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In this paper, we establish some inequalities involving the modulus of the derivative of rational functions with prescribed poles
and restricted zeros. The obtained results generalize some known inequalities for rational functions. Moreover, our results also

contain certain known polynomial inequalities.

1. Introduction

The modulus of complex polynomials on a circle and the
locations of zeros of these polynomials have been studied for
several years. We start with a result due to Bernstein [1]. Let
P, be the class of polynomials of degree at most n. If p(z) is
a polynomial of degree n, then the famous result, known as
Bernstein

|p'(2)] < nmaxlp (@)l (1)

Equality holds in (1) if and only if p (z) has all zeros at the
origin.

Erdds conjectured in 1944 which Lax [2] proved by
improving (1) that for polynomials p(z) of degree n and
having no zeros in |z| < 1, we have

max|p' (2)] < = max|p(2)l 2)

lzl=1 2
Equality in (2) holds for p(z) = Az" + p, [A| = |ul.
On the other hand, if p(z) is a polynomial of degree n
having all zeros in |z| < 1, then

, n
rlrzlli.)l( Ip (Z)IZE r|£1|231(|P(Z)| (3)

Inequality (3) was demonstrated by Turan [3] and
equality in (3) holds for polynomials which have all its zeros
on |z| =1. In the literature [4-7], there are many im-
provements of inequalities (2) and (3). For the class of ra-
tional functions, we write

w(z)=(z-a))(z—-ay)- (z-a,)

(1-az\(1-a,z l1-a,z
B(z)_<z—a1>(z—a2> (z—an> (4)

_w'(2)

T w(z)’

where w* (z) = z"w(l/z) and ay,a,,...,a, are complex
numbers. The product B(z) is known as Blaschke product
and |B(z)| = 1, when |z| = 1.

Let P,, be the class of all polynomials of degree at
most m. Now we define R, by

p(2)

w(z)

:pEPmanden}.

(5)

Thus, R, ,, is the set of all rational functions with poles
a;,a,, . ..,a, at most and with finite limit at co.

R,,.=R,.(aay...,a,) = {
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From now on, we denote T = {z: |z| = k}, Dy is the set
of all points inside T}, and Dj is the set of all points
outside T}.

In 1995, Li et al. [8] extended Bernstein-type inequalities
to a rational function by replacing z" by Blaschke product
B(z). They obtained the following results.

Theorem 1. Ifr(z) € R, then

I (2)

nn’

< |B@lr @) (6)

for z € T\. The inequality is sharp and equality holds for
r(z) = aB(z) with |a| = 1.

Li et al. [8] also proved the following results.

Theorem 2. If r(z) € R,,, and all the zeros of r(z) lie in
T,UDj, then

'B (Z)| nlax |T(z)|, (7)

jr'(z)| < 2

forz eT,.

Theorem 3. If r(z) € R,,,, and all the zeros of r(z) lie in

T,UDj, then

5 o)
2

|r’ (z)| > max|r (2)] (8)

forz eT,.

Theorem 4. Suppose r(z) € R,,,, where r(2z) has exactly n
poles a,a,,...,a, and all the zeros of r(z) lie in T, UD7.
Then, for z € T,

@25 {[B @] - -mlirl, ©)
where m is the number of zeros of r(z).

An extension of Theorem 4 was shown by Wali and
Shah [9].

Theorem 5. Suppose r(z) € R, where r(z) has exactly n
poles ay,a,,...,a, and all the zeros of r(z) lie in T, UD7.
Then, for z € T,

I (2)] zi{]B' (2)] - (n—m) +|Cm|_||}|r(z)|, (10)

o
lem] +[col
where m is the number of zeros of r (z).
2. Main Results

We use the following lemmas for proving our main results.
The first lemma was shown by Dubinin [10] (see also [11]).

Lemma 6. For polynomial p(z) =c,z2"+---+¢, at each
point z of the circle |z| = 1 at which p(z) #0, the inequalities
are valid:

zp'(z2)\_n-1 [c.|
Re< @) )2 3 +|Cn|+|CO|. (11)

Lemma 7. If z € T, then

Re(zw, (z)> _ ”—lB, (Z)|‘ (12)

w(z) 2

Lemma 7 was proved by Aziz and Zargar [12]. The next
lemma is due to Chan and Malik [13] and Li et al. [8].

Lemma 8. If p(z):co+zmyc z',1<u<m, is a poly-

V= 14

nomial of degree m having all the zeros in T) U D}, k > 1, then

Ip(2)l, (13)

m
1+ K"

p'(2)] <
forzeT,.

Lemma 9. Ifr(z) € R, and r*(z) = B(2)r (1/z), then
(" @) ] +

r (2)| < |B (2] Ir (2)) (14)
forzeT,.

