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In analytic geometry, Bézout’s theorem stated the number of intersection points of two algebraic curves and Fulton introduced the
intersection multiplicity of two curves at some point in local case. It is meaningful to give the exact expression of the intersection
multiplicity of two curves at some point. In this paper, we mainly express the intersection multiplicity of two curves at some point
in R? and Aé under fold point, where char (K) = 0. First, we give a sufficient and necessary condition for the coincidence of the
intersection multiplicity of two curves at some point and the smallest degree of the terms of these two curves in R2. Furthermore,
we show that two different definitions of intersection multiplicity of two curves at a point in A% are equivalent and then give the
exact expression of the intersection multiplicity of two curves at some point in A% under fold point.

1. Introduction

Analytic geometry or Cartesian geometry is an important
branch of algebra, a great invention of Fermat and Descartes,
which deals with the modelling of some geometrical objects,
such as points, lines, and curves. It is a mathematical subject
that uses algebraic symbolism and methods to solve some
geometric problems. It establishes the correspondence be-
tween the algebraic equations and the geometric curves. In
analytic geometry, one of the most important fundamental
problems is to find the number of intersection points of two
algebraic curves. Bézout’s theorem stated that two algebraic
curves of degrees m and # intersect in mn points counting
multiplicities and cannot meet in more than mn points
unless they have a component in common ([1]). In a local
case, Fulton ([2], Section 3.3) introduced the intersection
multiplicity of two affine algebraic curves at some point.
Consequently, many mathematicians focussed on the geo-
metric modelling with curves (cf. [3-12]). In this paper, we
consider the intersection multiplicities of two curves at some
point in R2, Pﬁ and Ai with char (K) = 0, respectively, and
we mainly give the exact expression of the intersection
multiplicities of two curves at some point in R* and A.

Let f (x,y) = 0 and g(x, y) = 0 be two algebraic curves
in R? (resp., IPDZR), and the intersection multiplicity I, (f, g)
of f and g ata point P is the number of times that the curves
f(x,y)=0 and g(x, y) =0 intersect at the point P ([4],
Chapter 1). Also, there are some other definitions of the
intersection multiplicity of algebraic curves at a point (cf.
[2, 7, 11, 13-15]). According to the definitions of [P’%R and
projective transformation, we can transfer some difficult
cases to some easy cases by projective transformation when
we consider the intersection multiplicity in Pﬁ; thus, we can
connect the intersection multiplicity in R* with the in-
tersection multiplicity in P4 by homogenizing polynomials
(([4], Theorem 3.7), ([16], Lemma 2.5)). Following the
factorization theorem of polynomials, we note that the in-
tersection multiplicity of two curves at a point has a close
relation with the fold point, so it is important to give the
relation between I, (f, g) and the fold point. However, for
the case of the affine space A%, where K is an algebraically
closed field with char(K) = 0, we have two different defi-
nitions of intersection multiplicity of two curves at a point:
one is given by using independent polynomials (([4], Def-
inition 13.2)), and the other is given by means of the di-
mension of a local ring (([13], Definition 2.3), ([2], Section
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3.3)). So it is meaningful to show that the two different
definitions are equivalent. Furthermore, similar as the
projective transformation, we use affine transformation to
extend the intersection multiplicity of curves at some point
from R? to AZ.

This paper is organized as follows: In Section 2 we first
introduce some properties of the intersection multiplicity of
algebraic curves at some point in R* and P, respectively,
and then give a sufficient and necessary condition for the
coincidence of the intersection multiplicities of two curves
under fold point and the smallest degree of the terms of these
two curves in R?. In generalization, we consider the in-
tersection multiplicity of affine algebraic curves at some
point in A% in Section 3 and we show an equivalence for two
different definitions of intersection multiplicity of algebraic
curves in A%. Furthermore, we give some properties for the
intersection multiplicity between curves and lines in A% by
using localization and then give some related results about
the intersection multiplicity of curves in terms of fold point
by using the affine transformation.

2. Intersection Multiplicity of Algebraic
Curves in R* and P},

In this section, we introduce some properties of the in-
tersection multiplicity of algebraic curves at some point in
R? and the real projective plane P, respectively, where Pg
is (R*-1{(0,0,0)})/ ~ and ~ is the equivalence relation
defined by (x, y,z) ~ (x',y',2') if there exists a nonzero
1 €R, such that (x,y,z) = (Ax',1y",Az"). Consequently,
according to the properties of the intersection multiplicities
of curves under fold point in PZ, we give a sufficient and
necessary condition for the coincidence of the intersection
multiplicities of two curves under fold point and the smallest
degree of the terms of these two curves in R

2.1. Properties of Intersection Multiplicity of Curves in R* and
PZ. An algebraic curve in R? is the graph of a polynomial in
x,y over R. Let f(x,y) =0 and g(x, y) =0 be algebraic
curves (abbreviate to curves) which intersect at a point p in
R2. The intersection multiplicity of f and g at p is the
number of times that the curves f = 0 and g = 0 intersect at
the point p, denoted by I,,(f, g).

Property 1 ((see [4], Section 1)). Let f(x,y)=0,
g(x,y) =0,and h(x, y) = 0 be curves and p a point in R?.
Then

(1) I,(f,g) is a nonnegative integer or oo, and
I,(f,9) =1,(9 f).
(2) I,(f,g9)=1if and only if f(p)=0and g(p) =0.
(3) 1,(f.9) = 1,(f. g + fh).
(4) I, (f.gh) = I,(f.9) + I, (f.h), and
I,(f.gh)=1,(f,9) if ff(p)aéo.
An algebraic curve (simply curve) in Pf is a homoge-
neous polynomial in x, y, z. We can extend algebraic curves
from R? to P by homogenizing polynomials. Note that, for

any homogeneous polynomial F(x,y,z), we set
£ (x,y) = F(x, y,1); then, any point (x, y) € R? lies on the
curve f (x, y) = 0 if and only if the point (x, y,1) € PZ lies
on the curve F(x, y,2) = 0. Let F(x, y,2) =0,G(x, y,2) =0
be curves in Pg. Similar as the the definition of I, (f, g), we
denote I, (F, G) the intersection multiplicity of F and G at the
point P € P&. It is clear that I,(F,G) have the similar
properties as in Property 1.

