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Topological index (TI) is a mapping that associates a real number to the under study (molecular) graph which predicts its various
physical and chemical properties. The generalized degree distance index is the latest developed TI having compatible significance
among the list of distance-based TIs. In this paper, the minimum generalized degree distance of unicyclic, bicyclic, and four cyclic
graphs is determined. Mainly, the associated extremal (minimal) graphs are also identified among all the aforesaid classes of

graphs.

1. Introduction

Let class of n-vertices connected graphs is denoted by G,,.
Then, Gj, represents the subclass of G, with « linearly in-
dependent cycles and n+ (« — 1) edges. In this paper, a =
1,2,4 is considered. For any graph G € G,,, d(a,b) repre-
sents the shortest distance between the vertices a,b € V (G),
and the maximum of d(a, b) for any a,b € V (G) is defined
to be the diameter of G, denoted by di am (G). A well-known
topological index is the Wiener index, which gives the sum
of distances between all pairs of vertices of a graph. A new
graph invariant named degree distance was introduced by
Dobrynin and Kotchetova [1] and Gutman [2] and defined
as

D(G)= Y d(ab)(d(a)+d(®). (1)

{a,b}cvV (G)

For a graph G, an additively weighted Harary index is
given by [3]

Hy(@= ) d'@hd@+d®).

{a,b}cV (G)

For every vertex a, the generalized degree index denoted
by H) (a) is defined as follows:

H, (a) = D" (a)d, (a), (3)
where D* (a) = Y ;e ()d" (a,b). For a graph G,
H(G)= ) Hi@= Y d@bda+d®)

aeV (G) {a.blcV (G)
H,(G), ifA=-1,

=4 4m, ifA=0,
D (G), ifi=1,

(4)

where A is a real number. Let 7 be a family of graphs a graph
G €T is calyled extremal graph if 7(G)<7(G)VG et or
T(G)=21(G)VG e T.

1.1. Research Gaps and Motivation. Asma et al. found the
minimum generalized degree distance of tricyclic graphs in
[5]. Moreover, Jianzhong et al. [6] have found degree dis-
tance topological indices for derived graphs. One can also
find the results on the degree distance of strong products of
graphs in [7]. This suggests that there is still room for the
research on the topic of the minimum generalized degree
distance of n-cyclic graphs for n = 1,2, and 4.
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1.2. Novelty and Contributions. In this paper, all the
extremal unicyclic, bicyclic, and four cyclic graphs having
minimum generalized degree distance are determined.
Throughout this paper, G.,G> and G denote the class of
unicyclic, bicyclic, and four cyclic graphs on n vertices,
respectively.

2. Applications

The topological indices find their application in the areas of
chemistry such as drug discovery, finding the physio-
chemical properties of compounds such as melting point,
boiling point, and 7-electron energy. Also, they are helpful
in providing the correlation between the aforesaid properties
of chemical compound and thermodynamical properties.
Moreover, it explains the molecular branching and cyclicity
of chemical compound. Moreover, it also establishes cor-
relations with various parameters of chemical compounds.
To find more on their applications in chemical strata, see
[4, 8, 9].

3. Classification of Cyclic Graphs

The characterizations of connected unicyclic, bicyclic, and 4-
cyclic graphs by their degree sequence are given as follows.

Lemma 1 (see [10]). The degrees of vertices of a unicyclic
graph are the integers n—1>a,>a,> --- 2a,>1, if and

only if:

D'@= Y d'(ab)= Y

beV (G)

22An—2A(t+1)+t,

n-1

{ableV (G).d (ab)=1

(i) n=3
(ii) Z;‘:laj =2n
(iii) a; 22, for at least three indices

Lemma 2 (see [10]). The degrees of the vertices of a bicyclic
graph are the integersn — 1>a, >a, > --- >a, > 1 ifand only
if:
(i) n=4
(i1) Z]’Llai =2n+2
(iii) a; =2, for at least four indices

(iv)a, <n-1.

