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The concept of state has been considered in commutative and noncommutative logical systems, and their properties are at the
center for the development of an algebraic investigation of probabilistic models for those algebras. This article mainly focuses on
the study of the lattice of state ideals in De Morgan state residuated lattices (DMSRLs). First, we prove that the lattice of all state
ideals &% (L) of a DMSRL (L, 7) is a coherent frame. Then, we characterize the DMSRL for which the lattice §.# (L) is a Boolean
algebra. In addition, we bring in the concept of state relative annihilator of a given nonempty subset with respect to a state ideal in
DMSRL and investigate various properties. We prove that state relative annihilators are a particular kind of state ideals. Finally, we
investigate the notion of prime state ideal in DMSRL and establish the prime state ideal theorem.

1. Introduction

It is known to all that the algebraic research on logical
systems has considerable applications. In particular, it plays
a meaningful role in artificial intelligence, which make
computer simulate human being in dealing with fuzzy and
uncertain information. In a large number of multivalued
logic and fuzzy logic of algebraic systems, the residuated
lattice is an important class, which was brought in by Ward
and Dilworth in Ref. [1] as a generalization of ideal lattices of
rings. Then, in 2018, Liviu-Constantin Holdon introduced
an important variety of this structure called De Morgan
residuated lattice, which comprises salient subclasses of
residuated lattices such as Boolean algebras, BL-algebras,
MTL-algebras, Stonean residuated lattices, and regular
residuated lattices (MV-algebras, IMTL-algebras) (see Ref.
[2]). Furthermore, he considered ideals and annihilators in
this new structure.

The concept of internal state also called state operator
was introduced by Flaminio and Montagna ([3, 4]) by
adding a unary operation 7, which preserves the usual

properties of states to the language of MV-algebras. Since
then, several authors deeply investigated this topic in other
algebraic structures (see [5-8]). State residuated lattices
were initiated by He et al. [9]. They introduced the concept
of state operators on residuated lattices and investigated
some related properties. Moreover, they inserted the notion
of state filter in state residuated lattices. Following this
study, Kondo and Kawaguchi recently studied generalized
state operators on state residuated lattices (see [10, 11]). In
2017, Dehghani and Forouzesh [12] made a deep investi-
gation on state filters in state residuated lattices and
inducted the concept of prime state filters in state resid-
uated lattices and proved the prime state filter theorem.
Woumfo et al. [13] introduced the notion of state ideal in
state residuated lattices and established that the lattice of
state ideals is a complete lattice. In this article, stimulated
by the previous research on the structure of De Morgan
residuated lattices and by the importance of the theory of
ideals and annihilators in MV-algebras, BL-algebra, and
Stonean residuated lattices (see [14-17]), we analyze the
notions of state ideal and state relative annihilator in a new
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class of state residuated lattices called De Morgan state
residuated lattices.

This article is divided into four sections: in the first one,
we describe some preliminaries comprising the basic defi-
nitions, some rules of calculus and theorems that are needed
in the sequel. Section 2 is the part in which we consider the
algebraic structure of the set &7 (L) of all state ideals in a
DMSRL (L, 7). It is shown that (&7 (L), <) is a coherent
frame. Also, we characterize the DMSRL for which the lattice
&7 (L) is a Boolean algebra. In Section 3, we bring in the
notion of state annihilator of a nonempty set X with respect
to a state ideal I in a DMSRL and analyze some of its
properties. We demonstrate that state relative annihilators
are a particular kind of state ideals. In the last section, we put
emphasis on the notion of prime state ideals in a DMSRL.
We prove the prime state ideal theorem and investigate some
allied properties.

2. Preliminaries

We summarize here some fundamental definitions and
results about residuated lattices. Readers can obtain more
details in Refs. [1, 18-21].

A nonempty set L with four binary operations
AV, ®, — and two constants 0,1 is called a bounded
integral commutative residuated lattice or shortly residuated
lattice if the following axioms are verified:

(C1) (L,A,V,0,1) is a bounded lattice;

(C2) (L, ®,1) is a commutative monoid (with the unit
element 1);

(C3) Forall x,ye L, x0y<zox<y — z.

The following notations of residuated lattices will be
used:

L will stand for (L,A,V, ®, — ,0,1), a residuated
lattice and for any x €L and neN*, x/: =x —0,
xn: = (xnNn, x% =1and x* =x"lox.

In Refs. [2,9,14,21], we have the following definitions and
examples:

(1) A residuated lattice satisfying the divisibility con-
dition (div): xAy =x0 (x — y) is called a R
¢-monoid.

(2) A residuated lattice satisfying the prelinearity con-
dition (pre): (x — y)V(y — x) =1 is called a
MTL-algebra.

(3) A residuated lattice satistfying prelinearity and di-
visibility conditions is called a BL-algebra.

(4) A residuated lattice satistying the double negation
condition (dn): x/7 = x is called a regular residuated
lattice.

(5) A BL-algebra satisfying the double negation condi-
tion is called an MV-algebra.

(6) A MTL-algebra satisfying the double negation
condition is called an IMTL-algebra.

(7) A residuated lattice satisfying the Boolean properties
xVx! =1 and xAx! =0 is called a Boolean algebra;

(8) A residuated lattice satisfying the Stone property
x'vx" =1 is called a Stonean residuated lattice;

(9) A residuated lattice satisfying the De Morgan
property (xAy) =x'vy' is called a De Morgan
residuated lattice.

We shall notice from (see [2]) that Boolean algebras, BL-
algebras, MTL-algebras, Stonean residuated lattices, and
regular residuated lattices (MV-algebras, IMTL-algebras)
are particular important subclasses of De Morgan residuated
lattices.

Example 1. Let L = {0,a,b,c,d,e, f, g, 1} endowed with the
Hasse diagram and Caley tables (Figure 1):

Then, L = (L,A,V, ®, — ,0,1) is a nonregular resid-
uated lattice. One can easily check that L is a De Morgan
residuated lattice, which is Stonean.

Example 2. Let L = {0, p,a,b,c,d,e, f,q,1} with his Hasse
diagram and Cayley tables of ® and — be the following
(Figure 2):

Then, L = (L,A,V, ®, —,0,1) is a residuated lattice.

One can readily verify that L is a De Morgan residuated,
which is regular. But L is not a BL-algebra, L is not a MV-
algebra, L is not a Boolean algebra, L is not a Stonean
residuated lattice, L is not a MTL-algebra, and L is not a
IMTL-algebra.

The following basic arithmetic of residuated lattices will
be used for any x, y,z € L (see [19,22]):

(RL1): 1—>x=x,
0—x=1

x—x=1 x—1=1,
(RL2): x<yox — y=1;
RL3): x — y=y — x=16x=y;

(RL4): if x<y , then
z—x<z—Yy,x0z<y0z and yI <xl;

y—z<x—2z ,

(RL5): x0 (x — )< »; xO (x — y) < xAy;
(RL6): x0y<xAy<x,y<xVy;
XOY<SXx — ),y — X;

(RL7):  (xoy)n =x1oyn, (xVy)! = xIAy!  and
(xAp)1 = x1V Y15

(RL8): 0r =1, 11 =0

(RLY): x<x1m<xl — x;

(RL10): x — y < y1 — xI;

(RL11): X" =,
(X(Dy)l:x—>y1:y—>xl:xll—>yl;

(RL12): x0x1 =0, x0y=0x<y!; x00 =0;
(RL13): x1 —> y< (x10 y1)1;

(RL14): x — (xAy) =x — 5

(RL15): x0y =x0 (x — x0O ).

X<y —x

Let L be a residuated lattice, and we set x@y = x/ — y,
for every x, y € L.