In this paper, firstly, we obtain an inequality for the
modulus of the derivative of rational functions with pre-
scribed poles and restricted zeros.

Theorem 10. Suppose r(z) = (p(z)/w(z)) € R,,,, where
1 (2) has exactly n poles a,, a,, . . ., a, and all the zeros of r (z)
lie in T, UD],k>1 except the zeros of order s lying in the
origin. Then, for z € T\,
' 1 ' 2(m-—s)
Ir (2)] < 5 []B (2)|+25s-n e @k as)
where p(z) = 2° (3. c,2"), 1<spu<m—s.

Proof. Let r(z) = (p(z)/w(z)) where p(z)=2z°h(z) and
h(z) =co+ 2,5 ¢,z 1<u<m—s has all its zeros in
T, UD{.

It is easy to see that

r(2) w@p (2)-pw(2) w()

r(z) (w(2))* p(2)
(16)
K@ s o
Thz) z w(z)
This implies that
zr (z) zh (2) 2w (2) (17)

rz)  h(z) wz)

Hence,

zr,(z) 3 zh,(z) zw,(z)
Re< @ )—Re( e >—Re< e >+s. (18)
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Since h(z) has all its zeros in T UD{,k>1, Lemma 8
implies that

From (18), we get

zr (2) m—s n—|B’(z)|
Re(r(z)>s<l+k“>_< 2 >+5’ 2D

(G fid] m o
for z € T,. Hence, for |z| = 1 and using (18), we have
Also, Lemma 7 yields
w(z)\ N —|B, (Z)|
= . 20
Re< (@) > 2 (20)
@ @
z(r*(z : zr (z
= 2 |IB _
) “ @7
1 2
AP e (2 r (z)
=B @) + e 2|B (2)|Re < D > (22)
’ 2 !
o2 |er (2) ) m—s ”—|B (Z)|
2|B (z)| + '@ —Z’B (z)|[l+ky—< 3 +s|,
for z € T,. That is,
(1/2)
! 2 « /
[|r (z)|2 +<n— (’” >|B @)|Ir(2) ] <|(r* @) ) (23)
for z € T',. Combining this with Lemma 9, we get
' 2 2(m—
¥ ()| +( 2 )|B @lr @< (B @ira]|-| @) (24)
for z € T,. Therefore, By taking k =1 in Corollary 11, we get the following
result.
i 1 i
|r (z)| < > [.B (z)| +2s—-n+ ( S)]| (2)l, (25)
Corollary 12. Suppose r(z) = (p(z)/w(z)) € R,,,, where
for z € T,. This completes the proof. g  r(2) hasexactlynpolesay,a,, .. .,a, and all the zeros of r (z)

By taking s = 0 in Theorem 10, we get the next result.

Corollary 11. Suppose r(z) = (p(z)/w(z)) € R,,, where
1 (z) has exactly n poles a,, a,, . . ., a, and all the zeros of r (z)
lie in T, UDy}, k= 1. Then, we have for z € T,

)| < [|B (2)] = n+ 5 ]Ir(z)l (26)

where p(z) = YL c,z", 1<p<m.

lie in T, UD}. Then, we have for z € Ty,
! 1 !
@) <5 [[F@-t-m|r@n @)

where m is the number of zeros of r (2).

If r(z) € R,,,, in Corollary 12, it follows that Corollary
12 reduces to Theorem 2.
=a,|al =1, for

Remark 13. If pe P,, let us define a

i=1,23,...,n

i
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Then, w(z) = (z - a)" and r(z) = (p(2)/(z — a)"). We
get

(z-a)'p' (z) -n(z-a)" 'p(2)

)Zn

riz)= (z-«a

_ np(z) +(a-2z)p'(z) (28)

(Z _ a)n+1

_ -D,p(z)
(Z _ a)n+1’

where D, p(z) =np(z)+ (a —2)p'(z) is the polar de-
rivative of polynomial p(z) with respect to the point a. It
generalizes the ordinary derivative in the sense that

D“%(z) =p'(2). (29)

lim
odx—>00

For B(z) = (w*(2)/w(z)), we have B (z)=
(n(lal® -1/ (z-a)*) (1 -az)/(z - a))" .

Hence, |B (2)| = (n(la)* = 1)/|z — af?) for |z| = 1.

where h(z) = ¢y + ¥,0jc 2", 1<pu<m—s.

Theorem 16. Suppose r(z) = (p(z)/w(z)) € R,, where
p(z) = (z—2zy)h(z) has the zeros z, of order s with |zy| > 1
and h(z) = Y c;, 2 has all its zeros lying in T, U D Then,

I (2)I,

' L. |cm|— |cs| 2s
r(z)z[B(z)—(n—m+s)+ +
| | 2 | ‘ e + lcs] 1 +]z0]

(32)
forzeT,.

