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The quantum and statistical properties of light generated by an external classical ﬁeld in a correlated emission laser with a
parametric ampliﬁer and coupled to a squeezed vacuum reservoir are investigated using the combination of the master and
stochastic diﬀerential equations. First, the solutions of the cavity-mode variables and correlation properties of noise forces
associated to the normal ordering are obtained. Next, applying the resulting solutions, the mean photon number of the separate
cavity modes and their crosscorrelation, smallest eigenvalue of the symplectic matrix, mean photon number, intensity diﬀerence
ﬂuctuation, photon number variance, and intensity correlation are derived for the cavity-mode radiation. The entanglement
produced is studied employing the logarithmic negativity criterion. It is found that pumping atoms from the lower energy state to
excited state, introducing the nonlinear crystal into the cavity and coupling the system to a biased noise ﬂuctuation, generate a
bright and strong squeezing and entanglement with enhanced statistical properties although the atoms are initially in the
ground state.

1. Introduction
A search for quantum systems that would generate a strongly
correlated two photons is an active area of theoretical and
experimental investigations [1–4]. This research interest is
predominantly linked to the intuitively manageable quantum features associated to the two-photon processes. The
extensively studied quantum features, which are attributed
to the correlation of the two-photon, are continuous variable
quantum discord, quantum steering, quadrature squeezing,
and quantum entanglement [5, 6]. Moreover, a three-level
cascade laser has been an interesting area of research over
the years in light of its capability to produce radiations with
rich varieties of the nonclassical properties [1–7]. The coherence induced between the dipole forbidden atomic
transitions is accountable for the generation of quantum and
statistical properties of the light in this optical device. One of
the viable methods to generate correlation between the
three-level cascade atoms would be pumping its top and
bottom energy levels with a strong classical driving ﬁled
[5, 8–10]. Such mechanism imposes a constraint on the

populations of atoms in the bottom and top levels in which
transitions to and from could not be made in the electric
dipole approximation scheme. The classical pumping radiation contributes to the observed nonclassical properties by
facilitating atomic population transfer pathway in which the
induced atomic correlation is transferred to the two-mode
cavity photons.
Moreover, several authors have demonstrated that introducing a nonlinear crystal into a correlated emission laser
ampliﬁes the nonclassical properties of radiation [11–21].
These authors have used either degenerate or nondegenerate
parametric ampliﬁers which are described based on the
frequencies of the output signal and idler photons generated
after the down conversion process. The correlation between
the signal and idler photons leads to squeezing of 50% degree
below the standard quantum limit [22]. It can also be used in
such a way that the introduction of these crystals into a
correlated emission laser optimizes the quantum properties
of the light [23, 24]. Squeezing is a light with phase-sensitive
quantum ﬂuctuations, which, at certain phase angles, are less
than those of a perfectly coherent light and vacuum state of

2
no ﬁeld at all. In a squeezed state, the quantum noise in one
quadrature is below the coherent or vacuum level at the
expense of enhanced ﬂuctuations in the conjugate quadrature, with the product of the uncertainties in the two
quadratures satisfying the uncertainty relation [24].
Squeezed light has potential applications in quantum
communications, detections of weak signals, and high
precision measurements in atomic fountain clocks and interferometers [25, 26]. In addition, the amount of entanglement, which is a resource of tasks such as quantum
memories for quantum computers [27], quantum information and communication [28], quantum dense coding
[29], quantum teleportation for secure communication [30],
and atom clocks and interferometers for quantum sensing
and metrology [31], enhances with the parametric ampliﬁer
[32].
However, the squeezing, entanglement, and mean
photon number of the cavity radiation have been found to be
insigniﬁcant for the case in which all the atoms are initially
prepared in the bottom level [33, 34] even in the presence of
the parametric ampliﬁer. In this situation, an external
pumping radiation has been employed to further investigate
the nonclassical properties of the light produced by a coherently pumped correlated emission laser whose cavity is
coupled to the vacuum reservoir, in the absence of the
parametric ampliﬁer and for the case in which the atoms are
initially prepared in the aforementioned manner [35]. In this
work, the achievable degree of the squeezing and continuous
variable entanglement of the cavity radiation have been
observed to be nearly 50% below the standard quantum limit
and occurred near the threshold condition. The author has
mainly focused to show the possibility of entanglement and
squeezing production with the classical pumping radiation
disregarding their strength. On the contrary, for the
quantum information processing tasks, the degree of the
squeezing and entanglement must be quite robust against
decoherences. Therefore, this paper is mainly concentrated
to investigate the role of the nonlinear crystal and squeezed
vacuum environment which may improve the amount of the
nonclassical properties of the radiation generated in the
proposed scheme.
In this work, the squeezing, entanglement, and photon
statistics of a correlated emission laser coupled to a twomode squeezed vacuum reservoir and containing the
parametric ampliﬁer are studied. The motivation of this
work is that the parametric ampliﬁer and squeezed vacuum
reservoir could enhance the nonclassical properties of interest. Moreover, on the basis of the existing practical
challenges in preparing the atoms initially in an arbitrary
atomic coherence and due to the sensitivity of the quantum
features to the inevitable eﬀect decoherence from an external
environment, it is supposed that the quantum system under
consideration can be one of the interesting schemes in
generating a signiﬁcantly enhanced quantum and statistical
features. In order to carry out our analyses, the master
equation is derived by applying the linear and adiabatic
approximations in the good cavity limit following the
standard method presented in [35]. Employing the master
equation, the stochastic diﬀerential equations, then the
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solutions for c-number cavity-mode variables, and correlation property of the noise forces associated to the normal
ordering are determined.

