedg yeDs

(32)

Then, f,,”Zsx ZLs is a biderivation of Z; by Theo-
rem 2.4 in [8], there exists y € C such that fy, (x, ) =
plx,yl  for any x,ye€ZFg  Then, plxg y]l=
tglxg y1 = —kgly,xg] for any fe @5 and y € L this
implies that

t =t—¢x=koc=k—oc=1u>

a

for arbitrary o € ©. (33)

Equations (30)-(33) imply that if «, 3 € ® such that
a+f e ®DU{0}, thent, = kﬁ =tg = k,. Additionally, for
arbitrary connected roots a,f € ®,t, = ks =15 = k,, from
Lemma 3, we conclude that

ty=ty =ky=ky, Vaa',p.p €. (34)

If we pose t, = A in equation (34), we get our result. [

Remark 2. In the above proof, there is another method to
show that ¢, = 0 if y # a: Indeed, using equation (23), we

have
(f(xaly)x,) = { [y ¢ ()]s y) = {9 (v [1y3,])
= <Ea +) fﬁ"ﬁ#(’“?)%)

Ped
= tyy(h; )(xy’ xy)'
(35)

We also have (f(x,h x,) = 0.

Then, t, =0 if y#a.

Dhx,) = (—a(y (h))x,

Remark 3. In the case where & is separable, Theorem 2 in
[16] will facilitate some difficulties encountered in the above
proof (the above proof will look like the proof of Lemma 2.2
in [8]).

Thanks to the above Lemmas, we can state our first main
theorem.

Theorem 1. Let £ be a topologically simple &*-algebra.
Then, f is a semi-inner biderivation of & if and only if it is
inner, i.e., there is a complex number A such that
fxy)=Alx, yl.

Proof. Let & be a topologically simple #*-algebra, any
inner biderivation f of & such that f(x, y) =[x, y] is a
semi-inner biderivation f;, with

¢ = v =\id.. (36)

Now, let us prove the “only if direction.”
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The first case: if & is finite-dimensional, the result
follows from Theorem 2.4 in [8]. The second case: if £ is
infinite-dimensional, then, for f,, a semi-inner bider-
ivation of &, by using Lemma 5, there is A € C such that
¢(x)=y(x)=Ax,VxeL,aecd. For any heH and
a e ®, we have f(hx,)=[¢(h),x,]=[hy(x,)]. This
implies that a (¢ (h))x, = Aa(h)x, which means that

a(Ah—¢(h)) =0, Vaed, (37)

this implies ¢ (h) = Ah for all h € H. For any x, y € L, with
x=h+Y colyx, where I, € C, with I, =0 except for a
countable number. Therefore,

fxy) =[p(x), 3] = [Z L (x,) + ¢(h>,y]
acd (38)

= [Z I Ax, + Ah, y} = [Ax, y].

aed

In recent years, many authors have studied commuting
linear maps of certain algebra structures; for some of these
achievements, refer to 3, 4, 6, 8,9, 17, 18]. It should be noted
that this subject is not new since it was studied in 1957,
exactly in Posner’s works [19]. As we said in the intro-
duction, if ¢ is a commuting linear map on &£, then
[¢(x), y] = [x,¢(y)] for any x,ye &, and f(x,y)=
[¢(x), y] = [x, ¢ (y)] is a biderivation of &. Using Theorem
1, the present theorem aims to determine all continuous
commuting linear maps on topologically simple
L*-algebras.

Theorem 2. Let £ be a topologically simple &*-algebra.
Then, every continuous linear map ¢ on £ is a commuting
linear map if and only if it is a scalar multiplication map on
Z.

Proof. Let ¢ be a continuous commuting linear map on a
topologically simple &#*-algebra &. Then, f defined by
f(x,9) = [¢(x), y] = [x, ¢(y)] is a semi-inner biderivation
of Z. By Theorem 1, we have f (x, y) = [¢(x), y] = A[x, y]
for some A € C. Since Z is topologically simple Z*-algebra
and y is arbitrary, therefore, we have ¢ (x) = Ax.

The following Lemma is one of the interesting results
given in (see p.7 in [3]). O

Lemma 6. Let £ be a simple Lie algebra over an algebra-
ically closed field F of characteristic different from 2 such that
card(F) > dim(Z) (card(F) is the cardinality of F and
dim (&) is the dimension of & ). For any skew-symmetric
biderivation f of Z, there exists A € F such that

f(x,y)=Alx,y], forallx,y e £ (39)

Remark 4. Let & be a simple complex Lie algebra of
countable dimension and ¢ a commuting linear map on Z.
Then, ¢ is of the form ¢ (x) = Axforall x € & where A € C.
Indeed, let ¢ be a commuting linear map on &, then
flx,y)=[¢(x), y] = [x,¢(p)] for all x,y € & which is a

skew-symmetric biderivation of &. By Lemma 6, there exists
A € C, such that f is of the form f(x,y) =A[x, y] for all
x,y € Z. Then, ¢ is of the form ¢ (x) = Axforallx € Z.

We mention here that this proof does not seem to work
in our case when the underlying Hilbert space of the
" -algebra is infinite-dimensional. However, Corollary 2.4
in [3] may simplify some of the proofs in our paper.

4. Conclusions

This paper aimed to show that every continuous commuting
linear map on a topologically simple &*-algebra & is a
scalar multiplication map on Z.
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