Lemma 1 ((see [4], Theorem 3.7)). Let F(x, y,z) =0 and
G(x,y,2)=0 be curves in Pé{, and we set
f(x,y)=F(x,9,1),9(x,y) =G(x,y,1). Then, for any
point (a,b,1) € Pﬁ, we have

I(a,b,l) (F (x’ b2 Z)r G(x) Y Z)) = I(a,b) (f(xa )/), g (xr )’))

(1)

A projective transformation is a linear map
T: Py — P} defined by

(x,3,2) PAx 3,2), (2)

where A € GL(3,R) is an invertible 3 x 3 matrix. It follows
from ([4], Theorem 3.4) that a projective transformation can
transform any four points, no three of which are collinear,
into any other four such points. Furthermore, projective
transformations preserve intersection multiplicities (Lemma
2), and it follows that we can find the intersection multi-
plicity I (F,G) for any point P € P by transforming P to
the origin O = (0,0, 1).

Lemma 2 ((see [4], Property 3.5)). Let F(x,y,z) =0 and
G(x,y,2) =0 be curves and P a point in Pg, and T is
a projective transformation that maps P(x, y,z) (resp.,F =
0,G=0)to P'(x',y',2") (resp.,F' =0,G' =0). Then,

Ip(F(x,9,2),G(x, y,2)) =1y (F' (x',y',2"),G' (x', ¥, 2")).
(3)

2.2. Intersection Multiplicity of Curves under Fold Point in R?
and P%. Let f(x, y) be a nonzero polynomial and £, (x, y)
be the sum of the terms of degree d in f. Then, we can write

Sj

fa(xy) =(ayx+byy)" (ax +by)" - (ajx + bj)’) r(x,y)
(4)

for distinct lines a,x + b;y = 0 uniquely, where s; is a non-
negative integer and r (x, y) is a polynomial that has no line
factors. According to the factorization of f, to study the
intersection multiplicity of curves in R?, it is important and
convenient to study the intersection multiplicity between
curves and lines first.

Lemma 3 ((see [16], Corollary 2.3)). Let f(x,y) =0 be
a curve that contains the origin o = (0,0) € R%, and d is the
smallest degree of the terms in f. We assume that £ =0 is
a line through the origin o. Then, 1,(¢, f) > d if € is a factor of
faoand 1,(¢, f) =d if £ is not a factor of f,.
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Definition 1 ((see [4], $4)). Let f (x,y) = 0beacurveand p
a point in R?. We say that the point p is a d-fold point of
f = 0if there is a nonnegative integer d, such that there are
at most d distinct lines that intersect f at p more than d
times and that all other lines intersect f at p exactly d times.

It follows from Lemma 3 and Definition that the origin o
is a d-fold point of f = 0ifand onlyifd is the smallest degree
of the terms in f. Similarly, we can define the fold point of
a curve F = 0 in P3 and have the following Lemma.

Lemma 4 ((see [16], Theorem 3.4)). Let F(x, y,z) =0 and
G(x, y,z) = 0 be curves and P a point in Py. Assume that P is
a d-fold point of F = 0 and an e-fold point of G = 0, then

Ip(F,G)>de. (5)

By Lemma 1 and the definition of the projective plane
PZ, we can consider the intersection multiplicity of curves
under fold point in R? by setting z = 1.

Corollary 1 ((see [16], Corollary 3.5)). Let f (x,y) =0 and
g(x,y) = 0 be curves and p a point in R*. We assume that p
is a d-fold point of f = 0 and an e-fold point of g = 0. Then,

I,(f,g)=de. (6)

Theorem 1. Let f(x,y) =0 and g(x, y) = 0 be curves that
both contain the origin o in R%. We assume that the origin o is
a 1-fold point of both f = 0and g = 0. Let f, (resp.,g,) be the
sum of the terms of degree 1 in f (resp.,g). Then, I,(f,g)>1
ifand only if f| and g, have a common factor. Equivalently,
I,(f,9) = lifandonlyif f, and g, have no common factors.

Proof. Since the origin o is a 1-fold point of f =0, by
Lemma 3, we can write

J G y) =xp(x )+ yq(y), (7)
for some polynomials p (x, y) and g(y) in R[x, y]. Note that

p(0,0) and q(0) are not all zeros, and we may assume that
p(0,0) #0. Similarly, we can write

g(x, y) = xu(x, y) + yv(y), (8)

for some polynomials u(x, y) and v(y) in Rl[x, y] with
(1(0,0),v(0)) # (0,0). By Property 1, we have

I,(f,g9) =1,(xp+ygxu+yv)=1+1,(xp+ yq, pv — qu).

)

It follows that I, ( f, g) > 1 if and only if pv — qu contains
the origin o, ie., the determinant of the matrix
(p(o, 0) q(0)

1u(0,0) v(0)
that f, and g, have a common factor. Hence, we obtain the
assertion. O

) is zero. This is equivalent to the condition

Theorem 2. Let f (x, y) = 0 and g(x, y) = 0 be curves in R%,
We assume that the origin o is a d-fold point of f = 0 and an
e-fold point of g = 0. Let f ; (resp., g,) be the sum of the terms

of degree d (resp., e) in f (resp., g). Then, I,(f, g) > de if and
only if f, and g, have a common factor of positive degrees.
Equivalently, I,(f, g) = de if and only if f, and g, have no
common factors of positive degrees.

Proof. Let P(d,e) denote the assertion that I, ( f, g) > de if
the origin o is a d-fold point of f = 0 and an e-fold point of
g =0 and that f; and g, have a common factor of positive
degrees. When d =1 and e = 1, it is obvious that P(1,1)
holds following Theorem 1.