2. The Model
The three-level cascade atoms, which are initially prepared in
a bottom level, are injected into the cavity at a constant rate
and removed from the laser cavity after they spontaneously
decay to the external environment. The top and bottom
levels are linked by the classical driving radiation similar to
the case of lasing without population inversion. Three-level
atoms interact with resonant cavity modes and a nondegenerate parametric ampliﬁer (NLC) in the laser cavity.
Here, the cavity light is coupled to the squeezed vacuum
environment. As it can be seen in Figure 1, the top, intermediate, and bottom levels of a three-level atom are indicated by |l〉, |m〉, and |n〉. It is assumed that transitions |l〉 to
|m〉 and |m〉 to m〉〉 are dipole allowed transitions with
frequencies ωl and ωm , respectively, while transitions between levels |l〉 and |n〉 are dipole forbidden.
In the nondegenerate three-level laser, a pump mode of
frequency, ω � ωl + ωm , directly interacts with the nonlinear
crystal inside laser cavity mirrors to produce the signal and
idler photons having the same frequencies as the two dipoleallowed atomic transitions [35]. The electric dipole and
rotating-wave approximations are applied to describe the
down conversion process in a nonlinear crystal in the interaction picture as
 NLC � iεa† b† − ab,
H

(1)

in which the real constant parameter ε is proportional to the
amplitude of the pump mode that drives the nonlinear
crystal and a(b) are the annihilation operators for the two
cavity modes. The master equation associated to this particular Hamiltonian is
d
†
†
ρ � εa† b ρ − ρa† b − abρ + ρab,
dt

(2)

where ρ is the density operator for the cavity-mode
radiation.
On the contrary, the interaction of a three-level atom
with a two-mode cavity light can be described in the interaction picture with the electric dipole and rotating-wave
approximations as
 AC � iga† |m〉〈l| + b† |n〉〈m| − a|l〉〈m| − b|m〉〈n|,
H
(3)
where the constant g is considered to be the same for both
dipole allowed transitions for convenience.
Moreover, the interaction Hamiltonian operator describing the coupling of the dipole forbidden transition is
describable in the interaction picture as
 d � i Ω [|n〉〈l| − |l〉〈n|],
H
2

(4)

where Ω is the amplitude of the external pumping radiation.
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Figure 1: Schematic representation of a correlated emission laser
with a nonlinear crystal (NLC) and coupled to a two-mode
squeezed vacuum reservoir.

On the basis of equations (3) and (4), the interaction of
a three-level cascade atom, whose top and bottom levels are
initially prepared in the bottom level and coupled by external coherent radiation, with a two-mode cavity radiation, can be described by the interaction Hamiltonian of the
form
 t � iga† |m〉〈l| − a|l〉〈m| + b† |n〉〈m| − b|m〉〈n|
H
(5)
Ω
+ i [|n〉〈l| − |l〉〈n|].
2
Moreover, in this work, the three-level cascade atoms
are assumed to be initially prepared in the bottom (lower
energy) level which corresponds to the absence of coherence among the noninteracting atoms. These atoms are
injected into a cavity at constant rate ra and removed after
some time τ. The spontaneous decay rate c is assumed to
be the same for each level. In the good cavity limit, c ≫ κ,
where κ is the cavity damping constant, the cavity-mode
variables change slowly compared with the atomic variables. Hence, the atomic variables will reach the steady
state in a relatively short time. Therefore, it is quite justiﬁable to remove the atomic variables adiabatically. In
addition, the coupling constant is taken to be small, and
we apply the linear approximation that amounts to removing higher order terms in g. The linear approximation
preserves the quantum properties we seek to study as these
properties are attributed to the classical driving radiation
that couples the top and bottom states. Hence, using
equations (2) and (5) along with the linear and adiabatic
approximations in the good cavity limit, the equation of
evolution of the density operator for the cavity modes
coupled to a two-mode squeezed vacuum reservoir is
found to be

+

Aζ 4 + ζ 2 
χ

† †
† †
ρa,
abρ − a ρb + ρb a − b

Aζ ζ 2 − 2 † †
† †
b a ρ − a ρb + ρab − bρa,
χ

†
†
†
†
+ κMa† b ρ + ρa† b − b ρa† − a† ρb ,

+ κM[ρab + abρ − bρa − aρb],
(6)
in which χ � 2(1 + ζ 2 )(4 + ζ 2 ). Setting r � ε � 0 in equation
(6) reproduces the master equation obtained in [34].
The result presented in equation (6) indicates the stochastic master equation which contains all necessary information about the dynamics of the system incorporating
the eﬀect of the huge external environment. On the contrary,
the amplitude of the classical driving radiation is determined
by ζ � (Ω/c) since c is ﬁxed. Besides, A � (2ra g2 /c2 ) indicates the linear gain coeﬃcient. N and M account for the
external environment on the quantum optical system. The
constants N � sinh2 (r) and M � sinh(r)cosh(r), in which r
is the squeeze parameter.