Proof. Let r(z) = (p(2)/w(z)) where p(z) = (z — z,)°h(z)

and h(z)=Y7;c;. 2/ is a polynomial of degree m —s

having all its zeros in T U D;.
By differentiating with respect to z, we get
P (z)=(z- zo)sh’ (2) + h(2)s(z - z,)" . (33)

It is easy to see that

r(z) w@p (2)-pw (2 w()

Now, the next result is obtained for the polar derivative. r(z) (w(z2))? ’ p(2)
(34)
Corollary  14. Suppose p(z) =z°h(z) where h(z) W (2) s w,(z)
=co+ 2y, 6,2 1<u<m—s and p(z) has all its zeros in “he 2oz we)
T\ UD;, k>1, except the zeros of order s lying in the origin. 0
Then, This implies that
1 2 - ' , /
ID,p(2)] < '“Iz+ [25 ¥ im k:)] @)L (30) zr(2) _zh(@) zw(@), sz (35)
+ r(z) h(z) w(z) z-z,

forzeT,. Hence,

Dividing both sides of the inequality (30) by |a| and R zr,(z) _R zh (2) R zw/(z) R sz
letting |a] — o, we get the following result of Kumar and ¢ r(z) |~ ¢ hiz) | ¢ w(z) +Re z-2z,)
Lal [14]. (36)
Corollary 15. Suppose p(z) = z°h(z) has all the zeros lying Lemma 6 and Lemma 7 yield
in T\ U Dy, k=1 except the zeros of order s lying in the origin.

Then, for z € T,
, m + sk
_ R 31
Ip'(2)| < [ i ]|p(z>| (31)
zr (2) m-s—1  |c, n—'B,(z)| sz
Re > + - + Rel ——
r(z) 2 |cn| + e 2 z-2z,
m-s—-1-n . |B,(Z)' s (37)

+ +
2 |c| +c] 2

1
2

for z € T,. Therefore,

1+|z,]

[ l-mmeo el 2]

el +les 1+ 0]
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Z:(S) [|B( )|—(n m+s)+i :I+:ZI 15|SZO|]’
(38)
for z € T,. That is,
|r’(z)\%[|3’(z)\ —(n-m+s)+ Ii:l;IEI - frzol]wzn,
(39)
for z € T,. This completes the proof. O

By taking s = 0 in Theorem 16, we obtain that Theorem
16 reduces to Theorem 5.

By taking s =0 and n = m in Theorem 16, we obtain
that Theorem 16 reduced to Corollary 2 of Wali and
Shah [9].

Remark 17. From the conditions of Theorem 16, we have
|zl > 1.

Thus, (1 - |z,l/1 + |z,])° <1 for s> 0. That is, our lower
bound in Theorem 16 is better than the lower bound in
Theorem 3 of Mir et al. [15].

From Theorem 16, we obtain the following results in
term of polar derivative.

Corollary 18. Suppose p(z) = (z — zo) h(z) has the zeros z,
of order s with |zy| > 1 and h(z) = Z] o ]+SzJ has all its zeros
lyingin T, U D}. Then, for any complex number o with |a| > 1,

el T iy Lol

e[ +lel]

]IP(Z)I

(40)

1+| ol

/ 1|z -1\" (. e
'r (z)'zli(lzi|+l) <'B (z)|—(n—m+so+sl)+|cm|+c

forz eT,.

Proof. Letr(z) = (p(z)/u)(z)) where p(z) = (z - z)" (z—
z9)%h(z) and h(z) = Zm_ (o1 Casyrs, z/ is a polynomial of
degree m — (sy +5;) hav1ng all its zeros in T, U D7.

Let r(z) = (z— z;)"'ry(2z) wherer, (z) = ((z—zo)s0
h(2))/ (w(z)).

By differentiating with respect to z, we obtain

|r'(z)|2|z—z1|51 |:%<'B,(z)| —(n-m+sy+s)+

- sl'ro (2)(z - zl)sl_1|

forzeT,.
If s = 0 in Corollary 18, we get the result below.

Corollary 19. Suppose p(z) € P,, has all its zeros lying in
T,UDj. Then, for any complex number « with |a| > 1,

[ I:} i:”lp(zn, (41)

|D.p(z )|

forzeT,.

Dividing both sides of the inequality (40) by |a| and
letting || — 00, we get the following result.

Corollary 20. Suppose p(z) =
of order s with |zy| > 1 and h(z) =
lying in T, U D7. Then,

(z - zo) h(z) has the zeros z,,
2iko Cjus2’ has all its zeros

|P(Z)|>— (m-s)+ [em| e |+

Cnl +e]

lp(2)l,  (42)

1+| 0|

forzeT,.

