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Let & and % be Banach spaces and QcX. Let f: Q — % be a single valued function which is nonsmooth. Suppose that
F: =27 is a set-valued mapping which has closed graph. In the present paper, we study the extended Newton-type method for
solving the nonsmooth generalized equation 0 € f(x)+ F(x) and analyze its semilocal and local convergence under the
conditions that (f + F)™" is Lipschitz-like and f admits a certain type of approximation which generalizes the concept of point-
based approximation so-called (#, «)-point-based approximation. Applications of (1, &)-point-based approximation are provided
for smooth functions in the cases n = 1 and n = 2 as well as for normal maps. In particular, when 0 < & < 1 and the derivative of f,
denoted V£, is (¢, a)-Holder continuous, we have shown that f admits (1, «)-point-based approximation for n = 1 while f admits
(2, a)-point-based approximation for n =2, when 0<a <1 and the second derivative of f, denoted V? f, is (K, a)-Holder.
Moreover, we have constructed an (n, a)-point-based approximation for the normal maps f¢ + F when f has an (n, a)-point-
based approximation. Finally, a numerical experiment is provided to validate the theoretical result of this study.

1. Introduction

Robinson [1, 2] introduced the generalized equation as a
general tool for describing, analyzing and solving different
problems in a unified manner and it has been studied ex-
tensively. Typical examples are systems of inequalities,
variational inequalities, linear and nonlinear complementary
problems, system of nonlinear equations, equilibrium
problems, first-order necessary conditions for nonlinear
programming etc. They also have plenty of applications in
engineering and economics. For more details on these ap-
plications and many other ones that we did not mention
here, one can refer to [1-3].

In this study, let & and % be Banach spaces, F: ¥'=27
be a set-valued mapping with closed graph and
f: Q<X — ¥ be a nonsmooth single-valued function that
admits (n, «)-point-based approximation A on Q with a
constant L>0. We are concerned with the problem of

approximating the point Xe Q (which is called the solution
of (1)) of the following nonsmooth generalized equation:

0 € f(x)+ F(x). (1)

The classical Newton method is very well known and
extensively used to find solutions of (1) when F = {0}, where
f has Lipschitz continuous Fréchet derivatives. A survey of
local and semilocal convergence results for Newton
method’s are found and mentioned in [4-7]. When f is
nonsmooth, such a classical linearization is no longer
available and we need to seek a replacement. In other words,
if f doesn’t possess Fréchet derivatives, it is not so clear how
a Newton algorithm should be designed. There are many
investigators have worked on this question and the appli-
cants have presented different methods for a few things that
are important in certain cases and have proved their jus-
tification; see for example [4, 8-14]. Several papers have
worked on the Newton-type methods for nonsmooth
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equations and variational inequalities; see for example
[8,9, 15] for inspiration and advanced works on these topics.

In the case when F = {0} and f is a nonsmooth function,
Robinson [9, Theorem 3.2] considered point-based ap-
proximation with Lipschitzian property to show the con-
vergence of Newtons method under the Newton-
Kantorovich-type hypothesis. Argyros [10] presented a
semilocal convergence analysis of Newtons method based on
a suitable point-based approximation. More explicitly, he
has taken weaker assumptions in point-based approxima-
tion by considering Hoélderian property instead of Lip-
schitzian property in order to cover a wider range of
problems than those discussed in [9] and hence showed the
convergence result for Newton’s method.

In addition, Kummer [16] presented a necessary and
adequate condition for superlinear convergence of the
Newton method, which was originally designed for deriv-
ative-type approximations of a nonsmooth function around
an isolated zero. Relevant results, for solving the nonsmooth
generalized (1) are given in [8, 17, 18].

To solve the nonsmooth generalized (1), Geoftroy and
Piétrus in [19] considered the following method

0 € A(x), Xpp1) + F(x,,) foreachk =0,1,2,..., (2)

where A: X' x X — ¥ is an approximation of f, and
presented a local convergence result by using the assump-
tions that f admits an (, &)-point-based approximation A
and the set-valued map (A(x*,-) +F() s M-pseudo-
Lipschitz around (0, x*). For the first time, Dontchev [11]
introduced the iterative procedure (2) for solving (1) and
presented the nonsmooth analogue of the Kantorovich-type
theorem for this procedure by assuming the Aubin conti-
nuity of the map (A(xy,-) + F()7 ! at (0,x,) (or, equiva-
lently, ~(f+F)"' is  Aubin  continuous  at
(f (x;) — A(xg,x,),x,) ), where x, is the first iterate of (2).

Let x € QcX. The subset of Q, denoted by . (x), is
defined by

M(x):={deQ:0e A(x,x+d)+F(x+d)}. 3)

Although the method (2) guarantees the existence of a
convergent sequence {x;} for solving (1), the constructed
points x,x,,...,x; are not unique and therefore, for a
starting point near to a solution, the sequences generated by
the method (2) are not uniquely defined. For example, the
convergence result established in [19, Theorem 3.3], guar-
antees the existence of a convergent sequence. Hence, in
view of numerical computation, this kind of Newton-type
methods are not convenient in practical application. Based
on these ideas, Rashid [8] introduced and studied the fol-
lowing algorithm and presented semilocal and local con-
vergence results under the assumptions that f has a point-
based approximation and (f+F)"' is Lipsctiz-like
mapping:

It is noted that, in the case when A is replaced by the
classical linearization of f, the Algorithm 1 is reduced to the
Gauss-Newton-type method introduced by Rashid etal.
[20].

Moreover, when the single-valued function involved in
(1) is smooth, there has been increased amount of interest on
semilocal and local analysis (see, for example, [8, 20-23] and
the references therein).

Our approach is somewhat different. In this study, we
give a more general approach, namely (n,«)-point-based
approximation, which is an extension of the concept of
point-based approximation introduced by Robinson [9] and
it can apply to a wide range of particular problems. Because
of the presence of Step 3 in Algorithm 1, we have shown in
the main proof (Theorem 2) that each of the constructed
points x,,x,,...,x; has limit. Therefore, in numerical
computational view point, Algorithm 1 gives the more ac-
curate result than the result given by the method (2).

In the present paper, we present semilocal and local
convergence of Algorithm 1 under some mild conditions for
the function f and the set-valued mapping f + F. In fact, the
main motivation of this research is to analyze the semilocal
and local convergence of the sequence generated by Algo-
rithm 1 for solving the nonsmooth generalized (1) using the
notion of (n, a)-point-based approximation introduced by
Geoftroy and Piétrus [19] and Lipschitz-like property. Based
on the information around the initial point, the main result
is the convergence criterion, developed in the section 3,
which provides some sufficient conditions, for a starting
point near to the solution, ensuring the convergence to the
solution of any sequence generated by Algorithm 1. As a
result, local convergence result for the extended Newton-
type method is obtained.

This paper is organized as follows: In section 2, we recall
some definitions, notations and preliminarily results that
will need afterwards. In Section 3, we show the existence of
the sequence generated by Algorithm 1 and then establish
the convergence of the extended Newton-type method by
using the concept of (n,a)-point-based approximation as
well as Lipchitz-like property. In Section 4, we have given
some applications of (#, a)-point-based approximation for
smooth functions in the case whenn =1, n=2and0<a<1
and for normal maps f¢ + F which is reformulated by
Rashid [8]. In the last section, a numerical experiment is
provided to justify the theoretical result of this study.