First, assume that P(1,e) holds for 1<e<I. We prove
that P(1,]+ 1) also holds. We assume that the origin o is
a (I+1)-fold point of g =0 and that f, and g;,,; have
a common factor of positive degrees. By Lemma 3, we can
write

f(x,y) =xa(x)+ yB(x, y), (10)

for some polynomials « (x) and (x, y). Note that «(0) and
£(0,0) are not all zeros. Also, we can write

1

g(x,y) = x"y (%) + y3(x, y), (11)

for some polynomials y(x) and & (x, y), and every term of
0(x, y) has degree at least I. By linear transformation, we
may assume that «(0) = 1 and y(0) = 1. From Property 1,
we have

I,(f,9) = 1+ I,(f,0a~px'y). (12)

We set w = da — fx'y. Then the origin o is an r-fold
point of w = 0 for > following Lemma 3. Let w, be the sum
of the terms of degree r in w. If r =, then

yw, = gy — f1x (13)

which implies that f; and w; have a common factor of
positive degree, and by assumption, P(1,] + 1) holds. If r > [,
then I,(f,w)>r>I from Corollary 1, and we have that
P(1,1+ 1) holds clearly. By induction, we obtain that P(1,e)
holds for any e.

Second, we assume that P (m, n) holds for some positive
integers m and » satisfying 1 <m <d and 1 <n<e. We prove
that P(m + 1,n) also holds. We assume that the origin o is
a (m+ 1)-fold point of f =0 and that f,, , and g, have
a common factor of positive degree. Then, we can write

Flxy) =x""a () + y (x, ), g (x, ¥) = X"y (x) + y8' (x, ),
(14)

for some polynomials & (x),p (x,y) and ' (x),8' (x, y),
and every term of ' (x, y) (resp., 8’ (x, y)) has degree at least
m (resp., n— 1). Note that &' (0) and B’ (0,0) (resp., y' (0)
and &' (0,0)) are not all zeros. By linear transformation, we
may assume that &' (0) = 1 and y' (0) = 1.

We assume that m+1>n (similarly for the case
m + 1 <n), and following Property 1, we have

I,(f,g) =n+1,('y - 8'a'x™"™, g). (15)

We set w' = 'y’ — 8"’ x™1=", Then, the origin o is an
r'-fold point of w' = 0 for r' >m. Let w,’ be the sum of the
terms of degree r' in w'. If ' = m, then
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ywn; = fm+1 - gnxmﬂin’ (16)

which implies that w,, and g, have a common factor of
positive degrees, and by assumption, we obtain that
P(m + 1,n) holds. If r' >m, then

I,(w',g)=r'n>mn, (17)

following Corollary 1, and clearly we have that P (m + 1,n)
holds. Thus, we obtain that P (m + 1, 1) holds. Therefore, by
induction, we proved that the sufficient condition holds.

Conversely, following Corollary 1, it is suffice to show
that if f; and g, have no common factors of positive degree,
then I, (f,g) = de.

Let P' (d, e) denote the assertion that I, ( f, g) = de if the
origin o is a d-fold point of f = 0 and an e-fold pointof g = 0
and that f; and g, have no common factors of positive
degrees. When d = 1 and e = 1, it is clear that P’ (1, 1) holds
following Theorem 1.

First, we assume that P’ (1,e) holds for 1<e<I’. We
prove that P'(1,I' + 1) also holds. We suppose that the
origin oisa (I' + 1)-fold point of g = 0 and that f, and gy,
have no common factors of positive degree. By Lemma 3, we
can write

fx,y)=xp(x)+ ys(x, y), (18)

for some polynomials p (x) and s(x, y). Note that p(0) and
5(0,0) are not all zeros. Also, we can write

g(x,y) = xlIHq(x) + yt(x, y), (19)

for some polynomials q(x) and t(x, y), and every term of ¢
has a degree at least I'. By linear transformation, we may
assume that p(0) = 1and q(0) = 1. Following Property 1, we
have

I,(f,g) =1 +Io<f,tp —sxl,q>. (20)

Weseth=tp— sxl,q. Thenthe origin o is a k-fold point
of h=0 for k>I' from Lemma 3. Let h; be the sum of the
terms of degree k in h. If k =1', then

1

Yhy =9gp - flxl > (21)

which implies that f, and hy have no common factors of
positive degree, and by the assumption, we know that
P'(1,I' + 1) holds. If k>1', then

hy =0, (22)

which implies that f, and gy,, have a common factor of
positive degree. This is a contradiction. Therefore, by in-
duction, we prove that P’ (1,e) holds for any e.

Second, we assume that P’ (m',n') holds for some
positive integers m',n’ satisfying 1 <m' <d and 1<n' <e.
We prove that P’ (m' + 1,n') also holds. We suppose that the
origin o isa (m' + 1)-fold point of f = 0 and that f,,,, and

g,y have no common factors of positive degrees. Following
Lemma 3, we can write

Flay) =x"1p (x) + ys' (x, ), g (x, ) = " ¢ (x) + yt' (x, y),
(23)

for some polynomials p' (x), s’ (x, y), ' (x), and t' (x, y),
and every term of s’ (resp., t') has a degree at least m' (resp.,
n' —1). Note that p'(0) and s'(0,0) (resp., ¢’ (0) and
t' (0,0)) are not all zeros. By linear transformation, we may
assume that p'(0) = 1 and q' (0) = 1.

If m" +1>n" (similarly for the case m' +1<n'), fol-
lowing Property 1, we have

Io (f: g) — 1’1, + Io<5'q' _ t/p/xmurl—nr)g). (24)

Weseth' =s'q —t'p'x™*=" Then, the origin o is a k'-
fold point of ' =0 for k' >m’ by Lemma 3. Let k' be the
sum of the terms of degree k' in h'. If k' = m', then

yhm{ = fm'+1 - gn,xm'+l—n’, (25)

which implies that k,, and g,, have no common factor of
positive degree, and P’ (m' + 1,n") holds by the assumption.
If k' >m’, then

h,i=0, (26)

m

which implies that f,,, and g,; have a common factor of
positive degree. This is a contradiction.

