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The goal of the paper is to describe wake parameters of wakes from turbine cascades in compressible flows especially in planes
where the leading edge of the following blade row would be located. Data from experiments with turbine cascades in compressible
flow will be used to derive a theoretical approach which describes the wake growth and the recovery of the velocity deficit. The
theory is based on similarity assumptions. The derived equations depend on simple and readily available parameters such as
overall losses, exit angle, and Mach or Laval number. In compressible turbine flows, the influence of the inviscid flow field is of
great importance. In this paper, an approach to take this influence into account when determining the behavior of the wake is
presented. Correlations for basic characteristics of wakes in compressible flows are not readily available. Such correlations are
necessary as input to unsteady flow and heat transfer calculation procedures for turbomachine blades. Based on available data on
wake behavior in the compressible flow behind turbine blades, the correlations presented describe the wake behavior from the
trailing edge to the confluence of the wakes of adjacent blades.
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1. INTRODUCTION

While CFD codes for turbomachinery flows have become
widely available, boundary-layer flows in compressible en-
vironments are still a subject of research. Sieber [1], for ex-
ample, reports significant differences between his very accu-
rate, nonintrusive wake measurements and numerical calcu-
lations.

Therefore, it was felt that correlations for basic charac-
teristics of wakes in compressible flows are not readily avail-
able. Such correlations are necessary as input for unsteady
flow and heat transfer calculation procedures for turboma-
chine blades.

A review of available literature revealed that numerous
papers on wakes in incompressible flows exist. However, the
available information on wakes in compressible flows behind
turbine blades is very limited. Nevertheless, several sources
for experimental data exist (Mee et al. [2], Kurz [3, 4, 5]). Be-
cause of the application for turbomachinery, only turbulent
wakes are taken into consideration. The presented approach
is valid from the trailing edge until the width of the wake
causes adjacent wakes to interact.

This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

2. CORRELATION BETWEEN BOUNDARY LAYER
DIMENSIONS AND WAKE DIMENSIONS

In this study, the terminology and principles of the
boundary-layer approach for airfoils will be used: the co-
ordinate systems to describe the problem are outlined in
Figure 1. The wake will be described in terms of displace-
ment thickness δ1, momentum thickness δ2, and form factor
H12 = δ1/δ2.

Although the similarity solutions for the wake cannot be
applied, we still can take advantage of the fact that the shape
of the wake can be approximated by a power-law approach
(Figure 2). We use the function given by Schlichting [6]:

u(s, r)
U

= 1− k1(s) · f (η), f (η) = (1− η3/2)2
,

η = r

k2
,

(1)

yielding the following integrals:

F =
∫ 1

η=0
f (η)dη = 0.45,

F2 =
∫ 1

η=0
f 2(η)dη = 0.3156,

F3 =
∫ 1

η=0
f 3(η)dη = 0.251.

(2)
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Figure 1: Problem definition and coordinates.
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Figure 2: Shape of the wake behind a turbine blade, for Laval num-
bers between 0.71 and 0.96 and pitch-to-chord ratios between 0.771
and 0.877, using identical airfoils (test data from Kurz [5]).

Different to classical approaches, it is not assumed that the
parameters k1 and k2 behave proportionally to s−m and sm,
respectively, with m being a constant.

With the aforesaid, we are able to calculate the values for
δ1, δ2, and thus H12 for a cross, section (s = const.) of the
wake. The integration of u(r, s) for a constant s from η = −1

to +1 yields

δ1 = k1 · k2 · 2 · F,

δ2 = δ1 − k2
1 · k2 · 2 · F2,

H12 = 1
1− 0.7013 · k1

,

(3)

which allows us to calculate k1 and k2 as

k1 = 1.426 ·
(

1− 1
H12

)
,

k2 = δ1

1.283 · (1− 1/H12
) .