2. Preliminaries

Throughout this paper, we assume that " and % are two real
or complex Banach spaces and N is the set of all Natural
numbers and N* = N — {0}. Suppose that f: &' — ¥ is a
Fréchet differentiable function and F: =27 is a set-valued
mapping with closed graph. Let x € & and r > 0. The closed
ball centered at x with radius r is denoted by B, (x).

All the norms are denoted by | - |. The domain dom F

and the inverse F~! are respectively defined by
domF :={x € X: F(x)+ 3}, @
4
F'(y):= {x e X: y e F(x)}foreach y € ¥.

Let DCZ. The distance from a point x to a set D is
defined by
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dist(x, D): = inf{||x — al|: a € D}{foreachx € X, (5)

while the excess from the set D to the set CCZ is defined by
e(C, D) = sup{dist(x, D): x € C}. (6)

Definition 1. Consider the set-valued mapping F: £ =2%.
Then the graph of F is defined by

gph F = {(x,y) e U x ¥: y € F(x)}. (7)

Definition 2. A set-valued function F: =27 is said to be a
closed graph if the set {(x, y): y € F(x)} is a closed subset of
I x ¥ in the product topology i.e. for all sequences {x; },cy
and {yi}eeny such that x, — x and y, — y and
i € F(x;) for all n, we have y € F(x).

The notions of pseudo-Lipschitz and Lipchitz-like set-
valued mappings were introduced by Aubin in [24] and have
been studied extensively; see for example [25, 26]. We recall
these notions from [20].

Definition 3. Let T: y=2% be a set-valued mapping and let
(7,%) € gphI. Let r5>0,75;>0 and M >0. I is said to be

(a) Lipchitz-like on B, (¥) relative to B, (X) with
constant M if the foflowmg inequality holds

e(T (y1)NB,_(R).T(1,)) < M|y, - y,forany y,, y, € B, (7).
(8)

(b) pseudo-Lipschitz around (¥,x) if there exist con-
stants 75> 0, r5 > 0 and M’ > 0 such that T is Lipchitz-
like on B,.(¥) relative to B,. (X) with constant M ",

¥y x

Remark 1. The pseudo-Lipschitz property of a set-valued
mapping I’ is equivalent to the openness with linear rate of
! (the covering property) and to the metric regularity of
I'! (a basic well-posedness property in optimization) (see
[23, 24, 27, 28] for more details).

Remark 2. Equivalently for the property (a) we can say
that I' is Lipschitz-like at (y,,x,) € gphl' on B, (y,)
B, (xo) with constant M if for every x, x, € B, (xo) and
for every x; € '(y;)NB, (xo) there exists x, € I'(y,)
such that

||x1 - xz" SNI”J& = Y2 Yy € Bryo (30)- 9)

The following lemma is useful and it was proven by
Rashid etal. in [20, Lemma 2.1].

Lemma 1. Let I': y=2% be a set-valued mapping and let
(3,X) € gphI. Assume that I' is Lipschitz-like on B, (y)
relative to B, (x) with constant M. Then

dist(x, T (y)) < Mdist(y,I"" (x)), (10)

holds for every x €B, (x) and y ¢ B, ;5 (¥) satisfying
dist (y, I (x)) <ry/3.

The following concept of (n,a)-point-based approxima-
tion is extracted from Geoffroy and Piétrus [19].

Definition 4. Let f: QX — % be a function and
n € N*, a > 0. Then a function A: Q x QO — % is said to be
a (n, a)-point-based approximation ( (n, &)-PBA in brief) on
Q for f with modulus « if there exists a scalar « such that, for
each u,v € , both of the following assertions hold:

@) IIf (v) -

A(u, V) < x/m, ,llu — v, where

=ﬁ((x+i). (11)
i=1

(b) The function A (u,-) — A(v,-) is Lipschitz continuous
on 2 with modulus «|u —v|* .

It is clear that when n = 1 and « = 1, Definition 4 agrees
with Robinson’s definition of point-based approximation
introduced in [9].

Recall the following definition of strict differentiability,
which has been taken from [11].

Definition 5. A function f: & — % is said to be strictly
differentiable at x* with strict derivative V f (x*) if for every
£>0 there exists § >0 such that

If () = F (") =V () (=2

! n ! n * (12)
<efx' - x"||, forevery x', x" € Bs(x").
The following result is a version of [11, Lemma 2]. This
result establishes the connection between the strict differ-
entiability of f and (n, a)-PBA of a function f.

Lemma 2. Let A be a (n, a)-point-based approximation of a
function f in Q with a constant k and let x* € Q. Then the
function A(x*,-) — f () is strictly differentiable at the point
x* and its strict derivative at x* is zero.

The following lemma is taken from [25, Corollary 2].

Lemma 3. Let F: £=227 be a set-valued mapping with
closed graph and let f,g: X' — ¥ be two continuous
functions. Let (x*, y*) € gphF, let f (x*) = g(x*) = 0 and let
the difference f — g be strictly differentiable at the point
x* e X withV(f —g)(x*) =0. Let L be a positive constant.
Then the following are equivalent:

(i) The map (f + F)!
modulus < L;

(ii) The map (g +F)!
modulus < L.

is Lipschitz-like at (y*,x*) with
is Lipschitz-like at (y*,x*) with
Remark 3. Combining Lemma 2 and Lemma 3 we conclude

that if A is a (n,«)-PBA of a function f in an open
neighborhood of some x* € (f + F)! (y*), then (f + F)!
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is Lipschitz-like at (y*,x*) if and only if the map
(A(x*, )+ F()! possesses the same property.

The following theorem on the convergence of the
nonsmooth function using (#, a)-point-based approxima-
tion is due to Geoffroy and Piétrus; see [19, Theorem 3.3]:

Theorem 1. Let x* be a solution of (1). Fix n € N*anda > 0.
Suppose that F has closed graph and f admits a (n, a)-point-
based approximation with modulus k, denoted by A, on some
open neighborhood Q of x*; The set-valued map
[A(x*,) + F()]"! is M-pseudo-Lipschitz around (0, x*).
Then for every ¢ > Mk/m, ., one can find §>0 such that for
every starting point x, € By (x*), there exists a sequence {x;/}
generated by (2), which satisfies
|ier = x| < cf|rx = x* ||n+a. (13)
Dontchev and Hager [25] proved Banach fixed point
theorem, which has been employing the standard iterative
concept for contracting mapping. To prove the existence of
the sequence generated by Algorithm 1, the following lemma
will be played an important rule in this study.

Lemma 4. Let ®: =27 be a set-valued mapping. Let
x* eX,0<A<1 and r>0 be such that

(a)dist (x", @ (x"))<r(1-1), (14)

(b)e ((D (xl) nB (x*, ”)’ @ (xz))

(15)
<A||x, - x,| forallx,, x, € B(x",r).
Then @ has a fixed point in B (x*, ), that is, there exists
x € B(x*,r) such that x € @ (x). Furthermore, if @ is single-
valued, then there exists a fixed point x € B (x*, r) such that
x = O(x).