Definition 1 (see [19]). Anideal of L is a nonempty subset I of
L, which satisfies the following conditions for every x, y € L:
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FIGURe 1: A De Morgan residuated lattice which is Stonean.
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FIGURE 2: A De Morgan residuated lattice which is not Stonean.
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(I1) If yeI and x<y, then x € I;
(12) If x, y € I, then xoy € I.

By the fact that @ is neither commutative nor associative
in residuated lattices and in order to get an operation with
properties closed to addition properties, Busneag et al.
defined a commutative and associative operation @ in
residuated lattices as follows: x@y = (x710 y1)/, for every
x,y € L.

Note that in Ref. [2], it was shown that a nonempty
subset I of a residuated lattice L is an ideal of L if and only if
the following conditions hold for any x, y € L:

(I3) If ye I and x<y, then x € I;
(I4) If x, y € I, then xe@y € I.

The set of all ideals of a residuated lattice L will be
denoted by .7 (L).

For a nonempty subset X of a residuated lattice L, the
ideal generated by X is (X): ={a € L: a<x®&x,®,

. ®x,, forsomen € N*, x; € X, forl <i<n} [14].

Here are some properties of the operation & (see [13,14]).
Let L be a residuated lattice. For any x, y,z,t € L, we have

(P1): x&y = x1 — y1 = y1 — x5
(P2): x@x1 =1, x80 = x11, x®l = 1;
(P3): x®y = y&x, x, y <x®y;

(P4): x®(y@z) = (x@y)®z;

(P5): If x <y, then x®z < ydz;

(P6): If x< y and z <t, then x@z < yet.

Let L be a residuated lattice. For any x € Land n € N, we
define 0x = 0, 1x = x, and nx = (n— 1)x®x, for n>2.

Then, the following relations hold for any x, y € L and
m,n>2:

(P7): m<n=mx <nx. In particular, x <nx;
(P8): x < y=mx <my;

(P9): n(x®y) = nxeény;

(P10): x@ny <n(x®y);

(P11): xoy < x&y.

Lemma 1. In any De Morgan residuated lattice L, the fol-
lowing relations hold for any x,y,z € L AND m,n>2[2]:

(P12): (xAy)1n = x1AYI;

(P13): x®(yNz) = (x®y)A\ (x®2);

(P14): xN\(ny) <n(xAy);

(P15): (mx)A(ny) <mn(x0©y)<mn(xAy);

(P16): x\(y®z) < (x\y)® (xN2).

Now, we give some necessary results for the sequel about

lattices and frames. It is worth noting that the main references
for frames theory are the following books [23, 24].

A lattice (L,A,V) is called Brouwerian if it satisfies the
equality x/\(kVKyk) = kVK(x/\yk) (whenever the arbitrary
€ €

joins exist), for any x, y, € L, k € K.

Definition 2. We call frame a complete lattice L that satisfies
the infinite distributive law xAVA = V{xAa: a € A}, for all
x € L and ACL[25].

Remark 1
(1) Every Brouwerian lattice (L, A, V) is distributive;

(2) A frame is a complete Brouwerian lattice.

An element x of a complete lattice L is called compact if
for all ACL, a <VA implies that a < VH for some finite HCA
(see [9,26]). We will denote by € (L) the set of all compact
elements of a complete lattice L.

Proposition 1. Let L be a frame and x € L [27]. Then,
x € € (L) if forall ACL, x = VA implies that x = VH for some
finite HCA.

Definition 3. A frame L is called coherent if the following
conditions hold [27]:

(i) € (L) is a sublattice of L; that is, for all x, y € L, if
x,y € € (L), then xAy,xVy € €(L);

(ii) Forall x e L, x = kVka,with X, € € (L).
€

Recall that if L is a lattice with 0 its bottom element, and
x € L, then y € L is said to be a pseudocomplement of x if
xAy =0 and for every z € L, xAz =0 implies z<y. L is
called pseudocomplemented if every element has a pseu-
docomplement. Every frame is pseudocomplemented (see
(28]).

For every x, y € L, we call a relative pseudocomplement
of x with respect to y, the greatest element (if it exists) z € L
such that xAz < y.

In what follows, we recall some results about state
residuated lattices, which will be used in the sequel.

Definition 4 (see [9]). A map 1: L — L is said to be a state
operator on L if the following conditions hold for any
x,y €L [25]:
(SO1): 7(0) = 0;
(SO2): x — y =1 implies 7(x) — 7(y) = 1;
(SO3): 7(x — y) = 1(x) — T(xAY);
(SO4): 1(x0y) =1(x)0T(x — (X0 Y));
(805): 7(r(x)o1(y)) = 1(x)OT(Y);
(806): 7(7(x) — 7(¥)) = 7(x) — 7(¥);
(SO7): t(r(x)vT(y)) = T(x)VT(p);
(SO8): T(T(x)AT(y)) = T(X)AT ().
The pair (L, 7) is called a state residuated lattice.
We shall notice that for any residuated lattice L, the
identity map id; is a state operator on L, which is an en-

domorphism, but in general, a state operator 7 is not an
endomorphism.

Definition 5. Let (L, 7) be a state residuated lattice [9, 13].
An ideal I of L is said to be a state ideal of (L, 1) if 7(I)<I



International Journal of Mathematics and Mathematical Sciences 5

(i.e., forallx € L, x € I=71(x) € I). Similarly, a filter F of L is
called a state filter if 7 (F)CF.

&7 (L) will stand for the set of all state ideals of (L, 7). It
is obvious that {0}, L € &7 (L)C.7 (L).

For computational issues, we will use the following
properties (see [9, 13]).

Let (L,7) be a state residuated lattice. Then, for any
x,y €L, for all n>1, we have

(SO9): (1) = 1;

(SO10): x <y implies 7(x) <7(y);

(SO11): (x1) = (t(x))15

(SO12): 7(x0y)=1(x)07(y) and if x©y =0, then
T(x0y) =1(x)01(y);

(SO13): r(xoyn)=1(x)o (t(y)) and if x<y, then
T(x0y1) =1(x)0 (1(¥);

(SO14): 7(x — y)<7(x) — 7(y). Particularly, if
X,y are comparable, then
T(x — y)=1(x) — 7(¥);

(SO15): If 7 is faithful, then x < y implies 7(x) <7(y);
(SO16): 72 (x) = 7(1(x)) = 7(x);
(SO17): 7(L) = Fix (1),
Fix(1) ={x € L: 7(x) = x};
(SO18): 7(L) is a subalgebra of L;

(SO19): ker(r) = {x € L: 7(x) = 1} is a state filter of
(L, 7);

(8020): coker (1) = {x € L: 7(x) = 0} is a state ideal of
(L, 7);

(SO21): (z(x))m = t(xn);

(S022): (x®y) <t (x)®T(¥);

(SO23): If x, y € T(L), then x&y € 7(L).
(8024): 1(nx) <nt(x).

where

For any nonempty subset X of L, we denote by (X, the
state ideal of (L, ) generated by X,=; that is, (X), is the
smallest state ideal of (L, 7) containing X, and for an element
ael, {ay, = {{a}), is called the principal state ideal of
(L,r). If TeSF(L) and a¢l, we denote by
I a),;: = {IUfa},.

The next theorem gives the concrete description of the
state ideal generated by a nonempty subset of a state
residuated lattice.

Theorem 1 (see [13]). Let X be a nonempty subset of L,
L1,,I, e §F (L) and a € L\I. Then,
(1) (XY, ={x e L: x<n (x;07(x,))®...
ony (x, @7 (xy)), for somek € N*, x; € X,n; € N,
forl<i<k};
(2) {a), = {x € L: x<n(a®t(a)),for somen € N*};
(3) {d,ay, ={x € L: x<ien(adt(a)),
forsomei € Iand € N*};
(4) I,vI,: ={I,Ul,), = {x € L: x<i,@®i,, withi, €
I, andi, € L,}.