Therefore, by induction, we proved that the necessary
condition holds. O

Example 1. We compute the intersection multiplicity
I,(f,g) of two algebraic curves f = x+ y and g = x*y* +
y> + x% — y* in R?, where f, and g, have a common factor
x + y. Note that the origin o is a 1-fold point of f = 0 and
a 2-fold point of g = 0. According to Theorem 2, we have
that I, (f, g) > 2. In fact, by Property 1, we have

Io(x+y,x2y3 +y3 +x° —yz) = Io(x+y,x2y3 +y3)
=L(x+y)’°)
+Io(x+y,1+x2)

=L(x+y)’°)
=3.
(27)

Example 2. We evaluate the intersection multiplicity
I,(f,g) of two algebraic curves f =x*+ y* and g = x° +
x*y+x? - y* in R? where f, and g, have no common
factors. Note that the origin o is a 2-fold point of f = 0 and
a 2-fold point of g = 0. According to Theorem 2, we have

that I, (f, g) = 4. In fact, following Property 1, we also have
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Io(x2 + yz,x5 + x3y +x5 - yz) Io(x

I(x

4.

3. Intersection Multiplicity of Affine
Curves in A

Following the structure of the affine plane A% with
char(K) = 0, it is important to consider the intersection
multiplicity of affine curves (abbreviate to curves) at some
point in AZ%. Since there are two different definitions of
intersection multiplicity of curves at some point in A%, in
this section, we first prove that the two different definitions
of intersection multiplicity are equivalent. Also, in general, it
is not easy to give the intersection multiplicity of curves in
A%, and we use the affine transformation to transfer the
difficult case to easy case when we consider the intersection
multiplicity of curves under fold point in A%. In this section,
we mainly extend the intersection multiplicity of curves at
some point from R? to Ai. For the case char (K) = p with
the prime number p, the intersection multiplicity of curves
at some point in A% is still an open question.

3.1. Equivalent Definitions of Intersection Multiplicity of
Curves in A. Let K be an algebraically closed field with
char (K) = 0, and A%, is the affine n-space over K. In A%, we
have two different definitions (([13], Definition 2.3), ([4],
Definition 13.2), ([2], Section 3.3)) of intersection multi-
plicity I, (f, g) of curves f =0, g = 0 at a point P; however,
the intersection multiplicities of curves have the same
properties (see ([4], Section 13), ([2], Section 3.3)), so it is
important to show that the two different definitions of in-
tersection multiplicity are equivalent.

Definition 2 ((see [4], Definition 13.1)). Let n be a positive
integer, and let f (x, y), g(x, ), and q, (x, y), ..., g, (x, y)
be polynomials in K [x, y] and P € A%. We call thatq;, .. .,
q, are dependent with respect to f and g at the point P if
there are polynomials u(x, y), s(x,y), t(x,y) € K[x, y],
and by, ..., b, € K such that
u(byq, +---+b,q,) =sf +tg, (29)

where u(P)+0 and by, ..., b, are not all zeros. In other
words, q;, . . ., q, are independent with respect to f and g at
the point P if they do not satisfy any equation of the form
(29), where u(P)+0 and by, ..., b, are not all zeros.

Using independent polynomials, we can determine the
intersection multiplicities of affine algebraic curves in A% at
any point P.

2

Io(x2 + yz,xz) + Io(x2 + yz,x3 +xy+ 2)

2

+y2,x5 + X3y +X2 —y2 +(X2 +}/2))

Iu(x2 + yz,x2<x3 +xy+ 2))

(28)

+ y2, x2)

Definition 3 ((see [4], Definition 13.2)). Let f (x, y), g (x, y)
be polynomials in K[x, y] and P € A%. The intersection
multiplicity of f and g at P, denoted by I (f, g), is defined
as follows: Ip(f,g) = e if e is the largest integer such that
there are e polynomials which are independent with respect
to fand g at P; I, (f, g) = oo if for every positive integer n,
there are at least n polynomials which are independent with
respect to f and g at P.

Let Op2 p be the local ring of A% at a point P which is
defined as

@A?op = {5 s,u € K[x, y] with u (P) 9&0}. (30)

Note that Op: p/{f,g) is a vector space under K for
some polynomials f, g € K[x, y] and that (f, g) 02 pis an
ideal of Op: p.

Definition 4 ((see [13], Definition 2.3), ([2], Theorem 3)).
Let f(x, ), g(x,y) € K[x,y],and P € A%. The intersection
multiplicity of f and g at P is the dimension of the vector
space Op2 p/<f,g), denoted by

Op:

o9 )

P
(31)
)
From Definitions 3 and 4, we have the following theorem
which shows that the two different definitions of intersection
multiplicity are equivalent.

Tp(f,g) = dimK<

Theorem 3. Let f(x,y), g(x,y) € K[x,y], and P € Ag,
and then, Ip(f,g) =1, (f, g).

Proof. We assume that I (f,g) =n, and following Defi-
nition 3, we know that n is the largest number of polynomials
which are independent with respect to f and g at P. We
suppose that g, (x,y), ..., q,(x,y) € K[x, y] are poly-
nomials which are independent with respect to f and g at P.
Thenfor any other polynomial e(x, y) € K[x, y],

q, (%, 9),...,q,(x, ¥),e(x, y), (32)

are dependent with respect to f and g at P.
Let ¢: K[x, y] — Op: p/{f,g) be a map defined by

p(x,y) [p(x, )

Pl I
For any p(x, y), q(x,y) € K[x, y], if p(x, y) = q(x, y),
then

+fr9)0p2 p = ] (33)
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(p(x,y) —q(x,
1

M) (F, 9560 0= 04(f, 9) Oz p

(34)
which follows that

q(x,y)
1

pxy) (o 9)0n 0 =

: +(f,9)0np. (35

This means that

[P(x,y)] :[q(x,y)]_ (36)
I I

Therefore, ¢ is well defined. Thus, by Definition 4, it is
suffice to prove that {[g,/1],...,[q,/1]} is a basis of the
vector space Op2 p/<f, gy over K.

(1) First, we prove that {[q,/1],..., [q,/1]} are linearly
independent over K.

We suppose that there exist b;, ..., b, € K such that

bl[@] +...+bn[i"] 0, (37)
1 1
that is,
b t- +bn n
(b1a: : 4 )+<f,g>@A§<’p:<f:g>@A§<,P'
(38)

It follows that

(g, + 1 +b,9,) € {f.9)0n: p. (39)

Thus, there exist s(x, y),t(x,y),r(x,y) € K[x, y]
with 7 (P) # 0 such that

(byay +-- +byg,) _ (sf +1g) (40)
1 r
that is,
r(byqy +---+b,q,) =sf +tg. (41)
Since ¢, ...,q, are independent with respect to f

and gat Pand r(P) #0,we haveb, =---=b, = 0by
Definition 2, which tells that {[q,/1],..., [g,/1]} are
linearly independent over K.