3. Convergence Analysis

Throughout the whole study we assume that 2" and % are
real or complex Banach spaces. Let ne N*,a>0 and
F: £=27 be a set-valued mapping with closed graph.
Suppose that f: QCX — ¥ is a nonsmooth function that
admits (n, «)-point-based approximation A on Q with a
constant L > 0, where Q is an open neighborhood of a point
xe L. Let x € X and define the mapping R, by

«

R, () =A(x,") +F(). (16)
Then

M(x)={d e Z:0eR (x+d)} ={d e L: x+d e R (0)}. (17)

Furthermore, the following equivalence is clear:
zZ € R;l (y)ey e A(x,z) + F(z)foranyz € Land y € %.
(18)
In particular,
X € R; ()foreach(x,y) € gph(f + F). (19)
Let (x,7) € gph(f +F) and let r5 >0, r5 > 0. Further-
more, throughout in this section we assume that

B, (x)c2ndomF. Suppose that 7, , is defined in Defini-
tion 4.

Define
Z o mind o — Lr?“ (3’”0‘ + 2"+“) rz (2% = MLr%) (20)
7 M, a2 T 42'M '
Then

ryﬂn’aznﬂx 20(
P (3 LY ML [ 2D

X

> 0<=>L<min{

Let us recall that (1) is an abstract model for various
problems. From now on, we make the following
assumptions.

(i) F has closed graph;

(ii) f admits an (n, @)-point-based approximation with
modulus L, denoted by A, on some open neigh-
borhood Q of X

(iii) The set valued map (f + F)~' is Lipschitz-like on
B, () relative to B,_(x) with constant M.

The following lemma plays an important role to the
convergence analysis of the extended Newton-type method
which is defined by Algorithm 1. The proof is a refinement of
the one for [11, Lemma 1].

Lemma 5. Suppose the assumptions (i)-(iii) hold and let T be
defined in (10), so that (11) is satisfied. Let x € B,_,, (X). Then
R' () is Lipschitz-like on B;(y) relative to [B:_/Z(E) with
constant 2°M/2% — MLr%, that is, i

_ e 2°M _
e(Rxl (y1)n Br;/Z(x)’Rxl (;Vz)) Sz“——MLr; |y = v, forany y,, y, € B; (3). (22)

Proof. Since f has a (n, «)-point-based approximation A on
an open neighbourhood of Xe (f + F Yy~ (») with a constant
Land themap (f + F)~ ! is Lipschitz-like around (7, %) with
a constant M, then by Remark 3 we have that R;l (+) is
Lipschitz-like around (¥,x) with a constant M < L, that is,
there exist constants r; >0, r; >0 and M such that

e(R;:cl (r)n Br; (), R; (J’2)) < M”J’l - J’z” forall y;, y, € Br} 7). (23)
Note, by (20 and 21), that 7> 0. Now let
y1y2 € Bz (M andx’ € R () NB, 1 (%). (24)

It is sufficent to show that there exist x” € R'(y,) such
that
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2°M
”X’ _ X" n gm"yl - y2”. (25)

To this end, we shall verify that there exists a sequence
{xi} € B,_(%) such that

¥y € A(xxp ) — A% x ) + A% x) + F (), (26)

(27)

MLr® k-2
bl - (M55

hold for each k =2,3,4,.... We proceed by mathematical
induction. Denote

z;:=y;— A(x,x") + A(X, x")foreachi = 1,2. (28)
Note by (24) that
- <l =Rl -2 <5+ Zxre 29)

It follows, from (13) and the relation

_ Lr:l_cﬂx (3n+oc + 2n+oc)/nn)“2n+a by (20) that
lzi =7 <|yi =7 +]|A(x &) - AR )|
<7 +||f(x') - A(x,x')" +||f(x') - A(E,x')"

L (= -2

_\ ht«
<7+ L (r;+“+<r—"> )
T, 2

(30)

This implies that z; € B,_(¥) for each i = 1,2. Letting
x; := x'. Then x; € R;! (y,) by (13) and it follows from (18)
that

y1 € A(x,x;) + F(x;), (31)

which can be rewritten as
¥ —A(x,x) + A(X, x,) € A(X, x,) + F(xy). (32)
This, by the definition of z,, means that

z, € A(X,x;) + F(x,). Hence x, € R-'(z;) by (18). This
together with (24) implies that

x, € R (z)NB,_(%). (33)

According to the concept of Lipschitz-like property of
RZ'(-) and noting that z,,z, € B,_(), it follows from (23)
that there exists x, € R-! (z,) such that

|2 = x| < Mz, — 25| = M[y1 =y, (34)

Moreover, by the definition of z, and noting x, = x/, we
have

X, GR; (22) =R; (2= A(x, x;) + A%, xp)), (35)
which together with (18) implies that

¥y, € A(x,x)) — A(X, x;) + A(X, x,) + F(x3). (36)

This shows that 26 and 27 are true with constructed
points x; and x,.

Suppose that the points x1, x,, . .., x,,, have constructed
so that 26 and 27 are true for k = 2,3,...,m. We need to

construct x,,,; such that (26 and 27) are also true for
k =m+ 1. To do this, setting

2" =y, = A(x Xpyi1) + A(X, X, )foreachi = 0, 1.

(37)

Then, by the inductional assumption together with the
concept of (n, a)-point-based approximation of A, we obtain
that

Iz = 2] = |TA (e %) = AR )] = [A (x5 5,) = A x,0)]

L
< Ll =31 = %000 < 52 [ = 20|

MLra\"™!
<bi-nl(5)

(38)
We have [x; —X||<r5/2 and ||y, — »,Il <27 from (24)
and using (27) we get

m
e B e R

k=2
mo ML\
szM?Z( ) = (39)
&\ 2 2
22°M7 rs

X

S+
2"~ MLry 2

By (20), we have 4.2 M7 <r; (2% — MLr%) and then (39)
becomes

||xm - E“ <rz. (40)
Consequently,
3
||xm - x" < ||xm - ?“ +]1% = x| Sir;. (41)

Furthermore, using 13 and 20, we get that, for each
i=0,1
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" Z' -y “ < “ V=¥ " +” A(X, Xpyiog) = A(z’xmﬂ'—l)“
st +" f(xm+i—1) - A(x> xm+i—1) ”

+ “f (%mai-1) — A(X, xm+i—1)"
— L n+o — n+o
<74 — (e = i | [T = i)
n,o

IN

L 3 n+o
7+ ((r;) + r:’:“)
T \ \2

L(3n+tx + 2n+tx) n+a
=r+ nta <ry.
Ty o2 4

(42)

It follows that 2" € B, (y) for each i = 0, 1. Since as-
sumption (14) holds for k m, we have

v, € A(x,x,_1) — A(X, x,,1) + A(X, x,,,) + F(x,,), (43)
which can be written as
¥y, —A(x, x,.1) + A(X, x,,_1) € A(X, x,,) + F(x,,).  (44)

Then by definition of zj', it follows that
zy' € A(X, x,,) + F(x,,). This, together with 18 and 40, yields
that

X, € R (z0) N B,_(%). (45)

Using (23) again, inasmuch as zj',z]" € [Br; (), there
exists an element x,,,; € R— (27") such that

MLr3
O B e ER M |

(46)

where the last inequality holds by (38). By the definition of
Z!"", we have

Xm+1 € R_ ( )
which together with (18) implies
A(R) + A ) + F(). (49)

R— (y, - A(x,x,,) +A(X, x,,)),  (47)

¥, € Alxx,) -

This together with (46) completes the induction step and
the existence of sequence {x,} satisfying (14) and (15).

