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The vortex model of propellers is modified and applied to the high-speed horizontal axis
turbines. The turbine blades are replaced by lifting lines and trailing vortices which shed
along the blade span. The model is not a free wake model, but it is still a nonlinear one which
should be solved iteratively. In addition to the regular case where the trailing vortices are
constrained to distribute along a helical surface, another version, where each trailing vortex
sheding from the blade grows as a free helical vortex line, is also included. Performance
parameters are calculated by application of the Biot-Savart law along with the Kutta-
Joukowski theorem. Predictions are, shown to compare favorably with existing numerical
data from more involved free wake methods, but require less computational effort. Thereby,
the present method may be a very useful tool for calculating the aerodynamic loads on
horizontal-axis wind turbine blades.
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INTRODUCTION

With a rise of interest in wind energy, intensive
research on the aerodynamic behavior of wind tur-
bines has been conducted during the past decades.
Methods concerned with the prediction of aero-
dynamic loading and performance ofwind turbines
have been reviewed in De Vries [19791 and De Vries

[1983]. Even now there are only a few theoretical
analyses which are not based on the momentum
theory Gohard [1978], Miller [1983], Maekawa
[1984], Afjeh and Keith [1986].

It has been commonly agreed that the key to an

accurate calculation of the rotor aerodynamic
behavior is the correct modelling of the rotor wake.
Because of the very complex structure of the wake
it was also evident that purely analytical methods
are limited and one should turn to numerical
methods in order to obtain general solutions.

Classification of the methods is based on the
manner in which the wake is modelled and the
induced velocity at a blade section is evaluated.
There are two main approaches to the problem of
wake modelling. The first method is known as the
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"prescribed wake" or "rigid wake" (PWM). Accord-
ing to this method the geometry of the wake is
known a priori, which implies that the velocity
field, or rather an approximation to it, has been
assumed. Once the wake geometry has been pre-
scribed, the corresponding induced velocity and
circulation distributions along the blade can be
calculated. The geometry of the wake is determined
by using different kinds of assumptions, while in
most of the cases these assumptions are based on

experimental evidence. The second method is the
"free-wake" analysis (FWM). In this method an
initial geometry of the vortex wake is assumed. The
wake is regarded as being composed of a large
number of discrete vortex elements, and these
elements are allowed to convect in the velocity
field they create. Provided the numerical method
employed is convergent, the vortex elements will
move until they take up positions which are consis-
tent with the velocity field (wake in equilibrium
state). As might be expected, the computer require-
ments for such calculations are prodigious, which
makes this kind of analysis somewhat impractical
as a design tool. This is the reason why some investi-
gators have divided the wake into two or three
different regions (near, intermediate and far wake),
at each region the computations being done in
appropriate way to that region. This approach
causes somewhat reduction in the computational
effort. However even in this simpler case the com-

putations remain too complicated and very expen-
sive. Most notable among these methods are the
fast free wake method (FFWM) of Miller [1983]
and the simplified free wake method (SFWM) of
Afjeh and Keith [1986].

This paper presents the wind turbine perfor-
mance calculations by the lifting-line method. The
method is mainly of a prescribed wake type. For a

rotating blade, the following principles are applied.
First, a blade surface is replaced by a lifting line with
the bound circulation varying along its span. The
discrete model is used, where the blade is divided
into many segments, each segment represented by a
helical horseshoe vortex. Second, induced velocities
generated by all vortices on the control point of

each segment are calculated by the Biot-Savart law.
Aerodynamic forces acting on the turbine blade are

obtained by the Kutta-Joukowski theorem and
using known two-dimensional characteristics of
the sectional airfoils. Herein, incompressibility
and nonviscosity are assumed throughout the
flow field. Unlike methods which assume that the
blade wake is a uniform helical surface whose pitch
is constant both in the radial and helical directions,
the present analysis takes into account the local
pitch of each trailing vortex springing from the
blade. It is assumed that each element of these
trailing vortices moves in space in helical motion,
having the pitch calculated with the induced
velocity at the point where this element sprang
from. Since the wake model is dependent on the
induced velocity at each radial station, while this
induced velocity is a function of the wake model,
the problem becomes nonlinear and is solved using
an iterative procedure. The approach may be
attractive due to its low computing time and costs.
This method of calculation is termed a free helical
vortex method (FHVM) and can be applied for the
optimal design of an wind turbine blade.

LIFTING LINE METHOD

Basic Assumptions

The following assumptions are adopted:

(1) A uniform stream flows parallel to the rotating
axis of the wind turbine and the fluid motion
is in a stationary state.

