
Hindawi Publishing Corporation
International Journal of Rotating Machinery
Volume 2010, Article ID 540101, 5 pages
doi:10.1155/2010/540101

Research Article

Approximated Stiffness Coefficients in
Rotor Systems Supported by Bearings with Clearance

Magnus Karlberg

Division of Computer Aided Design, Department of Applied Physics and Mechanical Engineering,
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Many kinds of rotating machinery are supported by bearings with clearance, which are further clamped in a supporting structure.
When designing such machinery it is important to be able to predict dynamics and hence valid models are needed. Due to gravity,
the shaft often vibrates close to a static equilibrium position leading to a possibility to linearise the equation of motion. Although
several studies on bearings with clearance exist, there are still no reports on how such clearances affects the stiffness coefficients
close to a static equilibrium position. Therefore, analytical expressions for such approximated pedestal stiffness coefficients
have been derived in this paper. By using such approximated pedestals in simple rotordynamical models, it was found that the
eigenfrequencies decrease significantly with clearance. It is further shown that the approximated pedestal stiffness coefficients only
will be valid for vibrations close to the static equilibrium position.

1. Introduction

Many kinds of rotating machinery are supported by bearings
with clearance, which are further clamped in a supporting
structure, that is, pedestals. When designing such machinery
mathematical models are needed in order to predict dynam-
ics and thereby avoid unwanted vibrations.

Tiwari et al. [1] showed that both vertical and horizontal
ball bearings stiffness decreases with clearance. They further
showed that complicated nonlinear motion can occur in
systems supporter on ball bearings if the clearance becomes
large enough. For a similar rotor system, supported by ball
bearings, Mevel and Guyader [2] found different routs to
chaos experimentally.

Several studies, both analytical and experimental, on
dynamics due to clearance have been carried out by use
of a Jeffcott rotor which impacts a rigid stator (snubber
ring) supported by springs [3–6]. In these studies, the rotor
goes in and out of contact and the piecewise change in
stiffness gives a nonlinear system. Chang-Jian and Chen [7]
showed that complicated motion can occur in rub-impact

Jeffcott rotor systems supported by oil-film short bearings.
Attempts have further been made to find approximate
solutions for piecewise linear systems. Karpenko et al. [8]
discussed two different approximate methods (one point
method and multiple point method) while Kim et al. [9]
tested replacing the signum and absolute functions with
smoothening functions.

Due to, for example, gravity, many rotating systems
will displace in one direction and thereby avoid to loose
contact during vibrations, that is, if the unbalance and
spin speed is not too high. Childs [10] and Ehrich [11]
(1988) found subharmonic responses of similar systems
considering gravity and nonsymmetric clearance effects.
Further, Ganesan [12] studied stability of the same model as
was used by Childs [10].

So far, little has been reported on how the bearing and
supporting structure common stiffness depends on clearance
in systems subjected by a static load (as gravity) causing
the system to vibrate close to a static equilibrium position
(s.e.p.). Hence, the objective for this paper is to derive
analytical expressions for the approximated pedestal stiffness
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Figure 1: Single pedestal unit model.

coefficients in systems with bearing clearance in contact
vibrating close to an s.e.p. and to show limitations of such
an approximation.

2. Analysis of Pedestal Stiffness

To analyse how the pedestal stiffness in rotating machinery
depends on clearance in bearings, for example, roller bear-
ings, ball bearings, and so forth. a single pedestal unit is
studied see Figure 1.

A shaft is assumed to be in contact with a bearing with
clearance which is modeled as a rigid ring which is further
supported by a spring, with stiffness coefficient kb which
together is referred to as pedestal. The position of the shaft
center is given by the vector r = xi + yj, and the clearance
between the shaft and the stator δ = rr − rs where rs is the
shaft radius and rr the bearing ring radius. When |r| ≥ δ
(i.e., in contact) and the friction in the ring is neglected, the
contact reaction force is

Fc = kb(|r| − δ)
|r|

(
xi + yj

)
. (1)

In many situations a static load is present, for example, due to
the weight of the rotor, resulting in shaft whirling around an
s.e.p. which here is denoted (xse, yse). The partial derivatives
of the contact force given in (1) with respect to x and y are