3. Stochastic Differential Equations
In this section, we apply equation (6) and the relation
 � Tr((dρ/dt)A)
 to obtain the time development
(d/dt)〈A〉
of the cavity-mode variables as follows:
d
†
〈a〉 � − μ+ 〈a〉 − η+ 〈b 〉,
dt

(7)

d 
〈b〉 � − μ− 〈b〉 − η− 〈a† 〉,
dt

(8)

d 2
†
〈a 〉 � − 2μ+ 〈a2 〉 − 2η+ 〈b a〉,
dt

(9)

d 2
2
〈b 〉 � − 2μ− 〈b 〉 − 2η− 〈a† b〉,
dt

(10)
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d †
3Aζ 2
†
+ κN,
〈a a〉 � − 2μ+ 〈a† a〉 − η+ 〈a† b 〉 +〈ab〉 +
2χ
dt
(11)
†
d † 
†
〈b b〉 � − 2μ− 〈b b〉 − η− 〈b a† 〉 +〈ab〉 + κN,
dt

(12)

†
d †
2
〈a b〉 � − μ+ + μ− 〈a b〉 − η− 〈a†2 〉 − η+ 〈b 〉,
dt

(13)

†
d 
†
〈ab〉 � − μ+ + μ− 〈a b〉 − η− 〈a† a〉 − η+ 〈b b〉
dt
AΣ
− (ε + κM),
− 
χ

1
A± (t) � (1 ± p)e−
2
B± (t) �

q± −
e
2

F+ (t) �

1 t
 (1 + p)e−
2 0

A
η± � − ε + − ζ 1 + ζ 2  ∓ 3ζ .
χ

F− (t) �

(15)

(18)

where fα (t) and fβ (t) are the noise forces for which we ﬁnd
the following correlation properties:

〈fβ∗ (t)fβ t′ 〉 � κNδ t − t′ ,
AΣ
− (ε + κM)δ t − t′ ,
〈fα (t)fβ t′ 〉 � − 
χ

(19)
(20)
(21)
(22)

G+ (t) �

q+ t −
 e
2 0

G− (t) �

q− t −
 e
2 0

(27)

(t− t′ ) +(1 − p)e−

]+ (t− t′ )

 × fα t′ dt′ ,

]−

(t− t′ ) +(1 + p)e−

]+ (t− t′ )

 × fβ t′ dt′ ,

]+ (t− t′ )

− e−

]−

(t− t′ ) f ∗ t′ dt′ ,
β

(30)

]+ (t− t′ )

− e−

]−

(t− t′ ) f ∗ t′ dt′ ,
α

(31)

q± �

1 + ζ2
,
Υ

2Υ

α(t) � A+ (t)α(0) + B+ (t)β∗ (0) + F+ (t) + G+ (t),

(24)

β(t) � A− (t)β(0) + B− (t)α∗ (0) + F− (t) + G− (t),

(25)

(33)

,

κ A 2
]± � −
ζ − 2 ∓ Υ,
2 4χ

(34)
2

1/2

ζ
2εχ
9ζ 2 ⎤⎦
2
.
Υ � ⎡⎣1 + ζ 2  +  1 + ζ 2  +
 −
4
2
A

(35)

Now, supposing the initial states of the cavity modes to
be in a vacuum state, in view of the fact that the noise force at
some time t does not aﬀect the cavity-mode variables at
earlier times and with the help of equations (19)–(25), the
various expectation values of the cavity-mode variables are
found to be
〈α2 〉 � 〈β2 〉 � 〈α∗ β〉 � 0,
〈α∗ α〉 � ⎡⎣

(36)

2
2
2
3Aζ /2χ  + κN(1 − p) + κNq+
⎤⎦,
8]+

(23)

with Σ � ζ(2 − ζ ). We observe that the sources of the noise
forces are the external radiations.
The solutions of the cavity-modes variables, following
the procedure outlined in [10, 21, 24], are given by

(32)

− ζ 1 + ζ 2  +(64εχ/A) ∓ 3ζ

− 

2

in which

,

(29)

p�

d
β(t) � − μ− β(t) − η− α∗ (t) + fβ (t),
dt

3Aζ 2
+ κNδ t − t′ ,
2χ

1 t
 (1 − p)e−
2 0

(16)

(17)