Lemma 3 (see [11]). The degrees of the vertices of a four cyclic
graph are the integersn—1>a, >a, > --- >a, >l ifand only

if
(i) n=5
(i) ¥ ,a; =2n+6

(iii) a; =22, for at least five indices.

Let the number of vertices of graph G of degree i is
denoted by b, for 1<i<n—1.1f d;(v) = ¢, then

4 (a,b) + Y  db

{a,b}cV (G),d (a,b) 22

(5)

Hy(G)= Y dg@Dy(a)2 Y th(2'n-2"(t+1)+¢).

acV (G) t=1

Let us denote

n-1
Fy(byby. . ob, ) = Y th(2n-2" (t+ 1) +1).  (6)

t=1

To determine the minimum of F; (b,,b,,...,b,_;) over
all integers b,,b,,...,b,_;, which satisfy the conditions of
above three lemmas.

Thus, Lemma 1-Lemma 3 with the help of aforesaid
notions can be rewritten as follows:

Lemma 4 (see [10]). The integers b,,...,b,_, >0 are the

>Y¥n-1=

multiplicities of the degrees of a unicyclic graph if and only if:
(i) n=3
(ii) Yi'b,=n
(iii) Y- lib; = 2n
(iv) by<n-3

Lemma 5 (see [10]). For bicyclic graph, the integers
bi,....,b,_, >0 represent the multiplicities of the degrees of
vertices if and only if:

(i) n=4

(i) Y b =n
(i) Y- lib; = 2n + 2
(iv) bysn—-4

Lemma 6 (see [11]). The integers by,...,b,_ >0 are the
multiplicities of the degrees of a four cyclic graph if and only if:
(i) n=5
(ii) Z?:_llbi =n
(iii) Y1 lib; = 2n + 6
(iv) by<n-5
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The set of vectors (by,b,,...,b,_;), which satisfy the
conditions of Lemma 4, 5, and 6, is denoted by A, A,, and
A5, respectively.

Now, we consider the transformation T, which is de-
finedfori>2,j>0,i+j<n-2,b;> l,bj >1, as follows [10]:
T,(by,....b, )= (b,....b, ) = (by,....,b_; +1,b;—1,
coobi = Lby g+ Lo b, ).

We have b, =b,, for m#{i — 1,i,i+ j,i + j+1}.

Let 2<i<i—2 and b; >2 the transformation T, defined
as  t,(by,...,b, )= (b),....b, )= (by,--.,b_; + 1,b,
-2,b,,, +1,...,b, ) for b, =b, for m#{i—1,i,i+1}.

Lemma 7. Suppose A is a positive integer and (b,,b,---,
b,_1) €, fori=1,2,3.

(@) T, (by,b,---,b,_,) € {AlorAz, ifm#2,andb, #n-3

A, ifm#2,andb, +n-5
(b) Fy (T, (by,bys .., b, 1)) <Fy (by, by ... b, )

Proof

(a) As Z::llbi = Z:;lb; and Z::ibi = Z?:ib;' If
(by,...,b,1) e, for i=1,2 and m=2 and
b, =n -3, then b; >n—3 a contradiction. Also, if
(by,...,b,_1) € A5, and m =2 and b, = n -5, then
b; >n—5 a contradiction.

(b) By simple
—-F, (T, (by,. ..

calculations, Fy(by,...5b,.)
b, ) = (24 =1)(2j +2)>0. O

Lemma 8. Suppose A>0 and (by,...,b,_|) € A,i=1,2,3.