Lemma 2 (see [13]). Let (L, 1) be a state residuated lattice.
For all a,b € L, we have

(5) a<b={ay <(b);

(6) <z(a)).La) s

(7) a®t(a)), = {(ay;

(8) {(adt(a))A(bod1 (b)), S(ay, N<b)
(9) <ay,v<b), = {avb), = {a®b)..

Proposition 2. Let (L, 1) be a state residuated lattice [13].
Then,

(87 (L), ©) is a bounded complete lattice with the bottom
element {0} and the top element L.

Now, we introduce the concept of De Morgan state
residuated lattice.

Definition 6. A state residuated lattice (L, ) is called De
Morgan if L is a De Morgan residuated lattice. More pre-
cisely, a De Morgan state residuated lattice is a De Morgan
residuated lattice endowed with a state operator.

The following remarks give the relationship between the
above definition and the notion of state-morphism operator
studied on universal algebras in Ref. [29], also with the
notion of generalized state in Ref. [18].

Remark 2. Let L be a De Morgan residuated lattice.

(1) If a map 7: L — L is an idempotent De Morgan-
endomorphism (i.e., 7 is an endomorphism of L such
that 72 = 1), then 7 is a state operator on L and it is
said to be a state-morphism operator. Therefore, the
couple (L, 1) is called a De Morgan state-morphism
residuated lattice. So, by taking a state-morphism
operator 7 (which is a particular type of state op-
erator), our theorems can be extended to the general
setting of universal algebras as in Ref. [29].

(2) Let 7 be a state operator on L. From Definition 1.9,
we have

(SO1) 7(0) =05

(SO3) 7(x — y) =1(x) — 7(xAY), for any
x,y €L.

Thus, from Ref. [18], Proposition 8.1 (iii) and Definition
8.1 (1), 7 is a generalized Bosbach state of type 1. Moreover,
from (SO10), we have x <y implies 7(x)<7(y), for any
x, y € L. Therefore, any state operator 7 on a De Morgan
residuated lattice L can be seen as an ordering-preserving
generalized Bosbach state of type 1.

A state operator T is called cofaithful if coker(7) = {0}
and uncofaithful otherwise.

Example 3. Set L = {0;a;b;1} with 0<a<b< 1. Then, L is
De Morgan residuated lattice that is a BL-algebra but not an
MV-algebra with the operations (Figure 3):

Let define the unary operator 7 on L by
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O | 0| a b | 1 — 0| al| b ]| I
0 0] 0 0| 0 0 1 1 1 1
a 0 0 a a a a 1 1 1
b 0| a b | b b 0| a 1 1
1 0 a b 1 1 0 a b 1

FIGURE 3: Operations of the De Morgan residuated lattice of
exemple 3.

0, ifx=0,
7(x)=4 a, ifx=a (1)
1, ifxe{b1}.

One can easily check that 7 is a state operator on L.
Hence, the couple (L,7) is a DMSRL. In addition,
coker (7) = {0} and 7 verified the following properties:
T(x — y)=1(x) — 7(y) and 7(x0y)=1(x)07(Y),
forany x, y € L. Therefore, 7 is a cofaithful De Morgan state-
morphism operator. Furthermore, the state ideals of (L, 1)
are {0} and L.

Example 4. Let L, and L, be two nontrivial De Morgan
residuated lattices and h: L, — L, a homomorphism. We
7, Ly x L,L, x L,

(x, Y)=1;, (%, ¥) = (x, h(x)).
check that 7, is an idempotent endomorphism on L, x L,.
So, 1), is a state-morphism operator and the couple (L; x
L,, 1;,) is a De Morgan state-morphism residuated lattice. In
addition, coker (7)) = {0} x L,. Hence, 1, is a uncofaithful
state operator.

define the map Then, one can

Remark 3.
(1) For every De Morgan residuated lattice L, (L,id;) is
a De Morgan state residuated lattice. That is, a De
Morgan residuated lattice L can be seen as a De
Morgan state residuated lattice. One can see that all
ideals of L is a state ideal of (L,id)).

(2) Let L be a De Morgan residuated lattice, S a sub-De
Morgan residuated lattice of L and 7: L — L be a
state operator on L such that 7(S)cS. Then, the
restriction of 7 on § is a state operator on S. We can
see that coker (7/S) = SN coker (1) is a state ideal of S.

This means that if a state operator preserves a
substructure, then its restriction to this substructure
is a state operator.

(3) Let {L;: i € I} be a nonempty family of De Morgan
residuated lattices and {7;: i € I} a family of state
operators such that 7; is a state operator on L; for

T L — | |L;
each i € I. We define the map 1,:1[ ' l;l 1
(x)ier= (73 (X)))jer-

Then, 7 is a state operator on [[;;L;. We can check that
coker (1) = [];¢;coker (7;).

So, if we have state operators on structures, then we can
define a state operator on the product and compute its
cokernel easily.

Lemma 3. If (L, 1) is a De Morgan state residuated lattice,
then for all a,b e L, we have {(a®t(a))A(be1(b))), =

ay, N<b)..

Proof. Let a,b € L. Then, from Lemma 2 (8), we have
{(adt (a)A(bot (b)), <Cay, NLb).. Now, let
x € {ay,N(b),. Then, x € {(a), and x € {(b) .. Hence, from
Theorem 1 (2), there exists m1, 1> 1 such that, x < m (a®7(a))
and x <n (bt (b)). Therefore,

x <m(adt (a))An (bt (b))
(P15 <mn(adt (a))A (be1(b)))

(P3) <mn ((a®t (a))A (bet (b))t ((adT (a))A (beT ()))

(2)

That is, x € {(adT(a))\(bo1 (D)) .. Hence,
Cay,Nb)y,c{(a®T(a))A (b1 (D))),. Thus, <{(a®t(a)A
(bot (b)), = (ay, N (b, O

3. The Lattice of All State Ideals of a DMSRL

In this section, we focus on the study of the algebraic
structure of the set .7 (L) of all state ideals of a De Morgan
state residuated lattice (L, 7).

From now on, unless otherwise specified, (L,7) will
always denote a De Morgan state residuated lattice
(L,V,\, ©, — ,0,1); that is, L is a De Morgan residuated
lattice and 7 is a state operator on L.

Proposition 3. (8.7 (L), C) is a Brouwerian lattice.

Proof. Let K be an index set, I € .7 (L), and {I;};x be a
family of state ideals of (L,7). We will show that
IN(V 1) = V (IN}). That is,
IACU Iy, = (U (InTY),. Clearly, ¢ U (InI)
In U K/t~ k)7t early, k)7t
<Ing d‘;i@,. kek
€
LetxeIN{ U I}y, Then,xeland x e { U [;),. It
follows that there“ékist ki, kys. ..ok, €K, Xk, € IY,ifl <j<,

such that X< X DX D ... DX . Then,
x = XN (X O @ . .. DX ) (P16) < (xAxp )@ (XX )
... ®(xNx ). Since I, Iy, € &7 (L), we have XXy € [N,
for every 1<j<m. We deduce that x ¢ (k EK(IHI"»T'

U
keK

Hence, In (k UK Ik>T§(k UK(I NI, that is,
€ €
IN(V I) = V (IN}). Therefore, (87 (L),<) is a Brou-
keK keK

werian lattice. O
Theorem 2. The lattice ($7 (L), <) is a frame.

Proof. From Proposition 2, (7 (L), <) is a complete lat-
tice. From Proposition 3, (87 (L),<) is a Brouwerian
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lattice. Combining them, we have by Remark 1 (2) that
(§F (L), <) is a frame.

