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Te dynamics of semiconductor lasers subject to dual optical injections are numerically investigated with a zero linewidth
enhancement factor. With the aid of stability maps, we show that diferent chaotic and nonlinear dynamics can be produced (even
with zero linewidth enhancement factor) by injecting an additional optical signal. We also study the bifurcation of the system and
the carrier dynamics under dual optical injection and a zero linewidth enhancement factor.

1. Introduction

Optically injected semiconductor lasers have recently gained
huge attention due to their chaotic behavior, which can be
utilized in many telecommunication applications [1].
Injecting more than one signal has shown to be a very ef-
fective technique to enhance and control chaos in semi-
conductor lasers [2–4]. It has also shown to enrich the
nonlinear dynamics and introduce diferent chaotic sce-
narios [5, 6]. It was also used to stabilize self-mode-locked
QDash lasers along with optical feedback [7]. Recently,
optical injection and optical feedback have been used to
produce a reservoir computing system with a good (nu-
merically predicted) performance [8]. Chaotic synchroni-
zation has also been achieved in mutually [9]
unidirectionally coupled injected semiconductor lasers [10].
Li and others have recently managed to use chaos in
semiconductor lasers in image encoding and decoding [11].
Optical frequency comb has also been generated [12] and
injected [13] in semiconductor lasers. Qi and Lui have shown
that the injection of dual beams can result in diferent
scenarios in terms of the dominance of one of the two in-
jected signals and identifed the resultant chaotic behaviors
in each scenario [14].

We have previously shown the carrier dynamics in
semiconductor lasers under dual optical injection [15, 16].
We have also shown that the additional injected signal can be
used to control routes to chaos in optically injected semi-
conductor lasers [17]. Finally, and very recently, we have
drawn 3D maps of the dynamics of semiconductor lasers
under multiple optical injections [18].

One of the most important features of semiconductor
lasers as class B lasers is the linewidth enhancement factor
(LEF) or Henry factor, which is believed to be responsible for
many dynamics including chaos [19–21]. Terefore, many
methods have been proposed to measure [22–24] and
manipulate [25] this factor. Vazquez and others have re-
ported the increase of this factor with increasing carrier
density and decreasing temperature and energy level sepa-
ration [26]. However, the most astonishing results are the
reporting of zero [27] and negative LEF [28, 29]. We have
previously shown that this factor plays a major role in
forming the stability map and hence the chaotic behavior in
optically injected semiconductor lasers [30]. We have also
found this factor to be a good tool to control routes to chaos
in optically injected semiconductor lasers [31].

It should be noted that the external optical injection
technique provides more controllability compared to optical
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feedback. Tat is mainly because that the laser in this case is
perturbed with an independent external optical feld (not
self-feedback), which provides direct information about the
laser cavity and gain medium.

In this paper, we raise a simple question, can the ad-
ditional injected signal produce chaos and nonlinear dy-
namics in semiconductor lasers even if the LEF value was
reduced to zero? To our knowledge, this was not investigated
before. We numerically examined that by generating the
stability map and studying the bifurcation of the system as
well as the carrier density dynamics.

2. Materials and Methods

Te model used in this study is based on Lang’s approach
[32]. Te model consists of three semiconductor lasers. Te
frst one is the laser being injected, which is called the slave
laser (SL), and the other tunable lasers, which are injected
into the SL, are called master lasers (ML1 and ML2). Te
schematic diagram of this model is shown in Scheme 1.