Corollary 21. Suppose r(z) = (p(z)/w(z)) € R,,,, where
p(z) = (2 —21)" (z — 2y)°h(z) has the zeros z, of order s,
and the zeros z, of order s; with |zy|,|z;|>1 and h(z) =
P G+l z/ has all its zeros lying in T, U D7. Then,

j=0 ]+s +5;

|Cm| So+S + 2(50 + 51) _ S |r(Z)|, (43)
So+s; 1 +|Zol 1 +|Z1|
r(z)=(z-2,)"ri(2) + 5,10 (2) (2 - 2,)" " (44)

The reverse triangle inequality implies that
Ir @] 2] (2= 2)"| |5 (2)] = s1fro (2) (2 - 2,)" 7], (45)

Applying Theorem 16 to r, (z), we have

|cm| -l€

|c| +|c

Sp+s1

2(so +51)
" 1 +|z| >|r0 (Z)|]

SotS1
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z;| -1 " ! |C I_ Co 1 2 +
2% ['B (z)| —(n-m+sy+s)+ |c:| " C;:l N 552|2:|1)]|r0 (Z)|
—sl|(z—z1)|sl_1|r0(z)| (46)
z¢ -1 B ' Icml T |Cspts, 2 + Si—
> [w <|B (z)| —(n-m+sy+s)+ |cm| " CSO:SI + Esilzzll)> _ 51(|z1| + 1) 1:||r0(Z)|,
forzeT,. Therefore,
Since r(z) = (z — z,)%ry (2), we get
Ir ()]
>
|ro (2)] o))" (47)
, (] - 1)" (. lem| = [coprss] 250 +5,) s-1|  Ir(2)
r(2)|z|———|( B -(n-m+s,+s,)+ LHAS S -s/(|z | +1)" | —"F
| | I 2 | | ( 0 1) |le+ Copre 1+|Zo| 1(l 1| ) (1+|Z1|)1
(48)
Pl o] =1\ [ o lewl - Corsi|  2(sots)) s
(e ('B L e A AT = e
for z € T,. Thus, the proof is complete. O  has the zeros zy,2,,...,2, Wwith |z;|>1 for 0<i<v and

Corollary 22. Suppose r(z) = (p(z)/w(z)) € R,,,, where

p(2)=(z-2,)" (z-2,_1)"" -+ (2 - 29)"h(2). (49)

h(Z) _ Z;rz:;)(s0+sl+---+si)c

sys 4ts, 20 has all its zeros lying in
T,UDyj. Then,

Fel () (Brm)

'<|B,(Z)'—(n—m+50+sl+-~-+si)+

L S Si

1+|z

]Ir(Z)I,

forO0<i<vandzeT,.

Proof. Let

r(z) =

(z2-2,)"(z2=2,1)"" -+~ (2= 2)"h(2)
w(z) ’

(51)

where 7 (z) has the zeros zy, 24, . . . , 2, with |z;| > 1 for0<i <v
and the remaining n — (s, + s, +--- +s,) zeros liein T, U D;.

|zi[ - 1\
|z;| +1

|Cm| - C50+51+"'+5i

(50)

+2(50+51+---+si)>

1+|z|

|Cm | + C50+31 oot

Let ry(2) = (2 — zp)* (h(2)/w(z)) and r(z) = (z — z;)*
riq for 1<i<w.

A lower bound of |r(z)| is obtained by Theorem 16.
Using the fact that

Ir (=) 5
(1+]a))" &2

We get a lower bound of |r(z)| as in Corollary 21.

|ro (2)] >
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Next, we can find a lower bound of |r}(z)| for 1<i<v
by a similar process by using a lower bound of |r;_{ (z)| from
the previous process and the fact

Ir (2)]

- 53
(1 +|zi|) (53)

|rl-_1 (z)| >

for 1<i<wv. Finally, we get

Pl (Em) (2m) - (B

'<|B,(Z)'—(n—m+so+sl+---+si)+

s L]W)L

1+|z,]

for1<i<w. O

3. Conclusions

This paper gives an upper bound of a modulus of derivative
of rational functions.

_ 2'h(2)

() €R

r(z) (55)

m,n>
where r (z) has exactly n poles a,, a,, . . . , a, and all the zeros
of 7(2) lie in T} U D}, k > 1 except the zeros of order s lying
in the origin. Moreover, we give a lower bound of a modulus
of derivative of rational functions.

(z-2)"(z-2,)"" (2= 2)"h(2)

w(z) (59

r(z) =

where 7(z) has the zeros zy,z;,...,z, with |z;|>1 for
0<i<vand the remainingn — (sy + s, +--- +s,) zeros lie in
T,UD;.
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