(4)

For δ1 = const., the equations for k1 and k2 satisfy automat-
ically Reichardt’s [7] finding that for wakes far behind cylin-
ders u0

∗b becomes a constant.
For compressible flow, we use the relation

ρ(u) = p

R
(
Tt − u2/2cp

) (5)

with p and Tt being constant.
We assume that ρu can be described by a function

(ρu)(s, r)
(ρU)s

= 1− k3(s) · f (η)− k1 · f (η) + k3 · k1
∗ f 2(η),

k3 = 1− ρ0

ρs
= 1−

(
1− ((κ− 1)/(κ + 1)

)
M∗2

s

)
(
1− ((κ− 1)/(κ + 1)

)(
M∗

s

(
1− k1

))2) .
(6)

In this function, the wake width k2 will be identical to the
wake width in the respective incompressible equation. This
leads to the compressible values for δ1c with

δ1c =
∫ (

1− ρu

(ρU)s

)
dr = 2k2

((
k3 + k1

) · F − k1k3 · F2
)
(7)

and δ2c becomes

δ2c =
∫

ρu

(ρU)s

(
1− u

U

)
dr

= 2k2
(
k1F −

(
k1k3 + k2

1

)
F2 + k3k

2
1F3

)
.

(8)

Thus, the compressible form factor is

H12c =
(
k3 + k1

) · F − k1k3F2

k1F −
(
k1k3 + k2

1

)
F2 + k3k

2
1F3

. (9)

This equation for the form factor H12c is identical with the
incompressible form factor for k3 = 0, that is, for incom-
pressible flow.
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Figure 3: Comparison of prediction and test data: compressible
form factor H12c, wake width b/bref , and momentum thickness δ2c/c
for the cascade tested by Mee et al. [2].

The ratio of the compressible and incompressible form
factors then becomes

H12c

H12
=
(
F − k1F2

) · ((k3 + k1
)
F − k1k3F2

)
(
k1F −

(
k1k3 + k2

1

)
F2 + k3k

2
1F3

) · F (10)

which is consistent with the experimental results in Kurz [8].
We will need this correlation later to calculate the velocity
deficit at the wake centerline from the compressible form
factor.

3. BEHAVIOR OF THE FORM FACTOR

The equations for the behaviour of the form factor are based
on an approach by Spence [9] for incompressible wakes. We
found, however, that Spence’s [9] approach is only valid for
the initial part of the wake development. Two zones can be
distinguished in the development of the wake as evident from
Figure 3.

In zone 1, we find a rapid decrease of H12c. This behavior
can be described with a modification of Spence’s [9] equa-
tion, replacing the incompressible form factor with the com-
pressible form factor H12c:

H12c = 1
1− (40 · s/c + 1)m · (1− 1/HTc

) . (11)

For zone 2, we found a much slower decrease of H12c. It
seems that zone 2 starts when the wake width exceeds a cer-
tain value compared to the pitch of the cascade. However,
the experimental data is not sufficient to determine that ra-
tio of 2b/(t∗ sinα1) precisely enough (it has approximately
the value of 0.2) to make it a criterion for switching from

zone 1 to zone 2. Instead, the criterion was to use whichever
the larger value for H12c of the two equations was.

The relation for H12c in zone 2 was determined to be

H12c = 1.4593 · f (M∗) · ( s
c

+ 1
)−0.1∗(1+mL)

,

f
(
M∗) = 5

√
M∗, 0.8 ≺M∗ ≺ 1.0,

f
(
M∗) = 3

√
M∗, M∗ ≤ 0.8.

(12)

This data fit is validated for Laval numbers between 0.7 and
1.0. For flows with low Laval numbers, the wake typically
does not leave the realm of zone 1, that is, the equation for
zone 1 is valid for the entire wake.

It is important to keep in mind that the form factor rep-
resents the velocity decay of the wake. We cannot therefore
assume that m is a constant. As found by Raj and Laksh-
minarayana [10], the decay of the velocity defect depends
strongly on the flow field outside of the wake. This means
that m in (13) and (14) will depend on the behavior of the
velocity at the wake edge.