〈fα∗ (t)fα t′ 〉 � 

]−

(26)

,

with

d
α(t) � − μ+ α(t) − η+ β∗ (t) + fα (t),
dt

〈fβ (t)fβ t′ 〉 � 〈fα t′ fα (t)〉 � 0,

]− t

− e−

]+ t

(14)

We see that the cavity-mode operators in equations
(7)–(14) are put in the normal order. Thus, they can be
expressed in terms of the c-number variables associated to
them. It is thus possible to write equations (7)-(8) as

〈fα (t)〉 � 〈fβ (t)〉 � 〈fα (t)fβ∗ t′ 〉 � 0,

]+ t

+(1∓p)e−

(28)

where
κ A
μ± � − ζ 2 − 2 ± 21 + ζ 2 ,
2 χ

]− t

+ ⎡⎣

((AΣ/2χ) − 2(ε + κM))q+ (1 − p)
,
8]+

2
2
2
3Aζ /2χ  + κN(1 + p) + κNq+
⎤⎦,
8]−

((AΣ/2χ) − 2(ε + κM))q+ (1 + p)
+
,
8]−
+ ⎡⎣

2
2
2
3Aζ /2χ  + κN1 − p  − κNq+
⎦⎤,
2 ]+ + ] − 

− 

((AΣ/2χ) − 2(ε + κM))q+ p
,
2 ]+ + ]− 

(37)
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⎣
〈β∗ β〉 � ⎡

5

4. Quadrature Squeezing

2
2
2
3Aζ /2χ  + κNq− + κN(1 + p)
⎤⎦,
8]+

− 
⎡
+⎣

In this section, we proceed to study the squeezing of the
radiation produced by the proposed scheme. The intracavity
squeezing of a two-mode cavity radiation can be studied by
the phase and amplitude quadrature operators constructed
from the separate cavity-mode operators, a and b as

((AΣ/2χ) − 2(ε + κM))q− (1 + p)
,
8]+

2
2
2
3Aζ /2χ  + κNq− + κN(1 − p)
⎦⎤,
8]−

c+ � c† + c,

((AΣ/2χ) − 2(ε + κM))q− (1 − p)
+
,
8]−

c− � ic† − c,

(41)
√�
where c � ((a + b)/ 2 ). Now, with the help of the commutation relation [c, c† ] � 1, the quadrature operators satisfy the uncertainty relation:

2
2
2
3Aζ /2χ  + κNq− − κN1 − p 
⎣
⎦⎤,
− ⎡
2 ]+ + ]− 

− 

((AΣ/2χ) − 2(ε + κM))q− p
,
2 ]+ + ] − 

c+ , c−  � 2i.
(38)

2

⎣
〈αβ〉 � ⎡

(40)

3Aζ /2χ  + κNq− (1 − p) + κNq+ (1 + p)
⎤⎦,
8]+

⎣
− ⎡

2
3Aζ /2χ  + κNq− (1 + p) + κNq+ (1 − p)
⎤⎦,
8]−

⎣
− ⎡

((AΣ/χ) − (ε + κM))1 − p2 + q− q+ 
⎤⎦,
8]+

⎣
− ⎡

((AΣ/χ) − (ε + κM))1 − p2 + q− q+ 
⎤⎦,
8]−

⎣
+⎡

2
3Aζ /2χ  + κNq− p − κNq+ p
⎤⎦,
2 ]+ + ]− 

The uncertainty relation of the two noncommuting
operators
can
be
described
in
the
form
Δc2+ Δc2− ≥ (1/4)|[c+ , c− ]|2 . We next seek to obtain the ﬂuctuations in the quadrature operators. The ﬂuctuations of the
quadrature operators are highly important in identifying the
states of the radiation ﬁelds. For instance, for coherent ﬁelds,
the variances of both phase and amplitude quadrature operators are equally balanced and exactly unity. On the
contrary, for thermal states, the variances of both operators
must exceed unity. A two-mode radiation is said to be in a
squeezed state if either Δc2+ < 1 or Δc2− < 1 such that
Δc+ Δc− ≥ 1 [23, 35]. Therefore, we now proceed to ﬁnd the
ﬂuctuations of these quadrature operators which are given
by
Δc2± � 〈c2± 〉 − 〈c± 〉2 .

((AΣ/χ) − (ε + κM))1 + p2 − q− q+ 
⎣
⎤⎦.
− ⎡
2 ]+ + ]− 
(39)
The result in equation (36), 〈α2 〉 � 〈β2 〉 � 0, indicates
the absence of intercorrelation interactions among the threelevel atoms since they are assumed to leave the cavity within
a short time [8]. The steady state mean photon number of the
cavity modes a and b are given in equations (37)-(38). On the
contrary, we present in equation (39) the correlation between the cavity modes a and b, and the nonclassical
properties of the cavity radiation are attributed to this term
[10]. One can easily verify that the quantities involved in
equations (36)–(39) are real variables.