(2) Second, we prove that {[g,/1],...,[q,/1]} are the
generators of the vector space Op2 p/<f, g); that is,
any [e/r] € Op2p/{f,g) is a linear combination of

{lg:/1],. .., [q,/11} for any
e(x,y),r(x,y) € K[x, y] with r(P)#0.

Since for any polynomial e (x, y), 7 (x, y) € K[x, y] with
r(P)#0,

r (6 g, (% 9), ..., (% ¥)q,, (x, ), e(x, ¥), (42)

are dependent with respect to f and g at P, so there are
polynomials

u(x, y),v(x, y),w(x,y) € Klx, yl, (43)

and by, ..., b, € K such that
u(bge +birq, +---+b,rq,) = vf +wg, (44)

where u(P) #0 and (b,, . .
Thus, we have

b)) # (0,...,0) by Definition 2.

/e / 11 9n
bOH ‘b [%] +-~-+bn[qT] -o. (45)
Since by #0, we have
] =_b_1,[@]_..._b_7[@], (46)
r byl1 byl1
In fact, if by = 0, then b = --- = b, = 0 following the fact

that g, (x, ), ...,q,(x, y) are dependent with respect to f
and g at P. This is a contradiction.

Therefore, we obtain that {[q,/1], .. ., [q,/1]} is a basis of
the vector space Op2 p/<f, gy over K, that is,

@Ai,P
o

In general, it is difficult to give the intersection multi-
plicity I ( f, g) of two curves f = 0, g = 0 at some point P in
A%. Since the intersection multiplicity is a geometry
problem, according to the fact that the properties of figures
of geometry are invariant under affine transformations
which preserve the intersection multiplicity, we should try to
transfer the intersection multiplicity to another easy case by
using an affine transformation.

An affine transformation of A% is a map ¢: A2 — AZ

Tp(f,g):dimK< ):n:IP(f,g). (47)

defined by
x x e
GGGy w
y y k
where A = <a11 alZ) is a 2x2 invertible matrix, i.e.,
a Ay

a,,0,, — a0, #0, and e, k € K. Note that an affine trans-
formation preserves collinearity, i.e., all points lying on
a line initially still lie on a line after the affine transformation,
and the images ¢ (f) =0, ¢(g) = 0 of two curves f =0,g =
0 intersecting at a point p intersect at the point ¢ (p) under
an affine transformation ¢. In fact, every affine trans-
formation can be represented as the composition of a linear
transformation and a translation.

Following ([2], Section 3.3), we have the properties of the
intersection multiplicity T, ( f, g) of curves f, g at the point
P € A2, which are same as the properties of the intersection
multiplicity Ip (f, g). O

Property 2. Let f =0,g =0 and h = 0 be curves in A% and
Pe Ai. Then, we have the following:

1) TP (f,g) is a nonnegative integer or co.
(2) Ip(f,g) =1 if and only if f and g both contain the
point P.

(3) Let ¢ be an affine transformation that maps
P(x,y) € Aé (resp., f=0,g=0) to P'(x',y")
(resp., f' =0,g' =0). Then,
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In(f (x990 ) =Tp (f (x',¥). g (x'.y")).
(49)

(4) Tp(f’g) :Tp(g’f)-
(5) Tp(f’!]h) :TP(f’g)+TP(f’h)-
©) Ip(f,9) =1p(f. g+ fh).

3.2. Intersection Multiplicity between Curves and Lines in A%.
To consider the intersection multiplicities T, ( f, g) of curves
in A2 with char(K) = 0, it is important to consider some
properties of intersection multiplicity between curves and
lines in A%. Let f (x, y) be an affine algebraic curve in A%,
and we can write that

foy)=fat+famt- (50)

where f (x, y) is the sum of the terms of degree k in f (x, y).
Let ord(f) be the smallest degree of the terms of f with
respect to the origin (0,0), and if ord(f) = d, then f,(x, y)
can be written as

faCey) = (ax+b1y)" (ax +b,y)* - (arx +by)™,
(51)

for distinct lines a;x + b;y = 0, where s; is a positive integer.

According to Definition 4, in order to complete the proof
of Lemma 5, we should introduce the localization which is
a very powerful technique in commutative algebra, and
localization always allows us to reduce questions on rings
and modules to a union of smaller local problems.

Definition 5 ((see [17], Lecture 9)). Let A be an integral
domain, and p is a prime ideal in A. The localization of A at
p, denoted by Ay, is defined as

where a/b is the equivalent class under the equivalence
relation ~ which is defined by a/b ~ c/d if there exists
t € A—p such that t(ad — bc) = 0.

Note that the equivalence relation ~ owned the addition
operation:

a c¢ (ad+bc)
MR et 53
A Y (53)

and the multiplication operation is
a c_ac
bd bd

and the localization A, is a local ring with a maximal ideal

pA,. For the integral domain K|[x, y], we have the locali-

zation Klx, y]<x)y> of K[x,y] at the maximal ideal
(x,y) CK[x, y]; ie., K[x, Y](x,yy = {flg: f,.geK
[x, y]and g (0,0) #0}, and K[x, y], ,y is a local ring with
the  unique  maximal  idea My = {flg €
KI[x, yl(x,yy: £(0,0) =0}

(54)

Lemma 5. Let f(x,y) =0 be a curve, and O = (0,0) is the
origin in Af(. We assume that ord (f) = d and that £ (x, y) =
0 is a line through the origin O. Then, 1o (f,£)>d if £ is
a factor of f;; otherwise, 1o (f,¢) = d.