∂Fc
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y2

se
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(2)

From (2), components in different directions can be ex-
tracted giving the approximations for the pedestal stiffness
coefficients at the s.e.p.
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(3)

The stiffness matrix for the single pedestal unit shown in
Figure 1 is then

K =
⎡

⎣
kxx kxy

kyx kyy

⎤

⎦ (4)

with the displacement vector

x =
[
x y

]T
. (5)

Figure 2(a) shows the stiffness coefficient ratio kxx/kb,
Figure 2(b) kyy/kb and Figure 2(c) kxy/kb (given by (3))
as a function of xse for different clearances when yse =
−1 · 10−5 m. The solid line represents δ = 0 m, dashed line
δ = 2.5 · 10−4 m and dashed dotted line δ = 5 · 10−4 m.
Figure 2 shows that the approximated pedestal stiffness
coefficients depend on both the amount of clearance and the
s.e.p.

3. Rotordynamics

To show rotordynamical effects due to bearings with
clearance, as shown in Figure 1 and to enable discussions
regarding the validity of the approximated pedestal stiffness
coefficients one system is modelled in two different ways. An
FE-model is used for analyses of the fully nonlinear equation
of motion while a Jeffcott rotor is used for analyses of the
linearised equation of motion including the approximated
pedestal stiffness coefficients close to an s.e.p (see (4)). Notice
that all numerical data are given in SI-units.

3.1. The Fully Nonlinear FE-Model. Here, the rotor system
is modelled by use of finite elements and lumped matrices
(see Figure 3). The shaft consists of two Euler beam elements
with the d.o.f. x, y, ϕ and θ at each node. The ij-plane
is perpendicular to the rotational symmetric z-axis, ϕ is
rotation around the i-axis and θ rotation around the j-axis.
The young’s modulus of the Euler beams is set to E =
2 · 1015 N/m2, the density to ρ = 7800 kg/m3 and the radius
of the circular section to 0.1 m, that is, a stiff shaft with low
weight. By this assumption, the stiffness is concentrated to
the bearings which are of interest in this paper. Node one is
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Figure 2: Approximated pedestal stiffness coefficient ratios.

located at the left end, node two 0.5 meter from the left end
and node three 1.0 meter from the left end.

The shaft is supported by pedestals with clearance δm as
shown in Figure 1. The isotropic stiffness coefficient for both
pedestals are set to kb = 1 · 109 N/m. A rigid disc with mass
m = 2000 kg, transversal moment of inertia Jt = 100 kg ·m2

and polar moment of inertia Jp = 200 kg · m2 is applied at
node two. Proportional damping is applied to model, that is,
the damping matrix

C = αM + βK, (6)

where α = 100 and β = 10−7.
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Figure 3: FE-model supported by pedestals with clearance.

Figure 4: Jeffcott rotor model supported by pedestals with clear-
ance.

3.2. The Jeffcott Rotor Model with Approximated Pedestal
Stiffness. Figure 4 shows a Jeffcott rotor with massless shaft
and a rigid disc supported by pedestals with clearance δ as
shown in Figure 1. The disc is restricted to translation in i
and j-direction and the massless shaft is considered stiff, that
is, the stiffness is only due to the pedestals.

Assuming contact in the bearings (|r| ≥ δ), proportional
damping (6) and only unbalance and gravity in −j direction
as external load the governing equation of motion close to
the s.e.p. can be approximated by
⎡

⎣
mJ 0

0 mJ

⎤

⎦

⎡

⎣
ẍ
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⎣
mJγΩ2 sin(Ωt)

mJγΩ2 cos(Ωt)

⎤

⎦,

(7)

where Ω is the spin speed, γ the eccentricity and the
coordinates x and y are displacements in i- and j-direction
with origin in the s.e.p. (xse, yse). The mass of the disc
together with the FE-model shaft mass (in order to make the
two models comparable) is denoted mJ .

3.3. Case 1: No Shaft Rotation. For both the Jeffcott and the
FE-model, due to gravity g = −10j m/s2, the shaft will
displace into an s.e.p.

xse = 0 m, yse ≈ −
(
mJ · g

2kb

)
− δ m (8)
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Figure 5: Eigenfrequency and transfer function as function of
clearance at zero spin speed.

in the bearings. At this s.e.p. Figure 2 shows that the stiffness
coefficients kyy = kb and that kxy = kyx = 0 for every
clearance δ while kxx is linearly dependent of δ.