(42)

(43)

Using equations (40)-(41), equation (43) in terms of the
c-number variables associated to the normal order turns out
to be
Δc2± � 1 ± 〈c†2 〉 ± 2〈c†c〉 +〈c2 〉 − 〈c† 〉2 ± 2〈c† 〉〈c〉 +〈c〉2 ,

(44)
which can be put in a more convenient form:
2
(45)
Δc2± � 1 ± 〈 c∗ ± c 〉 − 〈 c∗ ± c〉2 .
√�
Here, c � (1/ 2 )(α + β) and with the help of which
equation (45) could be describable in the following form:

1
Δc2± � 1 + 〈α∗ α〉 +〈β∗ β〉 +〈α∗ β〉 +〈β∗ α〉 ± 〈α∗2 〉 + 2〈α∗ β∗ 〉 +〈β∗2 〉 +〈α2 〉 + 2〈αβ〉 +〈β2 〉.
2

(46)
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Now, employing equations (36)–(39), one can easily ﬁnd
that

0.8

×

]2+ + ]2− + 6]+ ]−
3Aζ 2
+ κN,
 + 
4]+ ]− ]+ + ]− 
2χ

0.6

Δc2−

A 3ζ 2 Σ
 ∓  +(κN ± (ε + κM)),
4χ 4 4

Δc2± � 1 + 

0.4

× p2 + q2− ∓2q− p + κNp2 + q2+ ± 2q+ p,
+

0.2

AΣ
− 2(ε + κM)p q+ − q−  ± p2 − q− q+ ,
32χ

0

10

]2 + ]2− − 2]+ ]−
3Aζ 2
× +
+ κN p∓q− ,
 + 
4]+ ]− ]+ + ]− 
2χ
− κN p ± q+  + 

×

20

30

40

50

ζ
ε = 0.0
ε = 0.2

AΣ
− (ε + κM) q+ + q− ,
16χ

Figure 2: Plots of the minus quadrature variance (equation (47))
versus ζ for κ � 0.8, A � 2.5, and r � 0.75 and for diﬀerent values
of ε.

]+ − ]−
.
4]+ ]−

(47)

]± � 0.

(48)

Next, the explicit dependence of the squeezing on the
parametric ampliﬁer, and squeeze parameter is investigated.
Since the squeezing occurs in Δc2− , we plot Δc2− versus the
amplitude of the coherent radiation by manipulating the rest
parameters, ε and r.
It is shown in Figure 2 that it is possible to produce a
strong squeezed light by altering the amplitude of the pump
mode that interacts with the parametric ampliﬁer which is
restricted by the steady state condition given in equation (48).
It is important to mention that the degree of squeezing
predicted here is by far more ampliﬁed compared with the
results reported in the previous works [4, 6, 7, 9, 10, 21].
Moreover, in the absence of the parametric ampliﬁer and
injected squeezed light, the squeezing has not been demonstrated for the atoms initially prepared in the bottom level
(absence of atomic coherence) [10], whereas a very weak
entangled and squeezed light could be detected in the presence of the parametric ampliﬁer [21, 33, 36]. Moreover, it is
clearly indicated in Figure 3 that a strong phase squeezing
could be occurred by coupling the system of interest with the
squeezed vacuum environment. The cavity radiation is found
to exhibit squeezing for all parameters under consideration
regardless of the observed feature at the threshold. Moreover,
critical observation reveals that the variation in the degree of
squeezing increases with the squeeze parameter. Such
property occurs due to the fact that the more the squeeze

1
0.8
r = 0.00
0.6
Δc2−

The result in equation (47) represents the steady state
expressions of the phase and amplitude quadrature
squeezing Δc2− and the squeezing occurs in the phase
(momentum-like) quadrature operator.
The threshold condition for the system under consideration is described as

0.4

r = 0.45

0.2
r = 0.75
0

10

15

20

25

30

35

40

45

50

ζ

Figure 3: Plots of the minus quadrature variance (equation (47))
versus ζ for κ � 0.8, A � 2.5, and ε � 0.20 and for diﬀerent values of r.

parameter is enhanced, the more the cavity light is dominated by the external environment. Moreover, it is found
that there is no limitation imposed on the value of ζ by the
steady state condition provided that the rate of atomic
injection is constant. Hence, it can be argued that a
squeezing of almost constant strength, over a wide range of
the classical driving radiation, can be produced with the
help of an external pumping radiation. This principle can
also be applied to amplify the entanglement in the quantum
system [8].