In the following result, we establish a concrete de-
scription of the right adjoint of the map:

0 SF(L) — SI(L)

(3)
I->(ILn)()=I,nI

Now, for any I,,I,eS8F(L), we put
I, — I, ={x € L: I, n{x),<l,}. O

Proposition 4. In the frame
I,,1,,1 € §F (L), we have

1, —I,e$F(L)

) InicheIcl, — I,,  that s, I, —1I,=
sup{l € 7 (L): I, nICl,} and
I, — :8F(L) — §F(L)
Is(I, — )()=1, — I
ILn_:$F(L) — SF(L);

(3) I, — I, = {x € L: inn(x&1(x)) € I,,
foralli € I, and n e N*}.

(8F(L),<), for any

is the right adjoint of

Proof

(1) We will show that I, — I, is a state ideal of (L, 7).
We have I, — I, #J. Indeed, <0), ={0} and
I,n<0), ={0}cI,. Hence, 0 € I, — I,.
Now, let x,y €I, — I,, then I, N<{x),CI, and
I, n<y),cl,. We obtain (I, n<{x) )V(I;N<{y),)
cl,. From Theorem 2, it follows that
(I, n<{x) )V ({y»,)<l,, which implies (by Lemma 3
(9)) that I, n{xa®y) <I,. Thus, x&y € I, — I,.
Assume x € I, — I, and y <x. Then, I, N {x),<I,

Lemmal.12(9)
and  (y), c (x),. It follows that

I, n{yy, I, n{x).<l,. Hence, y €I, — I,. Fi-
nally, let x € I, — I,; then, I, N<{x),CI,. Since
I,n{r(x)),cI;n{xy.cI,, we obtain that
7(x) € I, — I,. Therefore, I, — I, is a state ideal
of (L, 7). Thatis, I, — I, € SF(L).

(2) Now, we show that I, nIcl,eIcl, — I,, for any
L1,,I, e §F(L). Assume I, NICI, and x € I, we
obtain I, N {x),<I, NICI, (since 7(x) € I)). It fol-
lows that x € I, — I,. That is, IcI; — I,. Con-
versely, let ICI; — I, and x € I, NI. Then, we have
xelcl, — I,. That is, I,N{x),Cl,. Since
x eI, Nn{x),cl,, we deduce that x € I,, which
implies I, NICI,. Therefore, I, — I, =
sup{l € SF(L): I, nIcl,} and I, — _:
SI(L) — I, — )I)=1, — I is
the right adjoint of I, N _: SF (L) — SF(L).

(3) Set A ={x € L: inn(x®1(x)) € I,,foralli € I,
andn € N*}.  First, let xeI, — I,. Then,
I,n{xy,cl,. For n>1, and iel,, we have

n(x@1(x)) € {x), (since x, 7(x) € {x),)). It follows
that iAn(x@t(x)) € I, N {x),, which implies that
iAn(x®t(x)) € I,. Hence, x € A.

Conversely, let x € A and t € I, n{x),. Then, there

exists neN* such that t<n(x®t(x)). Hence,
t =tAn(x®1(x)) € I,. That is, I,N<{x),CIl,. Hence,
xel, — I, Therefore, I, —I,={x¢eL:

iAn(x®t(x)) € I,, foralli € I, andn € N*}.

For every IesSs(L), we put
IN=1— {0} = {x € L: {(x), NI ={0}}. Then, from Prop-
osition 1 (3), we have the following corollary. O
Corollary 1. For all IeS&7(L), we have
It = {x € L: inn(x®&1(x)) = 0, foralli € I andn € N*}.
Theorem 3. Let IeSF(L). Then,

E(SI (L) = {{x),: x € L}

Proof. =). Assume I € € (8.7 (L)). Set H = {<{x),: x € L}.
Since I=V (x),, there are {x;},_;,., such that
I= (x1>TV(x§§>TV. ..V{x,>, (Proposition 1). By Lemma 2
(9), we have I = (x;®x,®...®x,),. Thus, I € H, that is,
€ (SF(L))CH.

). Let I € H. Then, there exists x € L such that
I ={x),. Assume {[;}; xCSF (L) and I = {(x),C V {I;}.
Then, x € ké/K{I o= (k u I, It follows that thefe<exist

k€K, 1<k<m that
xSxkléBxkzéB...EBka. That iS, X € <Ik1UIk2U UIkm>T=
I VI V... VI . Hence, I = (x),CI; VI V... VI .Hence,

I e 6€(8F (L), that is, HCE(SF(L)). Therefore,
€ (SI (L) = {<x),: x € L}. O

Xk, € I for all such

Remark 4. Theorem 3 means that a state ideal I is a compact
element of the frame &7 (L) if and only if it is principal.

Theorem 4. The lattice ($7 (L), <) is a coherent frame.

Proof.
(i) From Theorem 2, we have that (S (L),<) is a
frame.
(ii) From Theorem 3, we obtain that

% (S8 (L)) = {{x),: x € L}. By Lemma 3, we have
Ay, = (x0T (A (yor (), and by
Lemma 2 (9), we have (x) V{y), = (x®y) for all
x, y € L. Therefore, (€ (85 (L)), <) is a sublattice
of (§5 (L), <).

(iii) For any I € &7 (L), we have I = VI (x),.
XE

(i), (ii), and (iii) combined with Definition 3 imply
(87 (L), <) is a coherent frame.
We have immediately the following results. O

Corollary 2. The lattice (S (L),<) is pseudocomple-
mented. Clearly, for all Ie 85 (L), we have that
In=1—{0}={xeL: In{x),={0}} is the pseudo-
complement of I.

According to Definition 3 and Corollary 2, we have the
following result in a De Morgan residuated lattice L.

Corollary 3. (1) (#(L),<) is a coherent frame;
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(2) (F (L), <) is a pseudocomplemented lattice.

We recall that a Heyting algebra ([30]) is a lattice
(L,V, \) with 0 such that for every x, y € L, there exists an
element x — y € L (call the pseudocomplement of x with
respect to y) such that for every z € L xN\z< y&z<x — y
(i.e, x — y = sup{z € L: xAz < y}).

Remark 5. From Proposition 4, (&7 (L),V,A,1,{0}) is a
Heyting algebra, where for IeSF(L),
In=1— {0} ={x € L: {x),nI={0}}.

Proposition 5. For any a,b € L, we have
(1) (Kay)r = {x € L: (a@t(a))A(x1(x)) = 0}
(2) (ay)rn (Kby,)1 = ({a®b),)I.

Proof.
(1) We have (<a),)r =<ay, — {0} = {x € L: {a), N
(), = O} x € L: ((ao(a))A
(x@7(x))), = {0}} = {x € L: (ad7(a))A(x®7(x)) =

0}.
(2) Let x € ({ay,)rn ({by,)r. Then, by (1), we have
(a®1 (a))A\ (xd7(x)) =0 and (bot (b))A

(x®7(x)) = 0. In addition, by Lemma 1 (P16), we
have (a1 (a))® (bot (b)))A (x0T (X)) <
((ad1 (@) (x@7 (X))@ (b1 (b))A (x0T (x))) = 0;

hence, ((a®t(a))®(bat(b)))A(xd1(x)) =0. Then,
by Lemma 1 (P16), (2((a®t(a))®(ba1(b))))A
(x@1(x)) < 2 (a1 (a))® (bot (b)) (x01(x))) = 0.