(2) Being a straight lifting surface with high aspect
ratio, each blade is replaced by a lifting line
which is positioned at a quarter chord behind
the leading edge and has a varying circulation I
along its span.

(3) Any blade section is considered to work under
two-dimensional flow conditions when the com-
plete influence of the induced, rotational and
axial velocities on the flow field is taken into
account (strip theory). This assumption means

that the induced radial velocity is neglected.
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(4) Viscous effects are taken into account only in
the two-dimensional properties of each cross
section.

(5) Coning and elastic displacements of the
blades are neglected and it assumed that the
blades remain straight and lie in the rotational
plane.

(6) Each element of the trailing vortices which
spring from the blade moves freely in space
(unconstrained to lie on a surface) in a helical
motion whose pitch is constant along the axial
direction and equals the pitch at the point
where this element shed from. This assumption
means that the contraction of the wake is
neglected.

x] xj ,1

BOUND VORTEX

li

TRA ILIN6 VOR TICE S

FIGURE 2 Helical horseshoe vortex.

Rotor Geometry

The rotor has a radius R and it contains B equally
spaced blades. All the blades are identical and the
chord (c), pitch angle (/3) and aerodynamic char-
acteristics along the blades are known. In addition,
the rotor rotational speed (f) and free stream
velocity (V0) are also known. As shown in Fig. an

(x, y, z) Cartesian coordinate system originates from
the center of the hub. The axis system is defined by
taking an x axis through the quarter chord line of
the blade, a z axis pointing to the positive down-
wind direction, and a y axis that completes the
right-hand system. To begin the blade is divided
into N segments. The points of division are denoted

by xj. (j-I,2,...,N+I) and it should be
noted that this partition may be either uniform
or nonuniform. As illustrated in Fig. 2, a bound
vortex of constant strength i and a control point

Ci (xi, 0, 0) are put on each segment. The two free
vortices shed from both ends of the bound vortex
and grow as helical vortices to infinity. The bound
vortex and the two trailing helical vortices form a

helical horseshoe vortex.

Induced Velocities

We define v0. and w0. as (y,z) components of
induced velocity at the blade itself, at a control
point, (xi, 0, 0), and generated by a small helical
vortex segment at the point (xj, yj, zg) on the helical

trailing vortex line that springs from the point

(x> 0, 0) with circulation equal to one. Ifwe consider
only the axial flow condition, the total normalized
induced velocities induced by helical vortex lines

(including those from other blades) Vo., WO. can be
determined by use of the Biot-Savart law

1/0 Vij
4r R vij dO, (1)

FIGURE Coordinate axes and blade division.
WO 4re R wii dO, (2)
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where

xj xi O’ 27r(n 1)-o+

0 E [0, oc), is angle of turning of the blade, and

V+w
+

We note here that (vj., wj) are circumferential and
axial induced velocities at the radial location of the
point of departure of this vortex element.

If the following nondimensional terms are
defined

Pi Pi wi
Pi R2f, Vi Rf’ Wi

then according to Eqs. (1-4) all B horseshoe vortices
j of the B blades induce the nondimensional velo-
cities VO.P and W0.PJ. at the control point xi, where
the influence coefficients V0 and W0. are expressed
as

1/0 (’rij" - (Vi,j+l Vi,j) dO,

mij (Wi,j+l wi,j) dO, (6)

Therefore i and li, the total induced velocities
at the control point xi, will be the sum of the
contributions of all the horseshoe vortices, and are
given by

N N

j=l j=l

The calculations of VO and Wo. for different
values of 7, r and v have been performed using a
mixed numerical-analytic solution method [7].

According to this method, the numerical integra-
tion is carried only to a certain azimuth angle.
Beyond this azimuth angle (to infinity), the integral
is evaluated from the average of two analytic
integrals that form the lower and upper bounds
of the real integrand.

Based on the second assumption and because of
symmetry, the bound vortices of the lifting lines
themselves do not induce any additional velocities
along the blades.

Circulation Distribution and Forces
Acting on the Rotor

We can obtain the lifting forces acting on the
bound vortices by the Kutta-Joukowski theorem as

follows where p is air density and Wi the resultant
velocity at xi, the middle of the bound vortex li. In
addition, according to the third assumption Fili
is orthogonal to the direction of Wi and Li is also
given by

Li pWi x Fili, (8)

L 1/2P[/V2icikiozi[i, (9)

where ci is the local chord (with nondimensional
form gi-ci/R), oi is the effective angle of attack
and ki is defined by

ki Czi (Re/, ozi). (10)

CLi is the local lift coefficient and is not necessarily
a linear function of ci. Quantity CLi is obtained
from the two-dimensional properties of a certain
airfoil and is a function of the local Reynolds
number Re/and the effective angle of attack ci.