Proof. From Definition 4, we have

On20 )

= (55)
N3

o) O

To(f,f):dimK<

Case 1. We suppose that £ is not a factor of f,;. Since
{x, yyK|[x, y] is a prime ideal in K [x, y], from Definitions 4
and 5, we have

ore Klx, y]¢,
dimK< AK’O) = dimK(—[x Yk ’y>>, (56)

Ay={pacabea-yl, I S0 S0
whnere
W = {Z;+<f’ K%, ylixyy: vy Uy € K[x,y],uz(o,o);bo}, (57)

which have addition operation
w Y1
;+<f,f>K[x,y]<x,y> + 7+<f,f>K[x,y]<x,y>
2 2

uv, +viu
S ih) e ke
U,v,

(58)

and multiplication operation is

<”1 +(f, K x, y] <x,y>) + <V1 +(f, O)K[x, y] <x,y>)
U, V)

(uyvy)
= ﬁﬂf, K%, y] sy

(59)
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Similarly, we have

w
K[x]<x> :{w—lz wy, W, € K[x],wz(O);&O},
p)

K[x]<x> _Jw, .
W)y {w—2+<w(x)>K[x]<x>. wy, w, € K[x],w,(0) 9&0}.

(60)

Note that K[x]&K [x],, and {w(x))K[x],,is an ideal
of K[x](,. If w(0) =0, we can write that

w(x) = x°4W -q(x),q(0)#0. (61)

Thus, we have
yord(w) — w(x)/q(x). It tells that

(W(X)YK [x] y = YK [x] 1,

(62)
. K[x]<x> . K[x]<x>
dlmK<< (x))) = dlmK(7<xord(w)>)'

1/g(x) € K[x] and

Since Z = 0 is a line through the origin O in A%, we can
write £ =0 as

ax+by =0, (63)
where a and b are not all zeros. We may assume that b is

nonzero, then the line £ =0 is y = dx,d = —a/b. Thus, we
have

K[.x, y] ) - K [X] (x)

= . 64
) (f (x,dx)) (6
In fact, let
Klx, ylixy Klx] ¢
T: ) 65
Gty Flodo) (©)
be the map defined by
u u, (x,dx)
uf +{f»OYK[x, y] Hm +{f (%, dx)YK [x] (.-
(66)
Let [uy/uy] = uy/uy + {f, €)K[x, y](y,,,- For any
U V1 Klx, y]<x,y>
[”_2] [V_z] TR ()
if [u;/u,] = [v,/v,], that is,
Z—: - % & (fr 09K )y (68)

which implies that there are s,/s,,t,/t, € K[x, y],,,, such

that
u v S t
———=(— — |7, 69
U " (52>f+<t2) ()

and then, under the map T, we have

u, (x,dx)

u, (x,dx) - v, (x,dx) - s, (x,dx)

s (50N, o
which follows that

u; (x,dx) v (x,dx)
v, (x,dx)

u, (x,dx) € {f (o dx))Klx] ). (71)

Hence, we have

T( [ﬂ] ) - % +(f (x,dx))K[x]
2 bl

U

_ vy (x,dx)
- v, (x,dx)

(3

which means that the map T is well defined.
Furthermore, for any
[u,/u,], [vi/v,] € K|x, y]<x’y>/<f, £y, it is clear that

R R R
LGERRRE)

which tells that the map T is a ring homomorphism.
On the other hand, if [u,/u,] # [v,/v,], that is,

+{(f (x,dx))K[x] (72)

(73)

?+<f,f>K[x,y]<x,y)¢%+<f>lfﬂ>K[x>)/]<x,y>, (74)
2 2

which implies that
u, v
u_l__l¢ <f,bﬂ>K[x,)’]<x,y>, (75)

)

and thus, for any s,/s,,t,/t, € K[x, y](,,, we have

M Ny (5 fy
4t (D)) 76)

Consequently, under the map T, we have

u; (x,dx) v, (x,dx) (s, (x,dx)
_ <32 . dx))f (x,dx), (77)

U, (x,dx) v, (x,dx)

which means that T ([u,/u,]) # T ([v,/v,]). This tells that the
map T is injective. It is obvious that the map T is surjective.
Therefore, we have

K [x, y] (x,y) - K [X] (x)

= . 8
Gty - Jmdy 79

Following (62), we have
K[X, y]<x,y> ~ K[x](x) _ K[x](x) (79)

oty (x™Dy  (xhy
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Next, we prove that dimg (K[x]<x>/<xd)) =d. Since
K[x]€K[x](y, and K[x]<x>/<xd> are the quotient ring of
K[x](xy» we know that the following diagram is
commutative.

K(z] — K[2](z)

N

K [z]()/{z?)
Naturally, we can let

Klx]x

¢: K[x] — , (80)
=
be the map defined by
X X
a1 (K Ixl g = (1] e
It is clear that ¢ is well defined. To prove

dimy (K[x](,y/{x?)) =d, it is suffice to show that
{(1/1], [x/1], ..., [x471/1]} is a basis of K [x],/{x?) over
K.

(i) First, {[1/1], [x/1],..., [xd_l/l]} are linearly in-
dependent over K. In fact, we assume that there exist
b,,...,b; € K such that

1 X x4
bl[I:I‘FbZ[T]‘I'""de T =0, (82)
that is,
by +byx+-+byx®!
AL — 4 5Kl = KTl
(83)
It follows that

by +byx +--+byx"!

( 1 X 1 aX )E (xd>K[x]<x>. (84)
This means that there exists s(x)/r(x) € K[x](,,
such that

d-1
(b +box b+ bx™ ) (5(x) ()
1 r(x)
which tells that
r(x)(by +byx+-+ b ) =s(0x. (86)

Since 1, x, ...,x% !are linearly independent over K,

following  Definition 2 we  have that
{[1/1], [x/1],. .., [xd‘l/l]} are independent with
respect to x% at 0 over K.

(ii) Second, we have that {[1/1], [x/1],..., [x%"!/1]}
generate the vector space K[x]/ {(x?y. In other

words, any [e/r] € K[x] .,/ (x%Y is a linear combi-
nation of {[1/1], [x/1],..., [x*!/1]}, where
e(x),r(x) € K[x],r(0)#0.