Moreover, by (RL6) and (S022),
2((a®t(a))® (bot (b)) = ((adT(a))® (boT (b)))® (a1 (a))® (boT (b))
> adbot (a)e1 (b) > adbeTt (adb) :

Hence, (a®bert (a®b))A(x®7(x)) = 0. Then, by (1), we

have x e (a®b),)r. Therefore, ({ay,)rn ({b),)Ic
(Cadb))!.
Conversely, let x e ({a®b).)r. Then, by (1),

((a®b)oT (a®b)))A (x®1(x)) =0, we have a<a®b, so
7(a) <7 (adb). It follows that a®t(a) < (aeb)®t (adb). We
obtain (a®t(a))A(x@1(x)) < ((a®b)d1 (adb))A (x®7 (X)) =

0 and thus, (a®t(a))A(x@7(x))=0. Analogously,
(bet (b))A (x1(x)) = 0. Therefore, x € ({ay,)rn
by ). O

Lemma 4. Let (L, 1) be a state residuated lattice, x € L and
n € N,n>2. Then, the following hold:

(P17) (nx)n = nx;
(P18) xnet(xn) = xo1(x).

Proof. (P17): By induction, we have 2x = x&x = (x/ @ x/)!.
It follows that (2x)1 = (x1roxN)n1 = (x1©x1)r = 2x. Let
k € N such that k>2. A%ssgtrelgg that (kx)n = kx. Then, we
have (k+ 1)x = kxeéx P (kx)nex = (kx)nmroxr)r =
((kx)roxn)r. It follows that ((k + 1)x)1n = ((kx)roxi)n =
((kx)roxnr = (kx)®x = (k + 1)x. Therefore, (nx)n = nx
forallme N,n>2.

(P18):  We  have x,,@T(x,,)(SQZU xne(t(x)n =
(xn1o (N EEY (x10 (2(x)1)1 = xe1(x). O

Theorem 5. Let (L,7) be a De Morgan state residuated
lattice. The following are equivalent:

(i) (§F(L),V,A,1,{0}, L) is a Boolean algebra;

(ii) Every state ideal of (L, ) is principal, and for every
xel, there is ne N, such that
(x&1 ()N ((n(x@1 (x))) 107 (1 (x0T (X)))1)) = 0.

Proof. (i)= (ii). Assume that (S (L),V,A,1,{0},L) is a
Boolean algebra. Then, for every I € .7 (L), IVII = L; thus,
lelvlr. But according to Theorem 1 (4),
IVIr: ={Iulry, ={x € L: x< y®z, withy € Iand z € I’}.
Hence, there are y € I and z € I1 such that y®z = 1. We will
prove that I = (y),. Since y €I, it follows that {y) CI.
According to Corollary 1,
I'={a € L: xmn(x®1(x)) =0, forallx € Tandn € N*}.
Thus, xAn(z@t(z)) =0, for all x € I and n € N*. Then
x0z<xAz =0 for every xel that is, x©@z = 0 for every
x € I. Hence, xIt — z1" =~ (x©z)! =1, that is, x/1 < z/.
Since y®z = 1, we obtain that n(y@r(y))@z =1 for every
neN" (because y®z<n(yer(y))dz). Hence, by (P1),
(n(yet ()1 — 2z = 11? that is, (n(yet(y)))r<zn, It
follows that 21 FEY 2y iy < (m(yot(y))n (#17)
n(y®1(y)). Hence, z/ <n(y®t(y)). Thus, we obtain that
x(RL) <xn <zr<n(yor(y)), that is, x<n(yeér(y)), for
every x € I, that is, IC{y),. Therefore, I = {(y},.

Now, let x € L, since (87 (L), V, A, 1, {0}, L) is a Boolean

algebra, we have L={x),V{x) )1 ={t e L:
t< yon(x@7(x)), forsomen e N*,y € ({(x),)r}. Hence,
there exists ye€ ({(x),)r and neN*, such that

yon(x®1(x)) = 1. Since y € ({x),)/, then by Proposition 5
1), (x@1(x)A(y@71(y)) =0. From yén(x&t(x)) =1, we
deduce that yr — (n(x@7t(x)))n =1, which implies

y1 < (n(x@t(x))n =" n(x®1(x)). Thus, by (RL4),
(n(x@t(x)))r<yn, which implies 7((n(x®7(x)))!)
(S010) <7 (yr). Hence, (n(xd7(x)))1d7((n(xd7(x)))!1)

P18)

P <yner  (yn) = yor(y). It  follows  that
(xo7 (x))A ((n(x®7(X))) 10T (n(x@1(x))1) <
(x@1 ()N (yo1(y)) = 0. Therefore, (x®1 (x))A

(n(xet(x))1e1((n(x07(x)))1)) = 0.

(ii)= (i). By Remark 5, (8.7 (L), V, A, 1, {0}) is a Heyting
algebra. In order to prove that (&7 (L),V,A,1,{0},L) is a
Boolean algebra, it is enough to prove that for every
I € &% (L), we have It = {0}1 = L (according to ([30])).
Let I € §7 (L) with I1 = {0}. By the hypothesis, every state
ideal is principal. Hence, there is x € L such that I = {(x),.
Thus, ({x),)! ={0}. Moreover, there is n € N* such that
(x@t ()N ((n(xer(x))1®  1((n(x®1(x)))1)) =0. By
Proposition 5 1), it follows that
(n(xea‘r(x)))lepggx%)l ={0}. Thus, (n(x®7(x)))! = 0, that
is, n(xela'r(x))(:7 (n(xet(x)))n = 1. Since n(xet(x)) €
(x),, we deduce that 1e<{x),=1. Therefore,
I=<x), =L O
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4. State Relative Annihilators in DMSRL

Consider a state filter F of a state residuated lattice (L, 7),
Pengfei et al. defined the notion of co-annihilator of a
nonempty subset X of L with respect to F by
X "={a€L: 7(a)vx € F,forallx € X}, which is a state
ﬁlter Inspired by this work, in this section, we introduce the
notion of state relative annihilator of a nonempty set X with
respect to a state ideal I in a De Morgan state residuated
lattice (L, 7) and study some properties.

Definition 7. Let (L,7) be a De Morgan state residuated
lattice, I a state ideal of (L, 7), and X a nonempty subset of L.
The 7- relative annihilator of X with respect to I is de-
fined by X "={ac L T(a)Ax € I, forallx € X}
We have 0 € X;*. Hence, X;"#@. Particularly, the
following facts hold:

W If 7=id, I=1{0}, then X% =Xg'=

{faeL:anx =0,forallx € X}, and it is called the
annihilator of X in L (see [2]);

Q) If T=id,, then Xt o= X, =
{a € L: anx € I forallx € X}, and it is called the
relative annihilator of X with respect to I (see [2]);

(3) If X = {x}, then x;™: = {x};" = {a € L: T(a)Ax € I};
(4) If I = {0}, then Xt = X o=
{a € L: T(a)Ax = 0, forall x € X}.

Example 5. Consider the De Morgan residuated lattice of
Example 2. Assume that 7 is a state operator on L. Then,
7(0) = 0. Also, we have bob = 0, which implies by (SO12)
that 0 = 7(0) = 7(bob) = 7(b) © 7(b). Hence by the table of
@, 7(b) € {0, p,b}. Suppose that 7(b) = 0. Since p<b, by
(SO10) T(p)so<3'r(b) 0, that is, 7(p) = 0. Moreover, 7(f) =

T(c — d)( gc) —> 1(cNd) = 7(c) — 7(b) = 7(c)
— 0= (r()°LY 7(c1) = 1(d). Thus, 7(f) = 7(d). In
addition, (e) =1(f —>Le} =1(f) — 1(fAe) =

7(f) — 1(d)=1(f) — T(f) ="'1, that is, 7(e) = 1.
Since e<g<1, by (SO10) 1 =1(e)<7(gq)<7(1), that is,
7(q) = T(l? = 1. Also on the one hand, we have 1 = 7(e) =
T(e—¢c) = 1(e) —1(c)=1—"1(C) = 7(c).
Hence, 7(c) = 1. On the other hand we have 1 = T(e)
r(c—a) "2V 2(0) — 7(a) = (@)% 1(a).
Thus, 7(a) = 1. Weohzave doa=0, whrch implies that

—T(O)—T(dG)a) t(d)ot(a)=1(d)ol=1(d). It
follows that 7(f) = 7(d) = 0. Therefore, we obtain that the
map 7 defined on L by

> f > PH U, 4y 5
T(x):{o ifx € {0, p,b,d, f} @)

1, ifxe{aceql}.