Since MLr%/2* <1, we see from (27) that {x;} is a
Cauchy sequence. Define x": = lim,__, x;. Note that F has
closed graph. Then, taking limit in (26), we get
¥, € A(x,x") + F(xn) and so x" € R;!(y,). Moreover,

m
|x" = x"| <lim,,__,sup Z Ik = x|
k=2

<lim,, . sup Z (

2°M
<W"J’1 AL

MLrg

) Mly, - ys] 49

This completes the proof of the Lemma 5.

Before going to state the main theorem in this study, for
our convenience, we define the map Z,: &' — ¥, for each
x e, by

Z,() =A%) - Alx,), (50)
and the set-valued map @,: =27 by
D, () =R [Z,.()]. (51)

Then we have that

"Zx (x') -2 (x")" = " [A(E,x') - A(x,x')]

-[A(xx") - A(xx")]|
<L|x - x|*|x" - x"|[forany x", x" € Z.
(52)

The main result of this study read as follows, which
provides some sufficient conditions ensuring the conver-
gence of the extended Newton-type method for nonsmooth
generalized (1) from starting point x,,. O

Theorem 2. Suppose that > 1. Let xe X, 2 be an open and
convex subset of X containing x and let f be a function which
has (n, a)-point-based approximation A on Q with a constant
L>0. Suppose that the map F has closed graph and the map
R— () is Lipschitz-like on B, (y) relative to B,_(x) with
constant M >0. Let 7 be deﬁned by (10) so that (1 1) “holds. Let
&> 0 be such that

(a) 8<mzn{r /4,77, /4,
(r57,a/ L (3™ + e 1)) 1y,

(b) (M +1)L(2%'né" +r%) <27,
() 17 <L/m, 0"
Suppose that

lim,_ zdist(3, A(x,x) + F(x)) = 0. (53)

Then there exists some 8 > 0 such that any sequence {x,.}
generated by Algorithm 1 with starting point x, € B~(X)
converges to a solution x* of nonsmooth generalized (1), that
is, x* satisfies 0 € f(x*) + F (x*).

Proof.
By assumption (b), it can be easily written that

ML(2""78% + r5) < (M + DL(2"" 08" +r5) <2°. (54)

Set
2°nMLS”
i 9
It follows from (54) that
1
t<—. 56
5 (56)

Since 7, ,[[7]| < L™ by assumption (c) and (26) holds,
there exists 0 < <6 be such that
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L
8""*for each x,, € BE(E).

n,o

dist (0, A (x> xy) + F (%)) <

(57)

Let x, € B~(x). We will proceed by mathematical in-
duction. We will show that Algorithm 1 generates at least
one sequence and any sequence {x,,} generated by Algo-
rithm 1 for (1) satisfies the following assertions:

||xm - E” <26,

(n+a)”
1
) 8’
T

For this purpose we define

(58)

(59)

s sl o

for eachm=0,1,2,....
3 (ML

r., = —

x =5 llx =™ + MII?II)for eachx € Z. (60)

o

Owing to the fact 46 <r; in assumption (a) and > 1, by
assumption (b) we can write as follows

(M +1)L2%.36 < (M + 1)L.2% (28" + &%)
= (M + L(2*"'6" + (20)")

(61)
< (M + DL(2%" 76" + (40)")
< (M +1)L(2" 98" +r%) <2%
The above inequality gives either
2 1 2°
ML§* < =- (62)

=—orLd%<
273 3" 23

By the facts 7, ,[|7ll < L6™ from condition (c)and (34),
the inequality (33) reduces to, for each x € B,; (%)

ML ML ML
r, = %( —nta + M||7||> S;( "x ||n+oc +_6n+(x)
ﬂn,a ﬂn,tx
3(ML ML 3 ML
< E ( (28)1’!1-0( + _6n+0() 2 - 606 (21’1+(X 1).8“
n,a n,u n,ao (63)
Since §" < 8, we get that, <= MEsa (2 (2" +1).0
<31 (2" +1).6< ! (2" +1).0 < 28for each x € B,y (%)
~ 231, o, T 20557
-y = A 73 - A > -y
It is trivial that (58) is true for m = 0. To show, (32) holds ' }’" " (% %) (0. %) y"
for m = 0, firstly we need to verify that x, exists, that is, we
need to show that .# (x,) # @. To do this, we consider the <||Ax x) - A(x x)| +II7I
mapping @, defined by (24) and apply Lemma 4 to the map
@, with 17, = X. Let us check that both assumptions (5) and <1 F () = AG Ol +1 £ o = Al ) +17
(6) of Lemma 4, withr: =7, andA: =1/3 hold. Noting that LAY xx)l "f( ) (<o )" >
xe€ R— (»NnB, (x)by(3) and according to the definition of
the excess e an(i the map @, , we obtain % = x| + “xo — x""*“ +[7
dist(x, 0, () <e( R (7)NB, (), 0, () .
— n+a _
<e(R! DBy (DK [2,@]) () < (I =™ o = <) +171,
< e(R;1 (»NnB,_(x),R [Z ]) (65)

<My -2z, ®)|.

From the notion of (n, a)-point-based approximation A
of f with L, we obtain that

Note that L& (2% + 3% + 1)<, oy because of as-
sumption (a), , [yl <L&™™ by assumpt10n (c) and
lx, — Xl <5<6. It follows from (65), for each
X € [Brm (%)<B,; (%), that
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Z, () -7 sni(uzf ™ 4 ([l = x| +1% - 1)) +17
no

Loy + oy + 151

na na

< HL (28)™* + (8 +280)™*) +I7ll =

L n+a n+a n+a L +o L M+ n+a n+a
_ﬂn,f (2" +3 )+a6” —nn’aﬁ @™ +3" + 1)<y
(66)
This implies that
Z,, (x) € Br; (3)foreachx € B, (X). (67)
x

In particular, letting x = X in (65). Then we have that

L
|2, @ - 7] <%0 - =" +117, (68)
ﬂn,a
SL8H+(X+L6H+!XS7L8H+0£S7‘7) (69)
7-[71,0( ﬂn,a ﬂn,a

e<®x0 (x')n B, (%), (x")) < e(d)xo (x1)NB,_(%), ,, (x"))

= e(R;1 [ZXO (x')] N

Applying (52), we get that

With the help of first relation in (62) and combining the
above two inequalities we get,

<L|x - x| “llxr = xn]. (73)

(0,8, 90, () <1~ -]
s -]

S == -+

(74)
This means that the assumption (6) of Lemma 4 is also
satisfied. Since both assumptions (5) and (6) of Lemma 4 are
satisfied, we can say that Lemma 4 is applicable and
therefore, we conclude that there exists X, € B, (X) such
that X, €0, (xl) that is, 0 € A(xy,X;) +F(x1“) and so
- X, € ,/%(xo) This fact reflects that / (x,) + J.
Since n>1and 4 (x,) # &, we can choose d, € ./ (x,)
such that

|do| < ndist (0, 4 (x,)).- (75)

By Algorithm 1, x;: = x, +d, is defined. Hence x, is
generated for (1).