5. Entanglement Quantification
In this section, the entanglement of the generated radiation
applying the logarithmic negativity, which is introduced in
[37] for the two-mode-cavity radiation, is investigated. The
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preparation and manipulation of these entangled states that
have nonclassical and nonlocal properties lead to a better
understanding of the basic quantum principles [10]. Nowadays, a lot of criteria have been developed to measure,
detect, and manipulate the entanglement generated by
various quantum optical devices. Here, we employ logarithmic negativity criterion to quantify the amount of entanglement exhibited by the correlation emission laser
whose cavity contains a nonlinear crystal and the external
environment is the squeezed vacuum reservoir. Logarithmic
negativity is one of the relevant methods depicting the
presence of entanglement for two-mode continuous variables and deﬁned as
EN � max0, − log2 Vs ,

(49)

where Vs represents the smallest eigenvalue of the symplectic matrix. The entanglement is realized for positive
EN within the region of the lowest eigenvalue of covariance matrix Vs < 1 [8, 37, 38]. Moreover, the smallest
possible eigenvalue of the symplectic spectrum of the
covariance matrix of the partially transposed density
operator is [8, 37]
2
⎝ς − ς − 4detΓ
Vs � ⎛
2

(1/2)

(1/2)

⎠
⎞

,

(50)

where the invariant ς and matrix Γ are, respectively, denoted
as
ς � detK1 + detK2 − 2detK12 ,
Γ �

K1 K12
KT12 A2

,

(51)
(52)

in which K1 and K2 are the covariance matrices describing
each mode separately while K12 are the intermodal correlations. The elements of the matrix in equation (52) can be
obtained from the relation [37]
d
 
  
Γij � 0.5〈d
i j + dj di 〉 − 〈di 〉〈dj 〉,

(53)

in which i, j � 1, 2, 3, 4. The quadrature operators are de � a + a† , d
 � i(a† − a), d
 � a + a† , and
ﬁned †as d
1
2
3
 � i(b − b).
d
4
It is not diﬃcult to ﬁnd the extended covariance matrix
in terms of the c-number variables associated with the
normal ordering to take the form
Λ 0 λ 0
⎟
⎜
⎞
⎛
⎜
⎟
⎜
⎟
⎜
0 Λ 0 − λ⎟
⎟
⎜
⎟
⎜
⎟
⎜
⎟
⎜
,
Γ �⎜
⎟
⎟
⎜
⎜
⎟
⎜
⎠
⎝λ 0 Δ 0 ⎟

(54)

0 −λ 0 Δ
where Λ � 2〈α∗ α〉 + 1, λ � 2〈αβ〉, and Δ � 2〈β∗ β〉 + 1 are
c-number variables associated with the normal ordering.
Next, on account of equations (52)–(54), one can readily
show that

���������� ����������� 2
detΓ �  detK1 detK2 − detKT12 detK12  ,

(55)

where detK1 � Λ2 , detK2 � Δ2 , and detK12 � − λ2 .
We now investigate the variation of the entanglement of
the cavity radiation with the amplitude of the parametric
ampliﬁer and squeeze parameter. To this end, we plot Vs
versus the amplitude of the classical pumping radiation by
alternatively altering and ﬁxing the values ε and r at which
the maximum degree of entanglement occurs in the previous
plots.
It is not diﬃcult to note in Figure 4 that the degree of
entanglement for the quantum system under consideration
can be enhanced with the amplitude of the parametric
ampliﬁer. In addition to this, it is found that the eﬀect of the
parametric ampliﬁer in this case can provide a signiﬁcant
change in the degree of entanglement for ζ ≥ 10. The degree
of entanglement at the threshold is in general weak since the
classical driving radiation does not build a strong enough
correlation between the two-cavity modes’ radiation in this
case [32]. Moreover, critical observation reveals ranges of ζ,
for which the entanglement occurs, increases with the
amplitude of the parametric ampliﬁer. Particularly, the
degree of entanglement is 80% for ε � 0.00 and ζ � 23.42
and 86% for ε � 0.20 and ζ � 36.
Moreover, we plot in Figure 5 to get insight on the
inﬂuence of the squeezed vacuum environment on the
smallest possible eigenvalue of the symplectic matrix and
hence on the entanglement of the two-mode radiation for
ﬁxed ε. The smallest eigenvalue of the symplectic matrix is
less than one Vs < 1 for all parameters under consideration
indicating that the cavity radiation in entangled. The squeeze
parameter enhances the achievable degree of entanglement
from 40% for r � 0 to 85.6% for r � 0.75.

6. Photon Statistics
6.1. Mean Photon Number. In this section, we investigate the
intensity of the cavity light. In order to get insight about the
intensity of the generated light and its relation with the other
nonclassical properties, it is worthwhile to study the mean
number of photon of the two-mode cavity radiation. In
terms of the annihilation operator of the cavity radiation, the
mean photon number of the cavity light can be deﬁned as
N � 〈c†c〉.

(56)

Equation (56), in terms of c-number variables associated
with the normal ordering, could be put as
1
N � 〈α∗ α〉 +〈β∗ β〉.
2

(57)

Equation (57) represents the mean number of photon
pairs of the system.
We next investigate the variation of the mean photon
number of the system, equation (57) with the squeeze parameter and parametric ampliﬁer, and compare the
brightness, squeezing, and entanglement of the cavity
radiation.
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Figure 4: Plots of Vs (equation (26)) versus for κ � 0.8, r � 0.75,
and A � 2.5 and for diﬀerent values of ε.