Is a state operator on L. Thus, (L, 7) is a De Morgan state
residuated lattice. One can easily check that {0}, {0, p},
{0, p,a}, {0, p,c}, {0, p,b,d, f}, L are ideals of L and {0},
1 =10, p}, ] ={0, p,b,d, f} and L are state ideals of (L, 7). In
addition, coker (1) = {0, p,b,d, f} #{0}. Thus, 7 is a unco-
faithful state operator.

We have OIl =er’
al =CI =d1 —er —fr =‘h =17 =
Let X = {0, P, b}, we have X;" = {0, p,b,d, f} = J.

Example 6. Let L = {0,n,a,b, c,d, 1} with his Hasse diagram
and Cayley tables of ® and — be the following (Figure 4):
Then , L= (L,A,V, ®, —,0,1) is a nonregular De
Morgan residuated lattice, which is Stonean. Now suppose
that 7 is a state operator on L[2]. Then, 7(0) =0 and by
(503),
7(b) =1(c — b) = 7(c) — (cAb) = 7(c) — 1(a). If
7(c)=1, we have 7(b)=1-— 7(a) =1(a), that is,
7(b) =71(a). Since c<d<l1, by (SO10), we have
1=1(c)<7(d)<7(1), that is, 7(d)=71(1)=1. Also,
1=7(d) =1(a — n) (591 7(a) — 1(n), that is,
7(a) — 7(n) = 1. Hence, 7(a)(RL2 < 1(n). Since, n<a, we
have 7(n)<7(a). Thus, 7(n) = v(a) = t(b) = A, for some
AeL. By (SO7) and (SO8), we have, for = € {Vv,A},
t(t(a)*t(b) =1(a)*t(b)oT(A) =7A*xA)=A*x 1=\
That is, 7(1) = A. Thus, A € {0,n,a, b, 1}. In addition, if A = a,
we have 7(t(a)o1(b)) =1(aca)=1(n)=a#+n=aGa =
7(a)o71 (b). Hence, by (SO5), A #a. By some calculations,
we obtain that for A = 1, the map 7 defined on L by

if x € {0};

0;
T(x) = 5
() {1, ifx € {n,a,b,c,d, 1}, )

is a state operator on L. Thus, (L, 1) is a De Morgan state
residuated lattice. In addition, coker(7) = {0}. Hence, T is
cofaithful.

We have 0t =1L and
ntt =gt = bt = ¢t = d*t = 1+ = {0}.

For any XL, X # {0}, we have X' = {0}.

Example 7. Consider the De Morgan residuated lattice of
Example 1. Then, from Remark 3, (L,id;) is a De Morgan
state residuated lattice. If I = {0} and X = (f),4 = {0,¢, f},
it is easy to check that
Xt = X = {0,a,b} = (b, = b

Theorem 5. Let I be a state ideal of (L, 7). Given a nonempty
subset X of L, X7 is a state ideal of (L, ).

Proof. Leta,b e XILT. Then, 7(a)Ax € I and 7(b)Ax € I, for
all x € X. Hence, (7(a)Ax)®(1(b)Ax) € I because I is an
ideal. Since T (a®b)A\x(5022) < (1 (a)®1 (b))A
x(P16) < (T(a)/\x)GB (r(b)Ax) € I, we have 1(a®b)Ax € I.
That is, a®b e X T

Leta € Xr and b € L such that b <a. Then, 7(b) < 7(a),
from (SO10). It follows that 7 (b)Ax < 7(a)Ax, for all x € X.
Since 7(a)Ax € I and I is and ideal, T(b)Ax € I, for all
x € X. Therefore be X T

Let a € X 7. Since T(T(a)) =12 (a) 7(a), we have
7(7(a))Ax = T(a)/\x € I, for all x € X. Hence, 7(a) € X
Therefore, Il’ is a state ideal of (L, 7). l:l

(SOl6)

Corollary 4. Let I be a state ideal of (L, 7). Given a non-
empty subset X of L, we have
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Proposition 6. Let I,] be state ideals of (L,T). Given
nonempty subsets X,Y of L, we have

International Journal of Mathematics and Mathematical Sciences

1

|
b/d\c
N

a
n
0
Ololn|lalblc|dl|1 - | 0|n|la|b|c|d|l
0 [ 010 00| 0 0 1 1 1 1 1 1 1
n O|n|n|n|n|nj|n n 0| 1 1 1 1 1 1
a|O0|n|n|n|n|in|a a o|d|1|1|1]|1]|1
blo|n|n|b|n|b|b b 0| c|lc|1]|c|1]|1
c|O0|n|n|n|c|cl|c c 0| b|b|b|1]|1]|1
d|l0|n|n|b|c d d|O0lal|la|b|c|1]|1
1 |0|n|lal|b|c|d]|l 1 O|ln|lal|lb|lcl|d]|l
FIGURE 4: A non regular De Morgan residuated lattice.
(1) X*+ is a state ideal of (L,7); (3) Since X< U X,, it follows from (2) that
(2) X;— and X+ are state ideals of L; ( U Xk) tcf%k)l for all kK € K. We deduce that
1, . . 1,
(3) Forall x € L, x;" is a state ideal of (L, T) and ICx;". ( U Xk) C ﬂ (X7

Conversefy, letae n (X4);"s we have a € (X;);
for all k € K. Hend&X T(a)A\x; € I for all x; € X,
and k € K, which 1mpl1es ae ( U X,)". That is,

(Xk)ITQ(kU X) kek ITherefore,
(1) IS]=X17CX;; ’f’b X )l ErF (Xhr
(2) XSY=Y 7 <X (4) We have
an( 0.1 o (r(a)nx e krgKIk,forallxeX)cv(r(u)/\xElk,forallxeXandkeK)
(3) ( UKXk)I = n (Xk)I ; ﬁ(uEX, Jforallk € K)&a € nXIl'
4) X( 0~ EKXI[ L Thus, X", ;)= N X;".
(5) < = X;". Particularly, @77 =0;" = L; (5) Since XC{X> bYK (2), we obtain <X>ITCX
(6) COker(T)QXl’,LlT = coker (7); Conversely, let ae X;” and z e (X). Then,
(7) X*f = ﬂ xllr; T(a)Ax € I, for all x € X Since z € (X), there are
(8) Xt = n ot neN" and x,x,...,x,€X such that
Z<X,0X,0, . ..., 0X,,. It follows that
©) X = L ZfXCI Speczﬁcally OI = I =L T(a)Az < T(A)A(X,80x,®, . ..., 0x,) < (T(a)Ax,)®
(10) AR (Xk)jrc( 0 Xk) (t(a)Axy)®, .....®(1(a)Ax,). But T(a)Ax; € I, for
(11) ICXI ; all 1<i<n. Thus, 7(a)Az € I, which implies that

ace (X);‘T. Therefore, (X);" = X;".

(6) Let a € coker(r). Then, 7(a)=0. Since
T(a)Ax<7(a) =0, for all xeX, we have

(12) XLng,’.