Te rate equations of the system can be expressed as
follows:

d

dt
Eo(t) �

1
2
GNΔN(t)Eo(t) + η E1 cos Δt1(  + E2 cos Δt2(  , (1)

d

dt
φo(t) �

1
2
αGNΔN(t) + η

E1

Eo(t)
sin Δt1(  +

E2

Eo(t)
sin Δt2(  , (2)

d

dt
N(t) � J −

N(t)

τs

− GN N(t) − No( E
2
o(t), (3)

where Eo(t), E1 and E2 are the electric feld of the SL and
ML1,2, respectively,ΔN(t) is the population inversion, which is
defned as N–Nth where N is the carrier density and Nth is its
value at threshold, GN is the material gain coefcient, η is the
coupling term, Δtm � Δωmt − φo(t), where Δωm � ωm − ωo

(the angular frequency detuning between the SL laser and the
ML1,2), φo(t) is the phase of the SL, α is the Henry factor or the
linewidth enhancement factor, and No is the carrier density at
transparency. τs is the lifetime for spontaneous emission and
nonradiative recombination, and J is the injected current
density. Te main variables of the system are the frequency
detuning (∆f) and the injection level (K). ∆f corresponds to,
while K is the ratio of the injected feld (E1,2) to the free running
SL feld (Eos), which is given by Eos �

������������
τp(J − Nth/τs)


, where

τp is the photon lifetime. Te rate equations are numerically
integrated (using Runge–Kutta method) to identify the bi-
furcation of the system and draw the stability maps (the dy-
namics of the SL in the plane of ∆f vs K) and also to calculate
the normalized carrier density (the ratio of the carriers of the
system to the threshold carriers). Te power spectra are
generated by applying FFT to a chosen window of the SL
electric feld time window. Finally, it should be noted that all
the parameters used here are based on experimental charac-
terization [33] and are listed in Table 1. Finally, this model is
suitable for the distributed feedback laser (DFB) and should be
modifed when used for other types of semiconductor lasers as
other phenomena should be considered as the polarization in
vertical cavity surface emitting lasers (VCSELs).

3. Results and Discussion

In order to study the efect of the additional injected signal in
the case of zero LEF, we frst draw the stability map of the
system under the injection of one signal and with zero LEF as

shown in Figure 1. Te clear white region represents the
locking area, where the SL is stably locked to the ML. Te
stability here is defned as the side peaks do not exceed
−50 dB compared to the free-running SL [33].

Te grey colors indicate the quasiperiodic behavior (the
darker the grey means more periodicity), while the black
regions represent the chaotic behaviors. Te frst feature that
can be noticed is the shrinkage of the chaotic regions com-
pared to that in the case of nonzero LEF [2]. Another expected
feature of the map is the symmetry as the nonzero value of the
LEF was previously reported to be responsible for the
asymmetry in the stability map [33]. Tis symmetry here is
not only shown in the locking region but also all over themap.

Now, we inject the second signal (ML2) at three diferent
operating points (a, b, and c) as marked in Figure 1. In other
words, we inject the second signal in three diferent regions:
the period-one region (a), the stable locking (b), and the
quasiperiodic region (c). Te frst operating point (a) at
K2 � 0.1 and ∆f2 �+7.5GHz, where the SL is not locked to
ML1, but showing period-one behavior. When injecting the
ML2 at this point, the stability map changes and the resultant
stability map is shown in Figure 2. It can be seen that the
locking bandwidth maintained its shape and characteristics.
However, most of this region is covered by the grey color,
where the SL is unstably locked to ML1 with the strong
presence of ML2.Tis region is sometimes referred to as self-
pulsation [34], where the side peaks and the second injected
signal oscillate around the relaxation oscillation frequency
(ROF). Such behavior (at label a in Figure 2) is shown in
Figure 3(a), which is illustrated in three columns, the power
spectra as a function of frequency detuning, the SL electric
feld time series, and the projection of the electric feld (E)
and the carrier density (n).

Te SL is locked to ML1 with a strong presence of ML2.
Te self-pulsation (or period-one) behavior is clearly shown
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in electric feld time series and its projection with carriers. As
shown in the map, the stable locking region (i.e. clear white)
seems to be confned in a narrow band around ML2
(+7.5GHz). Inside this region, the SL is stably locked to ML1
with suppressedML2 as shown in Figure 3(b) and denoted in
Figure 2 by label (b).