Figure 6: Plots of the steady state mean photon number (equation
(57)) versus ζ for κ � 0.8, r � 0.75, and A � 2.50 and for diﬀerent
values of ε.
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Figure 5: Plots of Vs (equation (26)) versus ζ for κ � 0.8, ε � 0.20,
and A � 2.5 and for diﬀerent values of r.

The parametric ampliﬁer and squeeze parameter enhance the mean photon number of the cavity light, as reﬂected in Figures 6 and 7. These parameters have a
signiﬁcant contribution in this case near and at the
threshold. Moreover, it can be seen that the squeeze parameter produces a more bright light than the parametric
ampliﬁer. The maximum degree of entanglement and
squeezing also occurs not very far from the threshold at
which an intense light is produced by manipulation of the
amplitude of the parametric ampliﬁer and squeeze parameter. On the contrary, as the amplitude of the driving radiation becomes stronger, the intensity of the light becomes
lesser.
6.2. Photon Number Fluctuation. Here, we study the variance in the photon number for the cavity light. The variance
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Figure 7: Plots of the steady state mean photon number (equation
(57)) versus ζ for κ � 0.8, ε � 0.20, and A � 2.50 and for diﬀerent
values of r.

of the photon number is one of the features categorizing a
light source exhibiting quantum and classical properties
[35]:
2

ΔN2 � 〈c†c − 〈c†c〉2 〉.

(58)

Equation (58) can be rewritten, by making use of the
bosonic commutation relation [c, c† ] � 1, in the form
ΔN2 � 〈c†2c2 〉 +〈c†c2 〉 − 〈c†c〉2 .

(59)

It is realized that α and β are Gaussian variables with zero
mean. Thus, in terms of the c-number variables associated
with the normal ordering, it is not diﬃcult to ﬁnd that
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ΔN2 � 〈αβ〉2 + N(1 + N).

(60)

3.5

The result presented in equation (60) indicates that the
variance of the photon number is greater than the mean
photon number of the cavity radiation ΔN2 > N. Consequently, the cavity light exhibits super-Poissonian photon
statistics for all cases while exhibiting nonclassical properties
in various conditions.

3

g(2)(n̄a,n̄b,n̄ab)(0)

ε = 0.0

2.5

6.3. Photon Number Correlation. In this section, we analyze
the photon number correlation of the cavity radiation.
Nonclassical features of the radiation are usually studied via
the ampliﬁcation of the correlation in the quadrature operators. In many instances, experimental realization of the
theoretical prediction in this line has been found to be a
formidable task due to the complication involved in the
homodyne and phase measurements. Thus, an alternative
approach for studying the quantum features of the cavity
radiation which involves simultaneous photon count measurement is required. The equal time photon number correlation for light mode a and light mode b can be expressed as
〈a b ab〉
g(2)n ,n ,n (0) �
† .
( a b ab )
〈a† a〉〈b b〉

0

10

20

30

40

50

ζ

Figure 8: Plots of the steady state photon number correlation
(equation (62)) versus ζ for κ � 0.8, r � 0.75, and A � 2.50 and for
diﬀerent values of ε.

4
r = 0.00

(61)
3.5

In view of the fact that the separate cavity-mode variables
are c-number Gaussian variables of vanishing mean, we ﬁnd
that
〈αβ〉2
g(2)n ,n ,n (0) � 1 + ∗
.
( a b ab )
〈α α〉〈β∗ β〉

2

(62)

This equation describes equal time steady state photon
number correlation of a two-mode cavity radiation. In the
following, we investigate the explicit dependence of the
steady state photon number correlation on the amplitude of
the parametric ampliﬁer and squeeze parameter.
Figure 8 explicitly presents that the photon number
correlation grows with decreasing the amplitude of the
parametric ampliﬁer. It is also possible to realize that the
mean photon number correlation grows fast with the amplitude of the classical driving radiation at the threshold but
slowly increases far from the threshold. The entanglement
and squeezing properties of the cavity radiation are also
observed to be enhanced almost sharply in the region where
the photon number correlation grows fast with amplitude
of the classical pumping. Moreover, it is observed that
g(2)
(na ,nb ,nab ) (0) > 2 showing that the cavity radiation is
entangled and described by Gaussian variables of vanishing
mean [33, 35].The squeeze parameter plays in the same way
as the parametric ampliﬁer on the variation of the photon
number correlation as it can be seen in Figure 9. Moreover, it
is clearly evident that the variation in photon number
correlation due to varying r from 0.45 to 0.75 is smaller
compared to the variation of r from 0 to 0.45. In this light,
the photon number correlation can be used, similar to the
squeezing and entanglement, in demonstrating the eﬀect of
the external environment that dominates the cavity light

g(2)(n̄a,n̄b,n̄ab)(0)

† †

ε = 0.2

3
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2.5
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2
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Figure 9: Plots of the steady state photon number correlation
(equation (62)) versus ζ for κ � 0.8, ε � 0.20, and A � 2.50 and for
diﬀerent values of r.