AjorA,, ifm#2,andb, #n-3
(a) Tz (blabz ’bn—l) € {A3, ifm#2,andb; #n-5

min H, (G) = F;(n-3,2,0,...,1)

and the unique extremal graphs is K, ; +e. O
Theorem 10 (see [10]). For every n>3 and € Gil, it holds
that

12, ifn=23,

2 9)
3n" —3n-6,

minD,(G)z{ fnsd

Proof. By putting A = 1 in Theorem 9, the above result is
proved, and the result is the same as Theorem 3.1in [10]. O

Theorem 11. For every n>4 and G € G2, it holds that
min Hy (G) = 2" (" + n—16) +(r* —n+14),  (10)

(b) F, (T, (by,....b, ) <F,(by,...,b, )

Proof. (a) Proof of (a) is the same as above

(b) By putting p=0 in the above, it holds that
Fy(Ty(by,...,b,_))<F,(by,...,b,) O

4. Main Result

This section deals with the main results related to our finding
of the minimum generalized degree distance index for the
different families of the cyclic graphs.

Theorem 9. For every n>3 and G € G, it holds that
min H, (G) =2A(n2—n—6)+(n2—n+6), (7)
and the unique extremal graphs is K|, | +e.

Proof. For n =3, the only unicyclic graph is C; and
H, (C;) = 12.

Forn>4,itb, | > 1, we will get at least two cycles that do
not satisfy the hypothesis. Thus, b, ; <1. Next, we in-
vestigate the values of b; for 3<i<n-2.1fb;>1and b; > 1,
then by applying the transformation T'; at position i and j,
we get a smaller value of F) (T, (b,,b,,...,b,_;)). Now, for
by=b,=---=b,, =0, the value of b, #0. If b, = 0, then
b, =n—2 which is not possible. Since b, ; <1, first we
consider b,_, =0, then b, + b, = n and b, + 2b, = 2n imply
that b, = 0 and b, = n which corresponds to the graph C,,. If
b,_, = 1, then the conditions of Lemma 4 imply that b, =
n—3 and b, = 2, and hence,

=2)L(n2—n—6)+(n2—n+6), (8)

and the unique extremal graphs are obtained from K, ,_, by
adding two edges of common extremity.

Proof. For n = 4, the unique bicyclic graph is C, with an
edge and H, (C, with an edge) = 34.

For n>5, it holds that we have b, ;<1 and
by=b;=---=b,,=0.Since b,_, = {0, 1}, first we consider
b,, =0, then b, +b, +b; =n and b, +2b, + 3b; =2n+2
imply that b, = b; — 2. If b;>2, then by action of trans-
formation T, at position 3, a smaller value for F is de-
termined. Consider ifb,_, = 1, then b, +b, + b; =n—1and
b, +2b, +3b; =n+3.1f by =0, we have (n-5,4,0,...,1)
and T,(n-5,4,0,...,1)= (n-6,2,1,0,...,1). If by =1,
then we get (n-6,2,1,0,...,1), and hence,

min H) (G) = F) (n-6,2,1,0,...,1) = 2"(r’ + n-16) +(n’ - n+ 14), (11)
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and the unique extremal graphs is K, ; with two edges of
the common vertex. O

Theorem 12 (see [10]). For every n>3 and € Gﬁ, it holds
that

34, ifn=4,

) (12)
3n" +n—-18,

minD,(G)=<[ .
ifn>5.

Proof. By putting A = 1 in Theorem 11, the above result is
proved, and the result is the same as Theorem 3.2
in [10]. O

Theorem 13. For n>5,A>0 and G € Gﬁ, it holds that
min H) (G) = 2'(r’ + 5n— 42) +(n’ —n+36).  (13)

Then, all the extremal graphs are isomorphic to A;. The
graph A, is obtained by identifying the center of star S, with
an arbitrary vertex of degree 5.

Proof. In order to find min H) (G), it is enough to find
minF(by,...... ,b,_1), where (by,...... b, 1) € ;. Let
n =5, only graphs B, B, € Gfl (see Figure 1). Also, H, (B,) =
74 and H, (B,) = 76. Let us consider n>6. For n =6, all
graphs G € Gj are A; where 1 <i < 10 shown in Figure 2. For
these graphs min H, (4;) = 3 - 2/*3 + 66 which hold for the
graph A,.

Finally, for n>7. If b,_; >2, Then, we have at least five
cycles; hence, b,_; must be less than or equal to one.