The Reynolds number is defined as

Wici
Re/=, (11)

Ua

where b’ is the air kinematic viscosity.
Figure 3 shows the flow at a certain cross section

of the blade. It is clear that

Og OGi OIi (12)
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INDUCED VELOUTY

FIGURE 3 Velocity components at the blade cross section.

where aa; is the geometric angle of attack and
denotes the angle between the geometric velocity
Wo; and the reference axis ofthe blade cross section,

cai- tan- -/i. (13)

The induced angle of attack, c%, is given by

k,Wi/
(14)

J} is usually a number close to unity, but does not
equal unity because ai; is not always a small angle.
Quantity f. is obtained from previous iteration.
The substitution of Eq. (14) into (12) and then

into Eq. (9), and equating to Eq. (8), results in the
following equation

power components over all of the segments. There-
fore, the overal axial force, torque and power of the
wind turbine rotor are given by

Xtip

F- 1/2 pBcW2(CL cos -+- CD sin ) dx,
Xhu

(16)

Xtip

Q- 1/2pBcWZ(CLSin--CDCOS)xdx,
Xhu

(17)

Xtip

P /2 pBcW2 CL sin CD cos ) xf dx,
Xhu

(lS)

where is the relative flow angle.
The axial force, torque and power coefficients

are defined as nondimensional parameters of the
wind turbine as follows

F Q
2’ CQ-- 2’1/2pR2 Vo 1/2pTrR Vo

P
Cp=

1/2prRZV
(19)

NUMERICAL RESULTS AND DISCUSSION

i--1,2,...,N. (15)

This is the discrete formulation of the integro-
differential equation of the lifting line method. The
above equation (15) is, in fact, a system of simulta-
neous nonlinear equations with Ii unknowns. The
nonlinearity of the system is given by all the terms
of Eqs. (15) which are functions of the induced
velocities at the control points along the blade. We
can obtain the circulation distributions along the
blade by solving these equations iteratively. Then,
we can also calculate axial force, torque and power
per blade by summing the axial force, torque and

In this section, the preceding method is applied to
four kinds of rotor configurations, and the calcu-
lated results are compared with the existing numer-
ical data of two free wake methods: the FWM of
Gohard [1978] and the SFWM of Afjeh and Keith

[1986]. Two prescribed wake models are analysed
herein: the regular case where the trailing vortices
are constrained to distribute along the geometric
helical surface described by rotating blade, and
another less constrained, where each trailing vortex
sheding from the blade forms a free helical line
whose pitch depend on the induced velocity at the
point where it sprang from. Theoretical results
based on these two wake models: geometric helical
surface model (GHSM) and free helical vortex
model (FHVM), seem to give the upper and lower
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bounds of the real results. Probably the simplest
way to calculate the rotor performance is the
average of results obtained with these two models.
The blade geometries and operating conditions

are presented in Table I. All the cases include two-
bladed wind turbine rotors with untwisted and
constant chord blades.
The airfoil data used in the calculations are given

in analytic form as:

if c < cs 0.2 rad(11.45)
CL 2-c, Co 0.01 + 0.502 (20)

ifo >_ oz.
Cz, 2-os, Cz 0.01 -t- 0.5oz. (21)

The blade is divided into eleven elements in the
following way: rb. 0.20; 0.30; 0.40; 0.50; 0.60; 0.70;
0.75; 0.85; 0.90; 0.95; 1.00 and the control points
are located at the center of each segment.

This particular set of rotor configurations and
airfoil data were chosen in order to check the validity
of the present method by direct comparisons with
the theoretical results obtained by more involved
methods. For comparison it is given herein the same
quantities that have been presented in Afjeh and
Keith [1986]. These include distributions along the
blade for three aerodynamic quantities (circula-
tion, axial induced velocity and effective angle of
attack), only for cases 2 and 4, and overall results
(axial force and power coefficients) for all the cases.
Figures 4-9 present the aerodynamic quantity
distributions along the blade, obtained by the
present method, against those of Gohard [1978]
and Afjeh and Keith [1986]. It is seen that the

TABLE Blade geometry and operating conditions for
numerical comparisons

Case Solidity Tip-Speed Pitch angle Chord
BC/rR ratio Vo/Rf degrees fl distribution