Te white grey line shown around +7.5GHz is resulting
from the presence of ML2. Even when the system exhibits
chaotic behaviors in the positive detuning side, at this point
(+7.5GHz), the system shows self-pulsation behavior as
shown in Figure 3(c) and denoted in Figure 2 by label (c). On
the other hand, the chaotic dynamics (black color) seem to
spread all over the map (outside the locking bandwidth),

especially at a higher injection level. A typical example of this
behavior is taken at label (d) in Figure 2 and shown in
Figure 3(d). Te SL is not locked at all and largely depleted
with the other side peaks. Te fnal behavior observed in the
map is the strong quasiperiodic dynamics, which is indicated
by darker grey. Such behavior is taken at label (e) in Figure 2
and shown in Figure 3(e). Te periodicity can easily be
recognized in the E vs. n projection.

To further investigate the dynamics of the system, we
generate bifurcation diagram by recording the extrema of E
as a function of frequency detuning at a constant injection
level as shown in Figures 4(a) and 4(b). As shown in the
fgure, the behaviors mentioned before are clearly evident
with diferent possible routes to chaos (i.e., quasiperiodic
route). Moreover, the self-pulsation dynamic is also shown
inside the locking bandwidth. Te corresponding dynamics
of carriers are shown in Figures 4(c) and 4(d). Te variation
of carriers increases largely inside the locking bandwidth and
obviously depending on the injection level and takes its
maximum value at the free running SL frequency.Te spikes
shown in Figure 4(d) at +7.5GHz correspond to ML2 as it
causes a hole burning in the carrier spectra when both MLs
coincides. Tis spike is not shown in Figure 4(c) as ML2 in
this case is outside the locking bandwidth and the injection
level is also lower than in (d).

Te second case of injection is injecting ML2 inside the
stable locking region at label (b) shown in Figure 1. Te
resultant stability map in this case is shown in Figure 5. It can
be seen from the fgure that the chaotic dynamics dis-
appeared completely as the SL is stably locked to ML2. Te
new stable locking region largely shrinks and shifts up
around ML2 (at +1GHz). Such behavior of stable locking is
taken at label (a) in Figure 5 and shown in Figure 6(a). Te
two islands of the quasiperiodic behavior (dark grey) shown
in the original map are still evident in the resultant map and
in both sides of detuning. A typical example of this behavior
is taken at point (b) in Figure 5 and shown in Figure 6(b).

Master laser
(ML1)

Master laser
(ML2)

isolator

Slave laser
(SL)

Scheme 1: Te schematic diagram of our model.

Table 1: Parameters used in our simulation as experimentally
characterized.

Parameter Symbol Value
Wavelength λ 1556.6 nm
Diferential gain GN 1.4×10−12m3·s−1

Carrier lifetime τs 0.43 ns
Photon lifetime τp 1.8 ps
Coupling rate η 9×1010 s−1

Transparency carrier density No 1.1× 1024m−3

Treshold carrier density Nth 1.5×1024m−3

Normalized injection current I/Ith 2
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Figure 1: Stability map of the system under a single optical injected
signal and with a zero LEF. Te labels (a, b, and c) represent the
operation points where the second signal (ML2) is injected as will be
discussed later (remember that ML2 in all cases is injected at
K2 � 0.1 and ∆f2 �+7.5).
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Figure 2: Stability map of the system under dual optical injected
signals and with a zero LEF. ML2 is injected at K2 � 0.1 and
∆f2 �+7.5GHz (label (a) in Figure 1). Te labels (a to e) corre-
spond to the points where the spectra in Figure 3 are taken.
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Te rest of the map is covered by period-one behavior
(light grey) as shown at point (c) in the fgure and illustrated
in Figure 6(c).

Te bifurcation diagrams of this stability map in this case
are shown in Figure 7. Te period one and quasiperiodic
dynamics are clearly shown with no chaotic dynamics. Te
variation of carriers is confned in a narrow band due to the

locking bandwidth itself and again is dependent on the
injection level with no unexpected features.

Finally, we inject ML2 inside the quasiperiodic region at
label (c) in Figure 1. Te resulting stability map is shown in
Figure 8.