By Definition 2, we know that for any polynomial
e(x) € K[x],

r(x),r(x)x, . ..,r(x)xd_l,e(x), (87)

are dependent with respect to x% at 0, so there are poly-
nomials u(x), v(x) € K[x], and b, ...,b; € K such that

u(bée +bir+byrx 4o+ bérxd_l) =, (88)

where 1 (0)#0 and (b, ...,by)# (0,...,0). Thus, we have

! e ! 1 ! X ! xd_l
bo[;] +b1[I] +b2[Tj| + - +bd|:T] =0. (89)
Since b # 0, we have
' / ! d-1
T T it ™
r byl1l byl1 by| 1

In fact, if by=0, according to the fact that
{[1/1], [x/1],. .., [x%"!/1]} are independent with respect to
x? at 0 over K, we have b =---=bj=0, which is
a contradiction.

Therefore, {[1/1], [x/1],..., [x?"!/1]} is a basis of the
vector space K [x],,/ {x?Y over K. Hence, we have

K
dimK<%> =d. (91)
Following (56) and (79), we have
- K[x, yl¢s,
T, (f.¢) = dimK<:fiﬂ<>y>> —d. (92)

Case 2. If ¢ is a factor of f,, by Property 2, we have
Io(f,0)=1o(f = far ©)-

Since ord (f — f ;) >d, according to the above proof, we
have I (f,¢) > d easily. Therefore, we obtain the assertion.

(93)

3.3. Intersection Multiplicity of Curves under Fold Point in A%,.
Similar as in Section 2.2, we still have some similar results
about the intersection multiplicities of curves under fold
point in AZ. For the fold point, Hirschfeld et al. (([18],
Definition 1.8)) also give the definition of the m,-fold point
of an affine curve. In this paper, we still use the similar
definition of fold point as in Definition 1.

Definition 6. Let f (x, y) = 0 be a curve and P a point in A%.
We say that the point P is a d-fold point of f = 0 if there is
anonnegative integer d, such that there are at most d distinct
lines that intersect f at P more than d times and that all
other lines intersect f at P exactly dtimes.
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By Property2 we know that the affine transformations
preserve the intersection multiplicity of curves in Af.
Following Definition 6, we note that the definition of the fold
point depends on lines, so it is a natural question to ask
whether the intersection multiplicity Ip(f,#) between
curves and lines in A% can be transformed into a simple case.
We give the following lemma which is helpful in completing
the proof of Theorem 4.

Lemma 6. Let f (x, y) = 0 be a curve and P a point in A%. If
P is a d-fold point of f (x, y) = 0, then there exist a line £ = 0
through the point P and an affine transformation T, such that

I(f.0)=1o(f,y) =4, (94)
where T(f) = f', T(£) =y, and T(P) = O = (0,0).

Proof. Since P is a d-fold point of f = 0 and d is finite, by
Lemma 5, we know that there exist infinite lines
{¢£;=0,i=1,2,...} through the point P such that
Ip(f,¢;) = d. It is obvious that there exist an affine trans-
formation T: A2 — A% and some ¢; with Ip(f, Z;)=d,
j€{1,2,...} such that T(P) =0 = (0,0) and T(fj) =y.
According to Property 2, it states that the affine trans-
formation preserves the intersection multiplicity of curves in
AZ%. Thus, we obtain the assertion. O

Example 3. Let f (x, y) = x* + y* — x> be an algebraic curve,
and we take P = (1,0). Thus, we have f (P) = 0, and we can
write
floy)=x"+y" —x’ = ~(x =10 + y* =2(x - 1)* = (x - 1).
(95)
_ Since —(x—1)=-x+1=0 is the only line such that
Ipo(f,—x+1)=2>1,anyother linef’ = 0 which is different
from the line —x + 1 = 0 satisfies 1,(f,#') = 1. Thus, by
Definition 6, we know that P is a l-fold~point of f=0.
Taking £=x+2y—-1, we have I,(f,/)=1 from
Lemma 5. Since affine transformations preserve intersection
multiplicity of curves, our aim is to find an affine trans-
formation T such that

I (f,0)=1o(f,y) =1L (96)

By the proof of Lemma 6, we can easy give the affine
transformation T,: A7 — A% defined by

x -1 0\/x 1
GHGOGHG) @
y 01 y 0
such that T, (P) = O and
T,)=1-x)+2y-1=2y—x. (98)
Also, we have the affine transformation T', defined by
x 21 x
GrREIGY e
y L1/\y

such that T, (O) = O and

T,2y-x)=2(x+y)—-2x+y)=y. (100)
Hence, setting T = T,"T,, we have T (P) = O and

T(f) :8x3+y3+ 12x2y+6xy2—7x2—y2—6xy+2x+y.

(101)
Following Property 2, we have
Ip(f,0) =To(8x + y° + 12x°y + 6xy°
—7x" - y* —6xy +2x + ¥,
y* - 6xy Y (102

= 70(8x3 - 7%+ 2x,y)
=1

Theorem 4. Let f (x, y) = 0and g(x, y) = 0 be curves and P
a point in Af. We suppose that P is a d-fold point of
f(x,y) = 0 and an e-fold point of g (x, y) = 0, respectively. If
1<d<e, then there is a curve h(x, y) = 0 such that

Ip(f.9) =d +Ip(f.h),

where P is an m-fold point of h(x,y) =0 and m>e - 1.

(103)

Proof. When d =e =1, that is, P is, respectively, a 1-fold
point of f(x,y) =0 and a 1-fold point of g(x, y) = 0. By
Definition 6, we know that there exists a line #' = 0 such that

Tp(ffl) =1 :TP(!%L&’)-

Following Lemma 6, there exists an affine transformation
T,: Ay —> A% defined by

x by, by \/[ x m
= + 0110y — byyby, #0,
Yy by by, Yy n

(105)

(104)

such that

TP(f’f’) :To(f,»)’) = LIP(gfl) :To(gru"/) =1
(106)

where T,(f)=f, T, (99=g, T,()=y, and
T, (P) = O = (0,0). Hence, we can write
f'(x,y) = xa(x) + yd(x, ), (107)

for some polynomials a(x) and §(x, y) in K[x, y] with
a(0) #0 and ord(8) = 0. Also, we can write
g (x,y) = xa' (x) + y8' (x,y), (108)

for some polynomials «' (x) and &' (x, y) in K[x, y] with
o« (0)#0 and ord (') > 0. From Property 2, we have

Io(f'.g") =1+Io(f", 1),

where h' = 8'a— 8o’ with ord(h')>0 and O is an s-fold
point of h" with s>0.