Furthermore, by the definition of .# (x;), we can write
M (xy) =1{dy € Q: 0 € A(xg,x +dy) + F(xg+dp)}
(76)
={dy € Q: x, +d, € R (0)},

SO

B, (%), R [Z,, (x")]) <

and hence
Z,,(® €B,_() (70)

Hence, by the assumed Lipschitz-like property of RZ!
and (68), we have from (64) that
dist(%, @, (0) < M|y - 2, (3|
L (71)
[0 = =]

1
+ Myl = (1 - g)rxo = (1- M,

that is, the assumption (5) of Lemma 4 is satisfied.

Below, we will show that the assumption (6) of Lemma 4
holds. To do this, let x/, x11e B, (x) Then from assumption
(a) and (35), we have that x7, Xne B, (x)<B,;(x%)<B,_(*)
and Z, (xl) Z, (xu) € B, (y) by (39) Thls, together with
the assumed Llpschltz hke property of R_!, implies that

(72)

(x// ) "
dist (0, .2 (x,)) = dist(xq, R, (0)). (77)

Now we are ready to show that (59) is hold for m = 0.
Note that 7> 0 by assumption (a). Then (21) is satisfied by
(20). Lemma 5 states us that the mapping R (-) is Lipschitz-
like on B; (y) relative to B,_j, (x) with constant 2°M/2% —
MLr¢ for each xeB, ) (%) when R_ (-) is Llpschltz like on
B,_( y) relative to B, (x) Partlcularly, R! () is Lipschitz-
hke on B: () relatlve to B, 1, (%) with constant 29M /2% —
MLréas x, € [BA(x)C[Ba (x)C[B, 1> (X) by assumption (a) and
the ch01ce of 8

Furthermore, assumptions (a), (c) and the 2nd relation
of the inequality (62) imply that

L(S’”“ = L(S“.&" < LS“.fS < !

Iyl < 0
no na 7Ti’l,0¢ 3”71,0(
(78)
1 Fm,, T
< QAL
T3, 4T3
Now (57) becomes
dist(O, R, (xo)) = dist (0, A (x, x9) + F (%))
_ 79
< L el 7
T 3

Noting that x, € B,_,,(x) as mentioned earlier and by
(78)) we have that 0 € B;; () .
Thus, by applying Lemma 1, we obtain that

dist(xO,R;;(O)) Z_Wlest(OR (x0)). (80)
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According to Algorithm 1 and using (77 and 80) we have

1 = x| = |do] < ndist (0, 4 (x)) = ndist(xo, R;: (0))

2°NML ia _

2°yML

*nM
lest(o R (.XO))

(81)

2y MLS*

Qo

T (2“ - MLY;)

From (56 and 81) we get,

t 1
I = xo] = o] gaagt(a)a

This shows that (59) is hold for m = 0.

Suppose that the points x;, x,, . .., x; have obtained by
Algorithm 1 satisfying (2) such that (31 and 32) are hold for
m=0,1,2,...,k— 1. We show that assertions (31) and (32)
are also hold for m = k. Since (31) and (32) are true for each
m<k — 1, we have the following inequality

1 (n+a)
) +8<296,

k-1 k-1
e D TR S B
i=0 i=0 o

(82)

(83)

Ty (2“ - ML?’%)

(2 = ML) d.[Sinced” < 4].

and so x; € B,5(x). This shows that (58) holds for m = k.
Next we show that the assertion (59) is also hold for
m=k.Letx, € B, (x) If we apply Lemma 4 to the map @,
with =%, r: = r x, and A: =1/3, then by the analogue
argument as we did for the case k =0 one can find that
M (x)#D. Because of x;€B, (X)<B,;(X)CB, (%),
Lemma 5 permit us to say that R 1)( ) is Lipschitz-like on
B; (¥) relative to B,_,, (x) with constant 2¢M/2% — MLrs.
Moreover, inasmuch as —A(x;_;, x;) € F(x), using the
idea of (n,a)-point-based approximation of f, the in-
equality 4™%§<7m, , from assumption (a), we obtain that

dist(O, R, (xk)) = dist (0, A (xp x¢) + F (%)) < A (3 %) = A (341 x5 |

L . . )
L R TON e M e (P P |
< L (25+26)n+“:L4n+a6n+a5—5a4n+“8=_4"+0€F'7:f;£asz
n,o T[n,a ﬂn,a 37_[71’0‘ 2 3
; -1 2°M
It is noted earlier that x; € B,_),(X). Moreover, (78) d1st(xk, R, (0)> Z—lest(o R, (xk))- (85)

implies that 0 € B;; (). This, together w1th (84), implies
that Lemma 1 is applicable for the map R, +, () and hence we
have that

|k = x| =]|di| < ndist (0, 4 (x;.)) = qdist(xk,R;: (0))

Since / (x;) # &, Algorithm 1 ensure us the existence of
a point x;,; which satisty the following inequality

a

ﬂdlst(OR (x ))

MLrS

A (3 ) = A (35 )|

n+oa

2°qM
= lest(o A(Xk, xk) + F(xk)) <T
2 11M 2"nLM

= “f(xk) A x| <

. (2

« (n+a)<!
et g () e
na *~ MLrg ) e He 8“7‘[%“ T
(nra) 1\ MY ¢ 1 (o) 1\ M
> 8" < t( ) d[Sinced” < 8]
Ty Ty

(n+tx)k71 n+oa
1 1
séat t< ) "< ! t(
T[n,oc nn,zx nn,zx ﬂn,a
k

(86)
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This shows that (59) holds for m = k. Thus, we can see
from (59) that {x,,} is a Cauchy sequence and hence con-
vergent to some x*. Since the graph of F is closed, we can
pass to the limit in x;, € R;; (0) obtaining that x* is a
solution of (1). Therefore, the proof is completed.

In particular, in the case when ¥ is a solution of (1), that
is, ¥ = 0, Theorem 2 is reduced to the following corollary,
which gives the local convergent result of the extended
Newton-type method for solving nonsmooth generalized
(1). O

Corollary 1. Suppose that n > 1 and x be a solution of (1). Let
Q be an open and convex subset of X containing X and 7> 0
be such that B=(X) is an open and convex set. Suppose that the
function f is continuous which has an (n,a)-point-based
approximation A on B> (x) with a constant L >0, the map F
has closed graph. Assume that the map RZ' (-) is Lipschitz-like
around (0,x) with constant M. Suppose that

lim,_ ;dist(0, A(x,x) + F(x)) = 0. (87)

Then there exists some & > 0 such that any sequence {x,,,}
generated by Algorithm 1 starting from x, € B~(X) con-
verges to a solution x* of nonsmooth generalized (;1)’ that is,
x* satisfies that 0 € f (x*) + F(x*).