Te frst notice that can be observed here is the disap-
pearance of the stable locking region (white color) as ML2 is
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Figure 3: Power spectra (1st column), electric feld time series (2nd column), and the projection of electric feld (E) and carrier densities (n)
(3rd column). Te operating points at which these spectra are taken (a-e) are shown in Figure 2.
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Figure 4: Bifurcation diagrams of the stability map are shown in Figure 2 at (a) K1 � 0.2 and (b) K1 � 0.5. (c, d) illustrate the corresponding
carriers’ dynamics.
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Figure 5: Stability map of the system under dual optical injected signals and with a zero LEF. ML2 is injected at K2 � 0.3 and ∆f2 � 1GHz
(label (b) in Figure 1).
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Figure 6: Power spectra (1st column), electric feld time series (2nd column), and the projection of electric feld (E) and carrier densities (n)
(3rd column). Te operating points at which these spectra are taken (a-c) are shown in Figure 5.
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injected far away from this region.Te general features of the
self-pulsation region (light grey) are still evident with some
distortion in the positive detuning side (where ML2 is in-
jected). Tis behavior is taken at label (a) in Figure 8 and
shown in Figure 9(a). A clear period-one or self-pulsation
is shown.

Te quasiperiodic behavior (dark grey) is observed in
a large stripe at the top of the locking bandwidth and also in
a large area in the positive detuning side. An example of this
behavior is taken at label (b) in this fgure and shown in
Figure 9(b). Te quasiperiodic dynamic is clearly shown in
the electric feld time series and in the projection of E and n.
Te chaotic dynamics (black color) in this case are also
evident covering the rest of the map, especially at the
negative detuning side. Such behavior is taken at label (c) in
the Figure and shown in Figure 9(c). Finally, when bothMLs

coincide (at +12GHz), the resulting behavior is period-one
as shown by the light grey line and the behavior is illustrated
in Figure 9(d).

Te bifurcation diagrams of this map are shown in
Figure 10. Various routes to chaos can be spotted in the
diagrams, while inside the locking bandwidth, the system
always maintains self-pulsation dynamics as previously
mentioned. Te dynamics of carriers exhibit the same
characteristics discussed before with holes burning at ML2
(at +12GHz) or around the ROF (around 5GHz). Te
variation also increases with a higher injection level.

Finally, we should mention that this model has shown
very good agreement with experimental results in terms of
tailoring enhanced chaos in optically injected semiconductor
lasers [2] and is trusted to give good agreement with reality in
this case.
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Figure 8: Stability map of the system under dual optical injected signals and with a zero LEF. ML2 is injected at K2 � 0.4 and ∆f2 � 12GHz
(label (c) in Figure 1).
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Figure 7: Bifurcation diagrams of the stability map are shown in Figure 5 at (a) K1 � 0.3 and (b) K1 � 0.5. (c, d) illustrate the corresponding
carriers’ dynamics.
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Figure 9: Power spectra (1st column), electric feld time series (2nd column), and the projection of electric feld (E) and carrier densities (n)
(3rd column). Te operating points at which these spectra are taken (a-d) are shown in Figure 8.
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4. Conclusions

Dual optical injection dynamics in semiconductor lasers are
numerically investigated when the LEF is reduced to zero.
Despite the fact that the LEF plays a major rule in producing
rich nonlinear and chaotic dynamics, the injection of an
additional signal has shown to produce such behaviors even
with a zero LEF. Te stability maps in all cases seem to be
symmetrical in terms of locking bandwidth. However,
chaotic and nonlinear dynamics solely depend on the op-
erating points at which the additional signal is injected.
Further experimental investigation could clarify the theo-
retical expectation, which could be the next step to take.

Tese results are believed to be very advantageous in
many modern telecommunication applications where the
chaos and nonlinear dynamics are desirable (such as in
cryptographical communication) when using lasers with
very low LEF as in the case of quantum dot lasers [35, 36].
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