Now, we investigate the possible values of by, b, ...,
b, ,. If there exists 6<l<m<n-2, such that b;>1 and
b,, > 1, then by the action of T, at position [ and m, a new
vector (by,...,b,_|) € A, for which F(bj,...,b, |)<F (b,

.,b,_;) is obtained.

Similarly, if there exists 6 <I<n -2 such that b;>2,
a new degree sequence in A; is determined by which
F,(b},...,b, )<F,(by,...,b, ;). Now, we consider two
cases: O

B B

1 2

FiGURE 1: The graphs having 5 vertices in G..

(a) In this case, b,_; = b; = 1, where > 6 and b, = 0. By
considering different vertices p,qr,s,t,w,z € V(G)
in such a way that d(p) =n-1,d(q) = j=6. The
vertices r,s,t,w, z are adjacent to p and g. Also, p
and q are adjacent. Then, there exist five cycles which
contradicts the hypothesis.

(b) Suppose b, =0,thenb, =0and b; =1, (6<i<n—
2) and A; is characterized by the equations b, + b, +
b;=n-1 and b, +2b, +3b; =2n+6—1i, which
implies that b, + 2b; = n+ 7 —i, by solving for b,
and b5, and then by applying the transformation for
position 2 or 3, we obtain a smaller value of F.

Case 15. Suppose that by =b, =---=b,_; =0 holds, the
degree sequence is (b;,b,,b5,0,,0,0---,0,b, ;). As
b,_, € {0,1}, so we have to analyze two cases:

(a) If b,_, =0, then b, +2b; + 3b, + 4b; =n+ 6. This
equation does not hold. If all b,, b5, b,, and b; are not
greater than 2, then b, + 2b; + 3b, + 4b; <20, which
contradicts the hypothesis n>7. If b; > 2 for any j =
2,3,4,5 by applying T, at position j, the minimum
value of F is obtained.

(b) If b,_, =1, then b, + 2b; + 3b, + 4b; = 8. If by >3,
then b, +2b; + 3b, + 4b; >12. So b; <2, if b; =2,
then b, +2b; +3b, =0, which implies that
b, =b;=b, =0, and b; =n—3 which is a contra-
diction as b; <n - 5. So, b; < 2. Thus, either b; = 0 or
bs =1.

If b = 1, then b, + 2b; + 3b, = 4, the only possible so-
lution that follows Lemma 6 and gives a graphical degree

Case 14. Consider distinct indices 6 <l <n -2 and m such sequence is b, = 4,b; = 0,b, = 0. Thus, (b;,b,,...,b, ) =
that b; = 1 and b,, = 0. If b; = 0, since b,_; € {0, 1}, we will (n-6,4,0,0,1,0,...,0,1) and
analyze the two cases separately.

Fy(n-6,4,0,0,1,0,...,0,1) = 2"(1’ + 51— 42) +(n’ - n + 36). (14)

Next, consider if by = 0, then b, + 2b; + 3b, = 8. There
are only two possible solutions that satisty the conditions of
four cyclic graph. These graphical sequences are

(n-5,0,4,0,...,0,1) and (n-5,2,0,2,0,...,0,1). By
applying T, at position 3 of (n-5,0,4,0,...,0,1), we
obtain a degree sequence (n-5,2,0,2,0,...,0,1) and

Fy(n-5,1,2,1,0,...,0,1) = 2"(r’ + 51— 40) +(n* - n + 34). (15)
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FIGURE 2: The graphs A; for 1 <i <6 existing in the family of graphs
G

Since 2* (1% + 51 — 42) + (12 — n + 36) = 2* (1% + 51 —40)
+ (12 —n+34)-2(2) — 1) <2* (n? + 51 — 40) + (n* — n + 34).
Hence,

min H, (G) =21(n2+5n—42)+(n2—n+36). (16)

and the unique extremal graph is obtained by identifying the
center of graph K, , with an arbitrary degree 4 vertex of
graph A, (Figure 2).