Proof. By hypothesis RZ'(-) is pseudo-Lipschitz around
(0,x). Then there exists constants r,, 75z and M such that
RZ'(+) is Lipschitz-like on B, () relative to B (X) with
constant M. Then, for each 0<r <7, one has that

e(R; (y1)NB, (%), R; ()’2)) < M”J’l - y2||for any y1, ¥, € Bru (0),
(88)
that is, the map R; (+) is Lipschitz-like on B, (0) relative to

B, (%) with constant M.
Let L € (0,1) and choose 75 € (0,75) such that

r_
?" <72"%m, ro — L(3" + 2" )2 > 0, (89)

and A is a (m, a)-point-based approximation of f on
B,_j, (%). Then, define
L2 (3™ + 2™ rg (2% — MLr%) o
M2 T 42°M ’

T = mm{ro -

(90)

Aw,v)=1f W)= f(w) - Vfuv-u)l =‘

rz T 7T, Vnta
. x n,o 0" n,a

5 e : , 91
777/1/77/{ 4 4n+(x (L(371+0£+2n+06+ 1)) } ( )

Thus we can choose 0< <1 such that

40 ﬂn,oc

— T 1/n+a
- x "tna
8szn{4, 4n+a’<L(3n+a+2n+a+1)> }, (92)

(M + DL(2" 98" + r%) < 2% (93)

Now it is routine to check that all the conditions of
Theorem 2 are hold. Thus, Theorem 2 is applicable to
complete the proof of the corollary 1. O

4. Application of (1, a)-point-
based approximation

This section is devoted to present applications of
(n, @)-point-based approximation. In particular, when the
Fréchet derivative of f is (¢, a)-Holder, the function A is an
(1, &)- point-based approximation for f . Moreover, when f
is a twice Fréchet differentiable function such that V2f is
(K, a)-Hoélder, then the function A is an (2, a)-point-based
approximation for f. In addition, application of
(n, a)-point-based approximation is provided for normal
maps.

4.1. Application of (n,a)-PBA for smooth function f. Let
0<a<1 and Q be a convex subset of 2. Let u,v € Q.

(1) Suppose that the Fréchet derivative of f is
(¢, «)-Holder continuous. We show that the function

A: (u,v)=f (1) + Vf(u)(v—u), (94)

isan (1, a)-point-based approximation for f. In this case, by
using the Algorithm 1 we can infer that there exists a se-
quence {x;} which converges superlinearly and this result
recovers the convergence result of Geoffroy and Piétrus in
[19].

In this regards, define the function A (u,v) by

A, v) =lf(v) = A(u, V). (95)

It follows that

J;(Vf(u+t(v—u))—Vf(u))(v_u)dt”

1 1 1
<lv—ul JO IVF (u+t(v =) -V @lde < v —ul JO et (v - wl*dt < llv - ull"*e JO £ dt (96)

1
lv = ul™*

14
<
(a+1)
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This yields that A satisfies the first property of

(1, @)-point-based approximation on Q. To proof the second

A (u,v,y,2) =1A(w, y) — A(v, ¥) — A(u,2) + A(v, 2)],

property of (1,«)-point-based approximation, we assume
that y,z € Q. Then, we have that

=f@+Vf)(y-w) - fW) -V -v)-f)-Vf(z-u)+ f(»)+VfW)(z-v) (97)
<N(Vf@) =V W) (y-I<IVF W) =V Wlly -zl <ellu-vI*lly - zI.

This shows that the second property of (1, «)-PBA for f
also holds. Therefore, we say that when the Fréchet deriv-
ative of f is (¢, «)-Holder with exponent « € (0,1), the
function A: (u, v)—f (u) + Vf (1) (v — u) isan (1, &)-point-
based approximation.

(2) Let r; >0 be such that B,_,, (X)<X. Suppose that f is
a twice Fréchet differentiable function on B,_, (%)
such that V2 f is (K, a)-Holder on B,_, (%) and with
exponent « € (0,1). Choose £>0 and L > 0 be such
that

L>0+K(rz+1). (98)

Let p,q € B,_j, (%) and define the function

1
0

A(p)q)=‘

Apa) = F(P)+ Y (P)a-p)+ 3V F ()= ) (99)

Then, Theorem 2 ensures the existence of a sequence
{x;} which converges super-quadratically and the result of
Theorem 2 coincides with the result of [22, 29].

To show the first property of (2,a)-point-based ap-
proximation, denote A(p,q) = f(q) — A(p,9)ll. Then we
have that

. (100)

Alpa) =| £ @~ £ (D)= VF (P a-p)-3VF (P)(a-

Since, | J(l) (L-tVif(p+t (q-p)(g-pPdtl=
I£(q@) - f(p)=Vf(p)(g- p)l, then (100) reduces to

J (L=V’f(p+t(q-p)(q-p))dt —%sz(P)(q - P)ZH

1
[ (@=0vF (et p-a-0vF(p) - praf

1
<llg- pl® Jon(l -V f(p+t(q—p) - (1-6)V'f(p)|dt

1
0

(101)

<llg - pIP j (L-DVf (p+t(q-p) - V2f (p))dt

1 1
<Klq - pl jo (1-1)lt(q - p)l“dt <Klq- pl** jo (1- 1)de

@Dl Pl

Therefore, A satisfies the first property of an (2, &)-point-
based approximation on Q.

2+a L
< 0000000
T (a+ D) (a+2)

2+a

llg - pI™.

For the proof of second property, we assume that a, b be
any elements of B,_, (x), Then, we have that
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Ar(p,g,a,b) =
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||A(P’a) —A(q’ﬂ) _A(Pab) +A(%b)"

=“f(p)+Vf(p)(a—p)+%V2f(p)(a—p)2—f(q)—Vf(q)(a—q)—%sz(q)(a—q)z—f(p)—Vf(p)(b—p)

H[Vf(p) ~Vf @) a-b)+ S [VF (P)a pF -V f (@) (- @ - Vf ()b~ pF + V(@) (b~ )]

(Vf(p)-Vf(@la-b)+3

1[Vf(p)(a q+q-pa-p) sz(P)(b—q+q—P>h—P)+]
2

Vi(@-qb-p+p-q) -V f(@la-qga-p+p-9q)
Vf(p)a-ga-p) +Vf(p)(q-pa-p) - vf(p)(b—q,b—m—v2f<p><q—p,b—p)+]
Vi@-gb-p)+Vf(lb-gp-q9 -V f(@a-ga-p) -V f(ga-gp-q)

1 [ V(@ b-gb-p) -V f(p)(b-qb-p)+V f(p)a-ga-p) -V f(qla-ga-p) ]

Vf(p)-Vf(gla- b)+z[

Vi (p)=Vf(@la-b)l+-

+V2f(p)q-pa-p) -V f(P)q-pb-p)+Vf(Db-gp-9 -V f(@(a-gp-q

V(P - Vf @) a=b) 43 [Vf @ - VF (p)] (- ab-p)

[P0 -V @]@-ga-p P f (- pa-b) 4V @b-ap-a

[VF(p)-Vf(@la-b)+ [v f@-Vf(p)]b-qb-p)

D[V (D -V @] @-b+b-g.a-p)+37f (P a-pa-b)+ V@ b-ap-a
(102)

This also can be written as

a1(p.ga) =|[ 1V () - Vf @)@ +3 [V (@) - VF ()] 6= g.b-a)+3 [VF () - V' (@] (a-b.a- p)