We assume that the known behavior of U can generally
be described by U ∼ sm with m being constant for small seg-
ments of s. The relation between two adjacent points is then

m = −0.5
(
1 + mL

)
, mL = log

(
U
(
s1
)
/U
(
s2
))

log
(
s1/s2

) . (13)

The aforesaid does not yet take into consideration the effect
of a nonsymmetrical wake, as it typically will appear behind
cascades due to the different boundary layers on suction and
pressure side. Spence [9] has concluded that, given the defini-
tion of the initial form factor as used in (13), one can neglect
the effect of nonsymmetrical wakes on the behavior of this
form factor.

As mentioned before, one of the crucial points in this cal-
culation is the form factor at the trailing edge. Because the
base pressure plays an important role in the loss generation
of a turbine blade, we have to take this into consideration for
a revised definition of the form factor at the trailing edge. We
assume the influence of the trailing edge as follows: The dis-
placement thickness is equal to the trailing-edge thickness as
before. The base pressure creates a loss, which is then trans-
ferred into a momentum thickness by

δ2te =
δtecpb

2
(14)

using Fiedler’s [11] definition of the loss due to the base pres-
sure.

This leads ultimately to a form factor at the trailing edge:

HT =
δ1ss + δ1ps + δte

δ2ss + δ2ps +
(
δtecpb/2

) . (15)

The contribution of the trailing-edge thickness to the de-
nominator can almost be neglected, whereas especially for
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blades with thick trailing edges, the contribution of the
trailing-edge thickness to the overall form factor is consid-
erable.

Figure 3 shows the validity of the present approach by us-
ing data from Mee et al. [2].

4. ASSUMPTION ABOUT THE POTENTIAL
FLOW FIELD

As stated previously, the inviscid flow field has a great impact
on the development of the wake. Typically, the structure of
the inviscid flow field is quite complex. In order to imple-
ment the inviscid flow field onto the present model, we use
the following assumptions, which are backed by Schlieren vi-
sualizations, for example, by Nakayama [12].

(i) The flow field can be described by a constant velocity
with superposed cosine waves.

(ii) The amplitudes of the cosine waves decline with
exp(−k4z), with k4 = 3.815 from experimental data
by Kurz [8].

(iii) The initial amplitude (at z = 0)is half the difference
between the highest Laval number on the suction side
and the velocity at the trailing edge.

(iv) The maxima are located on a line perpendicular to the
suction surface at the location of the highest velocity.
They proceed at an angle γ to the axial direction. This
requirement defines also k7.

(v) The minima are located on lines parallel to the maxi-
mum locations, but through the trailing edge.

(vi) If the velocity maximum appears at or close to the
throat, we assume axial propagation.

As experimental data (Kurz [4, 5]) shows, the static pressure
field across the wake is imposed by the inviscid flow field. The
above assumptions lead to a the following description of the
inviscid flow field behind a cascade:

U(s, r) = U − ∆U0

· exp
(− k4

(
s sin

(
α1 − γ1

)− r cos
(
α1 − γ1

)))

· cos

(
2π
(
s cos

(
α1 − γ1

)
+ r sin

(
α1 − γ1

)
+ k8

)
(
t + k9k7

)
cos

(
γ1
)

)
,

∆U0

U
= ∆M∗

2M∗ ,

s <

(
t − k7

) · cos
(
γ1
)

2 cos
(
α1 − γ1

) , k9 = −1∧ k8 = 0,

s ≥
(
t − k7

) · cos
(
γ1
)

2 cos
(
α1 − γ1

) , k9 = 1∧ k8 = k7 cos
(
γ1
)
.

(16)

5. BEHAVIOR OF MOMENTUM AND
DISPLACEMENT THICKNESS

To determine the development of δ1c and δ2c, we now apply
the boundary layer momentum equation, modified for wakes

Table 1: Configurations for sample calculations.