0.106 0.105 2 constant
2 0.106 0.154 0 constant
3 0.106 0.154 2 constant
4 0.106 0.154 4 constant
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FIGURE 4 Computed nondimensional circulation distribu-
tion along the blade for case 2 conditions, Table I.
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FIGURE 5 Computed nondimensional circulation distribu-
tion along the blade for case 4 conditions, Table I.
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FIGURE 6 Computed spanwise axial induced velocity dis-
tribution for case 2 conditions, Table I.
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present computed results, evaluated as simple
average of two bound results, agree favorably with
those of the test methods. The differences are
attributed to the different modelling of the trailing
vortices.
The total integrated axial force and power

coefficients calculated by different methods of
analysis are contained in Table II. It is seen that
the results (as average values) of the present
approach agree well with the predictions of the
two test methods. It seems that as value of tip-
speed ratio (tangential over free stream velocity)
increases (case 1) the wake deformation effects
become dominant, and probably a weighted mean
of bound results with inverse tip-speed ratio,
Uo Vo/R, as weighted function, should be more
suitable. The other comparisons are necessary to
validate this new point of view.

2O

15-

0.0

0
FlCH [31

SFH 6]

0.2 0,4, 0.6 0.8 1.0

X/R

FIGURE 8 Computed effective angle of attack distribution
along the blade for case 2 conditions, Table I.
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FIGURE 7 Computed spanwise axial induced velocity dis-
tribution for case 4 conditions, Table I.

TABLE II Comparison of power and axial force coefficients

Case FWM[3] SFWM[6] GHSM FHVM Average Weighted mean

CP 0.3489 0.417 0.51560 0.28167 0.39863 0.30623
2 0.4575 0.454 0.57296 0.32014 0.44655 0.35907
3 0.4609 0.473 0.55362 0.39260 0.47311 0.41740
4 0.4379 0.451 0.50165 0.39919 0.45042 0.41497

CF 1.0762 1.144 1.26222 0.99104 1.12663 1.01951
2 1.1145 1.103 1.22614 0.95713 1.09164 0.99856
3 0.9527 0.959 1.04504 0.87943 0.96224 0.90493
4 0.7964 0.803 0.86107 0.75555 0.80831 0.77180
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On the other hand, the present approach offers
definite computer time savings and can be useful as

a design tool.

CONCLUSIONS

The nonlinear iterative prescribed wake analysis
which has been presented in this paper seem to

give good results in comparison with free wake
methods. Theoretical results based on two very
simple wake models seem to give the upper and
lower bounds of the real results. The theoretical
aerodynamic loads and performance of a number
of rotors has been calculated as the average of these
bound values. For relative high values of tip-speed
ratio where wake deformation effects are dominant
a weighted mean of bound values seems to be more
suitable. The inverse tip-speed ratio can be used as

weighted function.
The advantage of the present approach except

for being quite efficient as computing time and
accuracy is that the present prescribed wake
model is determined according to simple physical
reasoning. There is no need for different param-
eters which define the wake structure and which are
determined according to previous empirical experi-
ence. Such empirical experience is always limited,
and its application to cases where this experimental
evidence does not exist is usually accompanied by
severe doubts. Accordingly, this method of calcula-
tion can be applied for the optimal design of a wind
turbine blade.

NOMENCLATURE

B number of blades
c airfoil section cord

Cz drag coefficient

CF --axial force thrust coefficient

Ci control point, refer to Fig. 2

CL lift coefficient

CQ torque coefficient
C, power coefficient
F axial force on wind turbine

Li
P
Q

R
Re
li, Wi

correction factor in Eq. (14)
quantity defined by Eq. (10)
length of bound vortex element (m)
bound vortex lift (N)
power (W)
torque (Nm)
nondimensional distance along the blade
radius of blade (m)
Reynolds number
y, z components of total induced velocity
at the control point I (m/s)

Vii, Wo. -y, z components of induced velocity by
helical vortex filaments of unit strength
(m/s)

Vo., WO. -y, z influence coefficients

V0 wind velocity (m/s)
W -resultant velocity (m/s)
x, y, z rectangular coordinates of point, refer to

Fig. (m)
xi, 0, 0 -coordinates of the control point (m)
xj, 0, 0 -coordinates of the starting point of the

trailing vortex filament (m)

Greek Symbols

c angle of attack (rad)
ca geometric angle of attack (rad)
ci induced angle of attack (rad)
c stall angle of attack (rad)
/3 section blade pitch angle (rad)
r circulation (m2/s)

flow angle (rad)
7 nondimensional radius of the trailing vortex

filament
u pitch of the helical vortex filament

/a ---kinematic viscosity (m2/s)
p density of fluid (Kg/m3)
0 angle of turning of the blade (rad)
0’ -0 + 2r(n- 1)/B (rad)
f rotational speed (rad/s)
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