when r is larger, 0.75 in this case. Moreover, it can be seen
from Figures 8 and 9 that the correlation between the photon
numbers tends to be minimum in the regions where the
squeezing and entanglement are maximum. This is due to
the fact that the mean photon number of the separate cavity
modes, which are inversely related to the photon number
correlation, is large.
6.4. Intensity Diﬀerence Fluctuation. In this section, the
intensity diﬀerence ﬂuctuation of the cavity radiation is
studied. This study is based on the assumption that there is a
diﬀerence between the mean photon numbers of the two
radiations due to the disparity of the absorption emission
mechanism among the involved atomic energy levels. The
intensity diﬀerence ﬂuctuation allows us to investigate how
the diﬀerence between the mean photon numbers of the two
radiations deviates from each other. Therefore, the ﬂuctuation of the intensity diﬀerence can be deﬁned as
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amplitude of the parametric ampliﬁer and the squeeze parameter. The inﬂuence of the parametric ampliﬁer is more
prominent at the threshold while the eﬀect of the squeeze
parameter is insigniﬁcant in enhancing the intensity difference ﬂuctuation altogether in particular in the strong
driving ﬁeld. However, unlike the photon number correlation, it declines with the amplitude of the classical
pumping far away from the threshold. Moreover, the variance of the intensity diﬀerence is found to be larger at the
threshold for which the mean photon number is also larger.
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Figure 10: Plots of the steady state intensity diﬀerence ﬂuctuation
(equation (64)) versus ζ for κ � 0.8, r � 0.75, and A � 2.50 and for
diﬀerent values of ε.
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Figure 11: Plots of the steady state intensity diﬀerence ﬂuctuation
(equation (64)) versus ζ for κ � 0.8, ε � 0.20, and A � 2.50 and for
diﬀerent values of r.
2
ΔI2D (t) � 〈ID (t)〉 − 〈ID (t)〉2 ,

(63)

†

in which ID � a† (t)a − b (t)b(t) is the intensity diﬀerence.
Taking into account properties pertaining to Gaussian
variables [35], it can be veriﬁed that
ΔI2D � 〈α∗ α〉1 +〈α∗ α〉 +〈β∗ β〉 × 1 +〈β∗ β〉 − 2〈αβ〉2 .
(64)
We then investigate the explicit dependence of the intensity diﬀerence ﬂuctuation on the amplitude of the
parametric ampliﬁer and squeeze parameter.
It is not subtle to see from Figures 10 and 11 that the
ﬂuctuation of the intensity diﬀerence increases with the

In this paper, the quantum statistical properties of the twomode cavity light, which is generated by a correlated
emission laser with a nondegenerate parametric ampliﬁer
and coupled to the squeezed vacuum reservoir, have been
investigated. First, the master equation in the good cavity
limit, linear, and adiabatic approximation schemes has been
determined. Applying the stochastic master equation, the
equations of evolution of the ﬁrst and second moments of
the cavity-mode variables have been derived. With the aid of
these equations, the quadrature ﬂuctuations, smallest eigenvalue of the symplectic matrix, mean photon number,
photon number ﬂuctuation, photon number correlation,
and intensity diﬀerence ﬂuctuation of the cavity radiation
are obtained. Then, the quantum statistical properties of the
cavity light have been analyzed varying the parameters involved in the system.
A robust squeezed and entangled light of 91% have been
produced by manipulating the parameters involved in this
quantum optical device. The amount of squeezing and entanglement produced by this system is by far stronger than
the one generated by another devices, for example, correlated emission laser with a maximum atomic coherence and
coupled with the vacuum reservoir in the absence [10] and
presence [21, 33] of the nonlinear crystal. Therefore, the
atomic correlation induced among the emitted photons by
the classical pumping radiation along with the parametric
ampliﬁer and squeezed vacuum reservoir leads to a significant enhancement of the squeezing and entanglement
properties of the cavity light.
Besides, a quite robust intensity of the cavity radiation
has also been demonstrated upon manipulating the parameters that has enhanced the squeezing and entanglement
in the proposed scheme. The photon number correlation,
similar to the squeezing and entanglement, has correctly
demonstrated the eﬀect of the huge external environment
that dominates the small cavity system. The correlation
between the photon numbers tends to be minimum in regions where the squeezing and entanglement are maximum
due to the fact that the mean photon number of the separate
cavity modes is inversely related to the photon number
correlation. Furthermore, the intensity diﬀerence ﬂuctuation increases with the amplitude of the parametric ampliﬁer
and squeeze parameter, and it is almost vanished in the
absence of these parameters. The system also falls to the
category of super-Poissonian photon statistics for all cases
while exhibiting the various nonclassical properties of the

International Journal of Optics
generated radiation. In general, it can be concluded that a
correlated emission laser can be a promising optical device
which produces a strong and bright squeezed and entangled
cavity light with a rich varieties of statistical properties.
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