Theorem 16. Let G € Gfl, then

, 74, ifn=>5,
minD (G) = 5 (17)
3n°+9n—-48, ifn=6}.

Proof. By putting A = 1 in Theorem 13, the above result is
proved, and the result is the same as Theorem 12 in [11]. O

5. Conclusion

In this note, we have computed the minimum generalized
degree distance indices in the different families of unicyclic,
bicyclic, and four cyclic graphs. The extremal graphs having
minimum generalized degree distance indices are also
characterized among these families of graphs. However, the
problem is still open to compute this index for various
families of a-cyclic graphs for @ = 3 and a>5 [12-17].

Data Availability

The data supporting the current study are available from the
corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] A. A. Dobrynin and A. A. Kochetova, “A Degree distance of
a graph: a degree analogue of the Wiener index,” Journal of
Chemical Information and Computer Sciences, vol. 34,
pp. 1082-1086, 1994.

[2] I. Gutman, “Selected properties of the Schultz molecular
topological index,” Journal of Chemical Information and
Computer Sciences, vol. 34, pp. 1087-1089, 1994.

[3] Y. Alizadeh, A. Iranmanesh, and T. Doslic, “Additively
weighted Harary index of some composite graphs,” Discrete
Mathematics, vol. 313, pp. 26-34, 2013.

[4] N. Trinajstic, Chemical Graph Theory”, CRC Press, Boca
Raton, 1992.

[5] H. Asma, A. Iranmanesh, and H. Z. Samaneh, “Minimum
generalized degree distance of n-vertex tricyclic graphs,”
Journal of Inequalities and Applications, vol. 548, 2013.

[6] X.Jianzhong, J. B. Liu, A. Bilal et al., “Distance degree index of
some derived graphs,” Mathematics, vol. 7, no. 3, p. 283, 2019.

[7] K. Pattabiraman and P. Kandan, “Generalized degree distance
of strong product of graphs,” Iranian Journal of Mathematical
Sciences and Informatics, vol. 10, no. 2, pp. 87-98, 2015.

[8] M. V. Diudea, I. Gutman, and L. Jantschi, Molecular Topology,
Huntington, New York. NY, USA, 2001.

[9] R. Todeschini and V. Consonni, Handbook of Molecular
Descriptors, Wiley, New York. NY, USA, 2000.

[10] I. Tomescu, “Unicyclic and bicyclic graphs having minimum
degree distance,” Discrete Applied Mathematics, vol. 156,
pp. 125-130, 2008.

[11] N. Khan, T. Rahim, and Z. Raza, “A note on degree ditance of
4-cyclic graphs,” Utilitas Mathematica, vol. 93, pp. 109-116,
2014.

[12] A. Hamzeh, A. Iranmanesh, H. Z. Samaneh, and
M. V. Diudea, “Generalized degree distance of trees, unicyclic
and bicyclic graphs,” Studia Universitatis Babes-Bolyai,
Chemia, vol. 4, pp. 73-85, 2012.

[13] H. Hosoya, “Topological index. A newly proposed quantity
characterizing the topological nature of structural isomers of
saturated hydrocarbons,” Bulletin of the Chemical Society of
Japan, vol. 4, pp. 2332-2339, 1971.

[14] I. Tomescu, “Some extremal properties of the degree distance
of a graph,” Discrete Applied Mathematics, vol. 98, pp. 159-
163, 1999.

[15] J. W. Moon, “Counting labelled trees,” Canadian Mathe-
matical Monographs, W. Clowes and Sons, London and
Beccles, 1970.

[16] J. K. Senior, “Partitions and their representative graphs,”
American Journal of Mathematics, vol. 73, pp. 663-689, 1951.

[17] W. Zhu, “A note on tricyclic graphs with minimum degree
distance,” Discrete. Math. Algorithms and applications, vol. 3,
no. 1, pp. 25-32, 2011.