Source Kurz [5] Kurz [5] Mee et al. [2]

t/c 0.877 0.822 0.84

M∗
1 0.96 0.71 0.93

α1 27.0 25.5 22.0

δte/c 0.04 0.04 0.02

K7/t −0.69 +0.41 +0.65

∆M∗/M∗ 0.41 0.12 0.10

γ 23.0 0.00 19.0

HT 22.0 17.0 6.9

Re /105 6.7 4.5 10.0

insofar as the shear stress at the wake centerline is zero:

dδ2c

ds
+ δ2c ·

(
H12c + 2

U
· dU
ds

+
1
ρs

dρs
ds

)
= 0. (17)

The values for U , dU/ds, and ρ are known from the assump-
tion on the potential flow. H12c is calculated using (13) and
(14).

Because of the nature of cascade flows, we must correct
the average free-stream velocity U by the flow into or out of
the wake region. This is done by

U =
(
t sinα1 − δ1c

)
init.

(
ρsU

)
init.(

t sinα1 − δ1c
) · ρs , (18)

where the initial values are taken at the trailing edge.
Figure 3 shows the validity of the described assumptions.

It shows especially that δ2c is highly influenced by the free-
stream velocity. In Figure 3, where the calculated results are
compared with Mee’s [2] data, it can be seen that the model is
able to capture the decreasing and increasing of δ2c, which is
obviously caused by the flow conditions outside of the wake.

6. TEST CALCULATIONS AND COMPARISON
WITH TEST RESULTS

The set of equations derived above allows to calculate typi-
cal shapes of wakes as inputs into other calculations without
having to perform a complete Navier-Stokes calculation.

In order to prove its usefulness, several test calculations
were performed to compare them with data of several con-
figurations (Table 1).

All the test calculations are for transonic turbine cascade,
typically, with high turning. The cascade tested by Kurz [3,
4, 5] is a nozzle profile from a small gas turbine with a very
thick trailing edge and an exit flow angle of about 26◦. Mee
et al. [2] tested a turbine profile with a fairly thick trailing
edge and a flow angle of 22◦. Table 1 lists pertinent data for
the configurations.

Having calculated δ2c and H12c for a certain location be-
hind the blade, it is possible to calculate the wake width and
velocity defect. From H12c, we calculate H12 using (12) which
leads to u0/U = k1. We now can calculate k3, and reiterate
the calculation of H12, now using (10). δ2c leads to δ1c, which
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Figure 4: Measured and calculated velocity defects and wake width
for cascades tested by Kurz [5]: (a) t/c = 0.877 and M∗ = 0.96, and
(b) t/c = 0.822 and M∗ = 0.71.

together allow to determine the values of k2. Figures 3 and 4
show comparisons between calculated and measured down-
stream development of the wake for the data reported by Mee
[2] and Kurz [5]. With this information, we can compute the
loss distribution either parallel to the exit plane or perpen-
dicular to s. Figure 4 shows a comparison between calculated
and measured velocity defects u0/U and wake width b = 2k2,
respectively. We can see in Figure 4b that for M∗ = 0.71 the
switch from zone 1 to zone 2 does not appear until s/c = 0.65.

7. CONCLUSIONS AND PRACTICAL IMPORTANCE

The results of this paper show that no simple solution for the
wake characteristics exists for transonic turbine blades. An
important reason for this is the fact that the inviscid flow field
imposes complex boundary conditions onto the wake. The
presented model is able to simulate wakes of turbine blades
very accurately because a simple but realistic model for the
inviscid flow field behind the cascade was created.

The results show that the dominating factors for the for-
mation of the wake are the inviscid velocity field behind the
cascade and the form factor at the trailing edge HTc, which
is mostly determined by the trailing edge thickness. There is
also a very distinct influence of the average free-stream Laval
number. Especially, the wake width, which is influenced by
the local momentum thickness in addition to the form fac-
tor, shows a distinct dependency on the inviscid flow field
even far downstream of the trailing edge. We did not find an
indication for an influence of the Reynolds number. Also, the
free-stream turbulence seemed to play a negligible role. The
information compiled in this paper allows to select realistic
parameters for the description of wakes. Therefore, realistic
input parameters in numerical flow calculations can be easily
selected. Results from CFD calculation can be verified against
the described, very simple, and universal correlations.
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