+%V2f(p)(q—p,a—b)+%V2f(q)(b—a’P—Q)]“~
(103)

Since there exist an open subset B, ,(X)c2" and  the notion of (¢ a)-Holder continuity property
a positive number K such that |V*f]| <K on B, (). of Vf and (K, «)-Hélder continuity property of V> f , we
Let a,b € [EBrx,z(x) Then, |la - bl <r;. Then, by applymg get
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Step 1 Select 1 € [1,t00), x, € 2, and put i: =0.
Step 2 If 0 €  (x;), then stop; otherwise, go to Step 3.
Step 3 If 0 ¢ M (x;), choose d; such that d; € ./ (x;) and |d;|| < ndist (0, Z (x;)).
Step 4 Set x;,: =x; +d,.
Step 5 Replace i by i + 1 and go to Step 2.
ALGORITHM 1: (The Extended Newton-type Method)(ENM).
TaBLE 1: Numerical results for Example 1 for the case s <0.
iteration no. Sk [=s"+3s/14-1/7 Sk [=s"+8s/7+1/7
1 -1.7000 2.3829 -1.5000 0.6786
2 -0.9520 0.5595 -1.1346 0.1335
3 -0.6209 0.1096 -1.0161 0.0140
4 -0.5142 0.0114 -1.0003 0.0002
5 -0.5002 0.0002 -1.0000 0.0000
6 -0.5000 0.0000 -1.0000 0.0000
7 -0.5000 0.0000 -1.0000 0.0000
TABLE 2: Numerical results for Example 1 for the case s >0.
iteration no. Sk [ =10s%/7 - 27s/14 - 1/7 Sk [=10s*/7 -s+1/7
1 1.5000 0.1786 1.7000 2.5714
2 1.4242 0.0082 1.0333 0.6349
3 1.4204 0.0000 0.7081 0.1511
4 1.4204 0.0000 0.5605 0.0311
5 1.4204 0.0000 0.5087 0.0038
6 1.4204 -0.0000 0.5002 0.0001
7 1.4204 0.0000 0.5000 0.0000
8 1.4204 0.0000 0.5000 0.0000
The graph of the nonsmooth generalized equation {+§ The graph of the nonsmooth generalized equation {+§
2.5 - : : : . . 3
25+t
2|
21
K K
g o S 15}
L L
= =
£ g 1t
() [ )
< <
= B
0.5
0.5
0t /*
0 s s s s t -0.5 s s s s : :
-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
The value of S The value of S
¢ $43s/14-1/7 —+— 108¥/7-275/14-1/7
—©— $%+8s/7+1/7 —o— 10s%/7-s+1/7
() (b)

FIGURE 1: Superlinear rate of convergence of Algorithm 1 at -1.0000 (-0.5000) and 0.5000 (1.4204).
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21(pgua. ) <NTS ()= Vf @) a =Bl +5 77 @ - T (PIb - allb - all + 3 [7£ () - V£ (@)]1a - bl - pI

+§||V2f (p)|lg - pllla - bl +%||V2f(q)llllb—allllp—qll

24 K o K o K 24 K 24
<tlp—qll*lla = bll + —lp - ql"llb - qlllb - all + Zlp - ql"Ilb — alllla - pll + —lq - pl"lla - bl + Zlp - ql"lb - al

(104)

24 K 24 o
<tlp—qll*lla = bll + —rllp —qll"lla = bl + Kllp — ql"lla - b]

<(+K(rg+1)lIp-ql“la -0l

<Llp-ql®la-bl,foralla,b € B, ().

This shows that the second property of (2,«)-PBA is
satisfied. Thus, both of properties for (1, a)-PBA hold on
B,_,, (x)whenn = 2 and 0 <@ < 1. Hence, A is an (2, a)-PBA
for f on B,_, ().

4.2. Application to Normal Maps. In this subsection we deal
with a class of nonsmooth functions, i.e. normal maps.
Normal maps have been studied by many authors to
obtain solutions of variational inequalities and com-
prehensive accounts on this topic can be found in
[9, 12, 13, 17, 30].

A detailed discussion about normal maps is given by
Robinson [13]. Recall the following notion of normal maps
which was introduced by Robinson [9, 13].

Definition 6. Let € be a nonempty closed convex subset of a
Banach space & and let [] be the metric projector from &
onto €. Let Q2 be an open subset of 2" meeting & and let f be
a function from Q to . The normal map f is defined from
the set []~ "Qto X by

fe@) = f(IT®)+(x-] ). (105)
Moreover, the following variational problem
find y, € €: {f(¥),¢ — yo» =0, forallc € &, (106)

is completely equivalent to the normal-map equation
fe(xy) =0 through the transformation x, = y, — f (y,).
Robinson has shown that how the first-order necessary
optimality conditions for nonlinear optimization, as well as
linear and nonlinear complementarity problems and more
general variational inequalities, can all be expressed com-
pactly and conveniently in the form of equations f¢ (x) =0
involving normal maps.

However, sometimes the use of normal maps enables one
to gain insight into special properties of problem classes that
might have remained obscure in the formalism of variational
inequalities. A particular illustration of this is the charac-
terization of the local and global homeomorphism prop-
erties of linear normal maps, given in [13] and improved in
[31, 32].

In [8, Proposition 4.1], Rashid proved that for any
function f admitting a PBA on a nonempty closed convex

subset € of a Hilbert space H, the normal map associated
with f admits a PBA on H. In our study we will show that
the same result holds when we replace the normal maps
fe+F in lieu of the normal maps fe. Rashid [8, 14]
reformulate the normal maps f + F by simple modification
of the definition of normal maps given by Robinson [13]. In
[8, 14] Rashid assumed the concept of point-based ap-
proximation and p-point-based approximation. Here we
extend that concept to (#,a)-point-based approximation
which is reformulated by Rashid [8, 14], then we show that if
f have a (n, a)-point-based approximation, then one can
easily be constructed a (#, &)-point-based approximation for
fe+F.

The following reformulation of the normal maps f + F
is due to [14].

Definition 7. Let € be a nonempty closed convex subset of a
Banach space 2 and let [] be the metric projector from &
onto €. Let Q be an open subset of X meeting € and let
f:Q— % and F: Q3. The normal map fg +F is
defined from the set ]_[71 (Q) to X by

(fe +F) 0 = ([T @)+ F([] @) +(x -] ).

(107)

We are now able to construct a (n, a)-point-based ap-
proximation for the normal map f, + F provided that a
(n, @)-point-based approximation exists for f.The following
proposition can be extracted from [14, Proposition 4.3].

Proposition 1. Let X be a Banach space and € be a non-
empty closed convex subset of & and let || be the metric
projector on € which is nonexpansive. Let f: € — I,
A: ExC€ — X be functions and let F: €= be a set-
valued map with closed graph. If A is a (n, a)-point-based
approximation for f on € with a constant L, then the
function HIxY —X defined by
H(y,x) = (A(IT (9),)g + F())(x) is a (n, a)-point-based
approximation for fo + F on & with the same constant L.