(109)
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By (48) and the definition of T';, we know that there
exists an affine transformation T,: A% — A% defined by

GG GGy ()
= - >
Y by by y by, by n
(110)
such that T, (f') = f, T,(g') = g, and T, (K') = h. There-

fore, according to the fact that I (f',g') = 1+15(f',h'),
we have

I,(f,9) = 1+1p(f.h), (111)

where P is an s-fold point of & = 0 with s > 0. Thus, we obtain
the assertion when d =e = 1.

When e >2, that is, P is, respectively, a d-fold point of
f(x,y) =0 and an e-fold point of g(x, y) = 0. Following
Definition 6, we know that there exists a line £ = 0 such that

Io(f,0) =d,1p(g.0) =e. (112)

By Lemma 6 there exists an affine transformation
T: A} — A} defined by

X a,; ap; x e
— + » 110y — G105 #0,
Yy ay A y k

(113)

such that

Ii(f,0) =Io(f,y) =d.Ip(g.0) =15(g".y) =&,
(114)

where T(f)=f',T(g)=g', T(¢£)=y, and T(P)=O0.
From Lemma 5, we have that O is a d-fold point off' =0if
and onlyiford (f') = d, which means that y is not a factor of
£ This tells that the coefficient of the term x4 in f is
nonzero, and thenwe can write

f(x9) = x7q(x) + yB(x, ), (115)

where g(x) and f(x, y) are polynomials in K|[x, y] with
q(0)#0 and ord () >d — 1. Similarly, we can write

g (x,y)=x°q (x) + yp' (x, y), (116)

where g’ (x) and B’ (x, y) are polynomials in in K [x, y] with
q (0)#0 and ord (') > e — 1. Thus, according to (115) and
(116), we have

xe—d . qlfl _ qg/ _ )/h,,
where h'(x,y) = x"%.Bq —gB' with h'(0,0)=0 and
ord(h') = s>e - 1. On the other hand, following (117), we
also have that

i e—d q, ! 1) '
= X . — —| — h)
7 ()

(117)

(118)

where x4 .q'/q,1/q € Op2 o- Therefore, we have

(f,9 2080 =f Y )Op2 o (119)
It follows that
- Onz 0 )
Io(f',g") = dimg | —" -
o9 = im0
(120)
= dim (LA“’ ) =T (f yH')
K <fr’yh/> O > yh ).
Hence, by Property 2, we have that
In(f'9') =To(f'y) +Io (f',1)
=To(xdq(x),y)+fo(f',h') (121)

=d+T,(f 1)

Since ord (h') = s>e - 1, following Lemma 5, we have that O
is an s-fold point of &' = 0. By (48) and the definition of T,
we know that there exists an affine transformation
T: A2 — AZ defined by

G )G ()
Land - )
Yy ady Gy Yy a1 Ay k

(122)
such that T(f') = f, T(g') = g, and T (h') = h. Therefore,
according to the fact that I (f',g') =d +1o(f', k'), we
have

Ip(f,g) =d +Tp(f.h),

where P is an s-fold point of & =0 and s>e — 1. Thus, we
obtain the assertion.

(123)

Hartshorne (([7], Chapter 1)) proved that the in-
tersection multiplicity T (f, g) of distinct curves f =0, g =
0 at a point P in Af{ is not less than ord, (f) - ordy (g).
Similar as the proof of Theorem 2, we also have the following
corollaries by using the fold point. O

Corollary 2. Let f(x, y) =0 and g(x, y) = 0 be curves and
P a point in A%. Suppose that P is a d-fold point of f (x, y) =
0 and an e-fold point of g(x, y) = 0, respectively, then

Ip(f, g) > de. (124)

Corollary 3. Let f(x,y) =0 and g(x,y) =0 be curves in
AL. We assume that the origin O is a d-fold point of f =0
and an e-fold point of g = 0, respectively. Let f; (resp.,g,) be
the sum of the terms of the degree d (resp.,e) in f (resp.,g).
Then, T (f, g) > de if and only if f; and g, have a common
factor of positive degrees. Equivalently, 1, (f, g) = de if and
only if f ; and g, have no common factors of positive degrees.

Example 4. We calculate the intersection multiplicity
I (f,g) at the origin O of two algebraic curves f = x*y° +
2x°y —2x? and g = x° + 3x?y? — x? - 3y* in A%.
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It is obvious that ord(f) =2 and ord(g) = 2. From
Definition 6, we know that the origin O is a 2-fold point of
both f and g. By Corollary 2, we know that I, (f, g) > 4.
Since f,=-2x* and g, = -x*-3y*> have no common
factors, we have 1, ( f, g) = 4 following Corollary 3.

In fact, we have

f-(x3—1)+2g:yh,

125
N (125)

2f’

where  h(x,y) = (x> -1)(x*y* +2x°) + 6x*’y -6y and
ord(h) = 1,k (0,0) = 0, which implies that

1
g—i)’h—

fryhdOn2 0 ={f>9>0n2 0 (126)
Then,
To(f.9) = dimK( (@fgo) - dimK( 5{“2;2)) = To<f. yh.
(127)
Thus, following Property 2 we have
Io(f,9) =15 (f,y) +15(f,h)
=To(-2x"y) + I (f> 1) (128)

=2+15(f,h).

Note that the origin O is a 1-fold point of . Thus, from
Theorem 4, we can also obtain that I, (f,g) =2+ I (f, h).
Similarly, we have

x(x*=1)f +h=yh',
h=yh' —x(x*-1)f,

where B (x,y) =x(x® = 1) (x3y? +2x°) + x0y — Py +
6x?> — 6 and ord (k') = 0,h' (0,0) # 0, which implies that

(129)

(f,yh')@/%o :<f,h>@A§<)O. (130)
This means that
- O x>
To(f.h) = dimK< ( }‘,3)
(131)
= dimK<@LK’O,> =Io(f. yh").
(f>yh')

_ Following Proposition 3.5, since h(0,0)#0, we have
Io(f,h') =0 and
Io(fih) = 1o (f, ) + I (f 1)
= To(—sz,y) +1o (f.h)
=2+1(f,h')=2.

(132)

Therefore, we have I, (f, g) = 4.
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