Proof 7(a)Ax =0, for all x € X. That is, a € X*r. Thus,
(1) Let Icy and aeXp. Then, coker(7)cX*+. Taking X =L, we have
r(a)Ax € I, forall x € X. Thus, (a)Ax € ], coker (1)cL**. Now, let ae€L'r, and then,
forallx € X, that is, a € XILT. Therefore, XILTQXJLT. t(a)Ax =0, for all x € L. In particular, taking

x =1(a), we have 7(a) =0, which implies that
a € coker (), that is, L*rCcoker(r). Therefore,
coker (1)cX*+ and L*+ = coker (7).

(2) Let X<Y and ac YILT. Then, 7(a)Ax €
I,forallx € Y. Hence, t(a)Ax € I for all x € X,
which implies a € X;". Therefore, Y;"CX;".
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(7) Accordlng to (3) we have
1= leJ {x})f—xg x1~
(8) Taklng I {0} in (1), we obtain X*r = ﬂXx T,
N XE

(9) Assume X;"=L, and let xeX. Then,
x =71(1)Ax € I, that is, x € I.
Conversely, suppose X<I, and a € L. Then, for any
x € X, we have x € I. Since T(a)/\x<x el, we
obtam 7(a)Ax € I. Hence, a € XI , and therefore,
X " =L
(10) Since kﬂ X, <X, for each k € K, it follows from (2)
that Cfik)#g(k n X' for all keK. Thus,
€ I

O XS0, X

(11) Leta € I. Since I is a state ideal, we have 7(a) € I.In
addition, t(a)Ax<7(a) € I, for all x € X Then,
T(a)\x € I for all x € X. That is a € X . There-
fore, ICX ’

(12) Let I be an ideal of L. We have a € X*+ implies
7(a)Ax =0 € I, for any x € X. Hence, 7(a)Ax € I,
for any xe X. Thus, ac€ X;". Therefore,
XXy O

Example 8. Consider the De Morgan state residuated lattice

(L,7) of Example 6. By takmg X ={c} and Y = {d}, for
I ={0}, we have X T = ={0}. It follows that
X, NY;* = {0}. But (XnY)I =@ = Lg{0} = X; Ny

So, the inclusion may be strict for (10).

Set Z ={0,n,a,b}, then Z ={0}u{n}u{a}u{b}. It fol-
lows by (3) that
Zit =0, Nmp Nap Nby™ = Ln{0}n {0} n {0} = {0}.

Remark 6. For the reader’s convenience, we shall notice that
for 7 =1id; in the above Proposition 6, we get all the
properties of relative annihilators established in De Morgan
residuated lattices in ([2], Proposition 4.51). Also, for 7 = id;
and I = {0}, we get all the important results about annihi-
lators in De Morgan residuated lattices investigated in Ref.
[2] (pages 462-472).

The following properties of relative annihilators always
hold for 7 = id; but may not in general be the case for some
state operators of De Morgan residuated lattices.

Proposition 7. Let L be a De Morgan residuated lattice and
I,],K be ideals of L and X,Y two nonempty subsets of L.
Then,

(1) JynJj<k

(2) JNK<IeKCJy;

(3) X N Xi<I;

(4) ISX if XN X+ = L. Particularly, X3 N (X3); = L;
(3) Yy UXTEY (), Xiysy and Yy UX?YL)_(X/\Y)I,
where XAY = {xAy: x € X, y e Yk
(6) L =1 and 17 = I;
(7) X< (XIL)IL. Particularly, (IIL)IL =1 and (LIL)Ii =L

(8) Xt = ((XH));
) X%X,L)QX(X l))’
(10) If X<, then X?x*)

X+ =X =L
(Xt ) (X (y1y) (4
whenever XCY. o Nk

Proof. For the proof of (1) and (2), see [2] (Proposition 4.51
(9) and (10)).

(3) Let a € XNX7. Then, for any x € X, we have
anx € I. Particularly, for x=a, we obtain
a = aha € I, implying a € I. Thus, X N X<l

(4) Firstly, XN X7<I, from (3). Conversely, assume
IcX. We know that ICX7, from Proposition 6 (11).
Therefore, ICX N X;. Hence, XN X7 = 1.

In another hand, assume XnNXj =1. Then,

I=XnXicX
(5) We have ICY7. Applying Proposition 6 (1), we
obtain XyCXi(y,). Since from (1), Y7CXiy., it
follows that YLUXLCX (i) Similarly, we obtain
Y7 UX7SY iy,
In addition, leta € Y+ Xty and z € XAY. Then, there
are x€X, yeY such that z=xAy. Since,
any € Xt, we have
anz = ah(xAy) = (aAx)Ay = (aAy)Ax € I, which
means that anz € I. Hence, a € (X/\Y)Il, that is,
)C (XAY)F I Analogously, we show that
(YL)_(X/\Y)I Therefore, Y(XL) UX(Yl (XAY)7.
(6) From Proposition 6 (11), we have ICL;. Conversely,
for any x € Ly, we have x = 1Ax € I. Hence, x € I.
Similarly, we obtain 17 = I.

(7) Let x € X. For any a € X7, we have aAx € I, which
implies x € (X7);.

(8) By (7), we have X7<( (XL)IL)Il On the other hand,
applying Proposmon 6 (2) to the above (7), we
obtain ((X7 )1 )I cX;y.

(9) We always have ICY7, from Proposition 6 (11).
Applying Proposition 6 (1) twice, we obtain
XxHsX Kty

(10) Now assume XCI. First of all, we show that

L

Xty = L

We know that XCICX7, that is, X<X7, which implies
Xfx;) = L, from Proposition 6 (9).

In addition, since ICX7, applying Proposition 6 (1)
twice, we have X+ (x5) CX ). Therefore,
L= X{x:ySX{x. ) which 1mp11es }f ) = L. Thus,
X XL, &

(XHSA e )

Moreovet, suppose XCY. "1;1;1&;13 7f1r)om Proposmon 6(2),

Y+cX+. This lmphes X(X( S X(Xi )= X(Xi)
Since X+ (Xl) (X Ly it ?éhows that
1 op 0
X(X(Y;‘)) = X(XL>

Example 8. Consider the De Morgan state residuated lattice
(L, 7) of Example 5. I = {0, p} and ] = {0, p, b, d, f} are two
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state ideals of (L, 7). We will show that item (3) and (4) do
not hold with 7.

(3) Set X = {b}, and then, X;* = J. But X N X" = {b}¢I.

(4) Let X ={0,P,b}, we obtain X;* =]. ICX, but
XNX; =XnJ=X#L

Theorem 6. Let I be an ideal of L and X a nonempty set of L.
Then, we have (X) — I ={x € L: (X) n{x)<I} = X7 in
the frame (I1(L),<).

Proof. Let x € {X) — I. Then, {(X) n{x)<cl. It follows
from Proposition 6 (5) and Proposition 7 (1) that
X € (X)§<X>,lr = X7. Therefore, we obtain
(X) — ICX7.

Conversely, let x € X7. Since (X); = X7, we have
x € {X)7, which implies that {(x)<{X)7. By Proposition 7
(2), we have (X) N {x)<I. It follows that x € (X) — I.
Hence, X7 <(X) — I. Therefore, we obtain (X) — I =
X7 in the frame (I(L), €).

In Ref. [31], the authors investigated the concept of
f-relative annihilators in residuated lattices, where f is an
endomorphism. Knowing that the notion of endomorphism
already existed in universal algebras and due to the fact that
any idempotent endomorphism is a state operator, it seems
reasonable that all the results of this section can be extended
to a general universal algebras and in particular to residuated
lattice, where the state operator 7 is replaced by an idem-
potent endomorphism. O

x < (kom (a®1 (a)))A (lon (bat (b))

5. Prime State Ideals in DMSRL

This section proceeds with the study of the notion of prime
state ideals in De Morgan state residuated lattices. We es-
tablish the prime state ideal theorem and make investigation
for some related properties.