Proof. Let y,x € . We note that by the definition of

normal map, (fg+ F)(x) and H(y,x) are respectively
defined by
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(fe+F) @)= f(J] @) +FJ] @) +(x-T] )

(108)

H(y,x) = A([ ] @[T @)+ F(JT @) +(x-]] ).

(109)

|(fe + F) () = H(p, 0| = £(TT @) + F([T ) +(x -
“f [[]®)-

This implies that H satisfies the first property of
(n, @)-point-based approximation. For proving the second
property, we suppose that x, xre . To thisend, let y,z € X
We will show that H (x,-) — H (x!, ) is Lipschitz continuous

I [(H (x,y) - H(x1, y)] - [H(x,2) — H(x/,z)]

[T)-[AT [T )+ F(T @) +(x-
AT T ) =AM~

By hypothesis we have that A has the two properties for
f given in Definition 4 with a constant L. We need to show
that H also has these same two properties for fg + F with
the constant L. Since A is the (u, a)-point-based approxi-
mation for f on €, then using the notion of first property of
(n, @)-point-based approximation and the non expansive-
ness of the metric projector we have that

[T

n+o

<—IIy x|l

(110)

on X with lipschitz constant L||x — x/||*. Again using the
concept of second property of (n, «)-point-based approxi-
mation and non expansiveness of metric projector, we
obtain that

-I[ATT e TT )+ FIT ) +(r =TT ) = A(TT . TT ) - F([T 0) ~(r- T )]

[T @ JT@)+ ([T @) +(z-[T@) - a([Ten [T@) - F([T @) ~(z- [T @)]|

(111)

- [ATT . TT ) = A(TT @ TT )] - [T @ [T @) - A(TT @ [T @)
<L|[T@ T @ -TT @] <Lix -1l -2l

This shows that the second property of the (#, «)-point-
based approximation is satisfied. Since the both properties in
Definition 4 are fulfilled for H, we can conclude that H is a
(n, a)-point-based approximation for fo +F on &. The
proof is completed. O

0w (s) = {] € R™": J =Tlimy__, o,/ (si)for somefs,} c P, such that{s;} — s}.

Then, Clarke’s generalized Jacobian of y at s € R” is
the set 0y (s) =conv dgy (s). If y is differentiable near s,
and y/ is continuous at s, then obviously

5. Numerical Experiment

In this section, to present the numerical experiment we recall
some necessary notations and notions . Let s € R" and
y: R” — R™ be a Fréchet differentiable function at s.
Suppose that the set of all points s € R" is denoted by P, at
which the derivative y/ (s) exists. The B-subdifferential of y
at s € R", denoted by 0z (s), is the set

(112)

oy (s) = 0gy(s) = iwl(s) . Otherwise, 0gy (s) is not nec-
essarily a singleton, even if y is differentiable at s. In this
case, ¥/ (s) € Ogy (s) holds. Now, in order to illustrate the
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theoretical result of the extended Newton-type method,
we consider the following example.

Example 1. Let X=Y%=R,sp=-17,1=5,
L=057r;=3n=1,a=09 and M=1. Let : R — R
and &: R=R be defined, respectively, by

i+52, if s<0,
7
{(s) =
2
£—25, if s>0, (113)
7
s 1 1
={——— s+—f.
£(s) {14 7° 7}

Then Algorithm 1 generates a sequence which converges
superlinearly to s* = -0.5000 and s* = —1.0000 , respec-
tively, with initial points s, = —1.7 and s, = —1.5 in the case
5 < 0. On the other hand, Algorithm 1 generates a superlinear
convergent sequence which converges to s* = 01.4204 and
s* =0.5000 , respectively, with initial points s, = 1.5 and
sp = 1.7 in the case s>0.

Solution: It is manifest that { is not differentiable at s = 0
and hence ( is nonsmooth function on R. But {his fuyction is

differentiable on R — {0} and hence 05 (s) = {{7(s) . So, we
get
1 .
—+2s, ifs<0,
7
24 (5) = {01 (9)} - (114)
20s .
— -2, ifs>0.
7
We mark that
{52+§—1, 2+§+l}», if s<0,
14 7 7 7
[(s): =((+&(s)
{1032 27s 1 10 1} ,
— ————,——s+=¢, ifs=0.
7 14 7 7 7
(115)

Initially, we study the set-valued mapping I'(s) = s* +
3s/14 — 1/7 for the case x <0 and note that I has a closed
graph at (5,f) with s = -1 and ¢ = 0.64. Thus, (-1,0.64) €
gph T and ({+&)7', that is, T™! is Lipschitz-like at
(0.64,-1). By taking A(s,-) = {(s) +05{(s)(- =), it is
easily shown that R (-) = [{(3) +0{(3) (- —5) +E()] ! is
Lipschitz-like at (¢,5) for f = 0.64 and 5 = —1. Therefore, the
assumptions of Theorem 2 hold. From the definition of
M (s,), we get

M () ={d) € R: 0 € {(s¢) +0pC (s )i + & (s + i)}

2 —3s, — 14s?
={dk€Ri dkzﬂ}_

3 +28s,
(116)

Alternatively, if / (s;) + & we take

2+ l4s;
3 +28s;
(117)

0¢ {(Sk) + aB((Sk) (Sk+1 - Sk) + f(skﬂ)zskﬂ =

Also, from (86) with 0 <a <1 we consume

Z“r]LM n
EAE m”dk 1

(118)

Hereafter, for the given values of L, M, #,r5,n and o, w
get that Algorithm 1 generates a superlinearly convergent
sequence with initial point s, = —1.7 in a neighborhood of
5 =-1.9. The following Tables 1 and 2, obtained by using
Matlab code, indicate that the solution of the variational
inclusion T'(s) 3 0 has the solutions s* = —1.0000 and s* =
—0.5000 in the case s <0 and s* = 0.5000 and s* = 1.4202 in
the case s >0. The graphs of I are plotted in Figure 1.

Remark 4. 1f we set & = 1 in Example 1, we get the quadratic
convergence of Algorithm 1.

6. Concluding Remarks

We have established semilocal and local convergence of the
extended Newton-type method for solving the nonsmooth
generalized (1) under the conditions #>1, (f +F)7 ! s
Lipschitz-like and the nonsmooth function f has a
(n, @)-point-based approximation. Moreover, when 0 < a < 1
and V£ is (¢, a)-Holder, we have presented an application of
(n, a)-point-based approximation for smooth function with
n =1, that is, we have shown A is an (1, «)-point-based
approximation. In this case Theorem 2 provides the
superlinear convergent result and this result extends the
convergence theorem of Geoffroy and Piétrus [19]. On the
other hand, for n =2 and 0<a <1, if f is a twice Fréchet
differentiable function and V*f is (K, a)-Holder, we have
given an application of (n, @)-point-based approximation,
that is, we have shown A is an (2, a)-point-based approx-
imation. In this case Theorem 2 yields the superquadratic
convergent result and this result extends the convergence
result of [22, 29]. Furthermore, we have given another
application of normal maps for fo + F which extends the
concept of point-based-approximation reformulated by
Rashid [8]. That is, we have shown that if f has an
(n, @)-point-based approximations, it is easy to construct an
(n, @)-point-based approximation for the fC + F. Finally,
we have presented a numerical experiment to validate the
theoretical result.
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