Proposition 8. Let P be a proper state ideal of (L, 7). Then,
the following statements are equivalent:

(1) If P,,P, € §F (L) and P = P,NP,, then P =P, or

P=P,;

(2) If P,P, € $F(L) and P,NP,CP, then P,CP or
p, =P;

(3) Ifa,b € Lsothat (a®t(a))\(bet (b)) € P, thena € P
orbeP.

Proof. (1)=(2) Let P,,P, € 7 (L) and P, N P,CP. Then,
(P,NP,)vP =P. From Proposition 3, the Ilattice
(§F (L), <) is Brouwerian, so it is distributive. It follows
that (P,vP)n (P,vP)=P. Now by (1), P,VP=P or
P,vP = P. Thus, P,CP or P,CP.

(1)=(3). Let a,b € L. Assume (a®71 (a))A(bot (b)) € P.
Set (P, = {P,ay, and (P, = {P,b),. Obviously, PCP, N P,.
Let x € P, N P,, then by Theorem 1 (3), there arel,k € P and
m,n>1 such that x <kem (a®t(a)) and x <lon(bet(b)).
Hence, we have

(P16) < ((kem (a®t (a)))A)® ((kem (a1 (a)))An (bt (b)))
(P16) < (kAD)@® (m (adt (a))AD)@ (knn (bot (b)))® (m (adt (a))An (bt (b)))

(P15) < (kAD@® (Inm (ad7 (a)))® (kAn (bat (b)))emn ((adt (a))A (bt (b))).

But  (kAl), (Inm(a®7(a))), (kAn(bet (D)), mn(asdT
(a))A(boT (b)) € P. Thus, x € P. Hence, P =P, NP,
Therefore, by (1), P =P, or P = P,, thatis,a € Por b € P.

(3)=>(1) Let P,,P, € $F (L) such that P=P,NP,.
Suppose that P#P;, and P+P, and let a € P,/P and
b € P,/P. Then, (a®t(a))A(b&1(b)) € PN P, = P, thatis, a
contradiction. Thus, P = P, or P = P,. O

Definition 8. A proper state ideal P of (L, 7) is said to be
prime if it satisfies one of the equivalent conditions of
Proposition 8.

We denote the set of all prime state ideals of (L, ) by
Spect, (L).

The following example shows a prime state ideal of
(L, 1), which is not a prime ideal of L.

Example 10. Consider the De Morgan state residuated
lattice (L,7) of Example 5. {0}, {0, p}, {0, p,a}, {0, p,c},
{0, p.b.d, f }, L are ideals of L, and the state ideals of (L, 1)
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are {0}, 1 = {0, p},J = {0, p,b,d, f} and L. The ideal I is not a
prime ideal of L, because {0, p} = {0, p,a} n{0, p,c} but
{0, p} #{0, p,a} and {0, p} # {0, p, c}. Still as a state ideal of
(L, 7), {0, p} is a prime state ideal (according to Proposition
8, (1)).

Now, we give one of our main theorems.

Theorem 7 (Prime state ideal theorem) Let F be a filter in the
lattice (L,<), and I be a state ideal of (L,7) such that
INF = &. Then, there is a prime state ideal P of (L, T) such
that ICP and PNF = &.

Proof. Set u(I)={]: J e SF(L),IcJand]NF = J}. We
have I € §7(L),IcI and INF = &. Then, I € u(I), that is,
u(I)# . It is easy to check that the set y(I) is inductively
ordered by inclusion. Hence by Zorn’s lemma, it has a
maximal element P. Let’s show that that P € Spect_ (L).
Since P € u(I), it follows that P is a proper state ideal and
PNF =@. Let x, y € L, such that (a7 (a))A(bet (b)) € P.
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Assume a ¢ P and b ¢ P, and consider the sets (P,a), and
(P, b).. Then, P is strictly contained in {P,a), and {P,b),
and the maximality of P implies that (P,a), ¢ u(I) and
(P,b), ¢ u(I). Thus, {(P,ay,NF+< and (P,b) NF+J.

xAy < (kem (adt (a)))A (lon (bt (b)))

Let x € (P,ay,NF and y € {(P,b),NF+J. According to
Theorem 1 (3), there are k,l € P and m,n>1 such that
x <kem (a®t(a)) and y <len(bot(b)). Then,

(P16) < ((kom (a®1 (a)))A)® (keom (a1 (a)))An (bt (b))
(P16) < (kAD@ (m (aot (a))A\)& (kAn (bet (b)) (m (a1 (a)))An(bet (b))
(P15) < (kAD® (Inm (adT1 (a)))® (kAn (bat (b)))emn ((a®t (a))A (b1 (b))).

But (kAD), (Inm (a®t (a))), (kAn(bet (b)), mn
((a®1(a))A(baT (b))) € P; hence, xAy € P. Moreover, since
F is a filter of the lattice (L, €), it follows that xAy € F, and
therefore, PNF # &, which is a contradiction. Therefore,
P e Spect, (L). O

Proposition 9. Let I be a proper state ideal of (L, 7). Then,
there is a maximal state ideal M of (L, ) such that ICM.

Proof. Let us consider the set
6(I) = {J: Jisaproperstateideal suchthatIcJ}. I is a
proper state ideal of (L,7) and ICI. So, I € (1), that is,
0(I) # &. One can easily see that 0(I) is inductively ordered
by inclusion. Then, by Zorn’s lemma, 6(I) has a maximal
element M. Let show that 6(I) is a maximal state ideal of
(L, 7). In fact, if N is a proper state ideal of (L, 7) such that
MCcCN, then N € 0(I) and the maximality of M implies that
N = M. O

Proposition 10. Let a € L, a> 0. Then, there is a prime state
ideal P of (L, ) such that a ¢ P.

Proof. Since {0} is a state ideal and {0} N [a) = & (where [a)
is the filter generated by {a} in the lattice (L, <)). Hence by
Theorem 7, there exists a prime state ideal P such that
Pn<{a) = &. Thus, a ¢ P. O

6. Conclusion

In this article, we have introduced the notion of De Morgan
state residuated lattice (DMSRL) and made investigations on
certain related properties and examples. We have proved
that the lattice of all state ideals (&% (L), €) of a DMSRL is a
coherent frame, and for any state ideal I, the pseudo-
complement of I is
In=1— {0} ={x e L: In{x), ={0}} = {x € L: iAnn

(x@7(x)) = 0,foralli € Tandn € N*}. Furthermore, we
have illustrated that the set of compacts element of the
sublattice &7 (L) is € (SF (L)) = {{x),: x € L}. Also, we
characterized the DMSRL for which the lattice §. (L) is a
Boolean algebra. In addition, we brought in the concept of
state relative annihilator of a given nonempty subset with
respect to a state ideal in DMSRL and investigated some of
its properties. We proved that state relative annihilators are a

(7)

particular kind of state ideals. After all, we have studied the
notion of prime state ideals in DMSRL and established the
prime state ideal theorem.

Knowing that in universal algebras, any idempotent
endomorphism is a state operator [29], it seems reasonable
that all the results in this article can be extended to the more
general class of residuated lattice and even in general case of
universal algebras, where the state operator 7 is replaced by
an idempotent endomorphism. So, our further work will
consist to look this direction. In the same view as the work in
Ref. [32], another way on this topic will focus on the study of
the lattices of L-fuzzy state ideals in De Morgan state
residuated lattices.
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