Since the FE-model has a nonlinear equation of motion,
an eigenvalue analysis cannot be performed. However, by
applying a random force of 1000 N in i-direction at the disc
node, a transfer function can be derived.

Figure 5 shows the transfer function of the FE-model
(for velocity) and the corresponding eigenfrequency of the
Jeffcott model for vibrations in i-direction as function of the
clearance close to the s.e.p. given by (8) when the spin speed
Ω = 0 Hz. The black dashed line is the eigenfrequencies
derived from (7), that is, the Jeffcott rotor, while the
black and white area is the transfer function of the FE-
model. White indicates large vibration amplitudes and black
indicates low vibration amplitudes. Figure 5 shows that at
Ω = 0 Hz the eigenfrequencies in i-direction of the Jeffcott
model decreases from 50 Hz to 25 Hz as the clearance is
increased from 0 to 0.5 mm. The eigenfrequencies of the
Jeffcott model further coincides with the large amplitudes
(resonances) in the transfer function derived from the FE-
model.

3.4. Case 2: Shaft Rotation at Small Amplitudes. In this case,
the s.e.p. are given in (8) (i.e., due to gravity g = −10 j m/s2).
The shaft rotates with a spin speed Ω = 30 Hz and the
unbalance is furthermore set to γ = 1 · 10−7 m.

Figure 6 shows the unbalance response displacement
orbit in the ij-plane for Case 2. The solid line represents
the FE-model while the dashed line represents the Jeffcott
model approximation. Both models give similar elliptical
shape of the orbit although the Jeffcott model over predicts
the vibration amplitude with a few percent.

Figure 7 shows the maximum amplitude in i-direction at
steady state as a function of the spin speed. The solid line
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represents the FE-model while the dashed line represents
the Jeffcott model. This figure shows that the error of the
Jeffcott model increases with vibration amplitude, that is,
with increased distance from the s.e.p.

3.5. Case 3: Shaft Rotation at Large Amplitudes. In this case,
the same set of parameters as for Case 2 has been used except
for the unbalance which in this case has been increased to
γ = 2 · 10−4 m.

Figure 8 shows the unbalance response displacement
orbit in the ij-plane for Case 3. The solid line represents the
FE-model, the dashed line represents the Jeffcott model and
the dashed dotted line the clearance (to show that the orbit
is in contact). The linearised Jeffcott model still gives an
elliptic orbit while the FE-model gives a somewhat distorted
elliptical orbit due to the nonlinearity of the clearance.
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4. Discussion and conclusions

The approximated stiffness coefficients close to an s.e.p.
for bearings with clearance derived in this paper requires
contact between the shaft and the bearing and that the
friction in the contact can be neglected. It is further assumed
that the shape of the contact structure (see Figure 1) is
remained during contact. These assumptions require that
the supporting structure, in which the bearing have been
clamped, is significantly weaker than the contact stiffness
itself, which is the case, for example, in several rotating
machinery supported by roller bearings or ball bearings.

The analyses of a single pedestal unit show that in
contact, for example, due to gravity, approximated stiffness
coefficients can be derived which depends on both the s.e.p.
and the clearance (see (3)). Figure 2 shows how the stiffness
coefficient ratio, that is, stiffness coefficients divided by the
pedestal stiffness, depends on xse for different clearances
when yse = −1 · 10−5 m. At no clearance, as expected,
the stiffness ratio kxx/kb = 1 and kyy/kb = 1 while the
cross coupling term kxy/kb = 0. However, kxx/kb and kyy/kb
decreases with the clearance while the absolute value of the
cross coupling stiffness increases (it changes sign depending
on which side of on the j-axis that is considered).

It can be stated that the clearance give raise to a
significant decrease of eigenfrequencies. At no rotation
(Ω = 0 Hz), the eigenfrequencies of the Jeffcott model (and
the frequencies of the large amplitudes of the FE-model)
decreased with 50% when the clearance was increased from
0 to 0.5 mm (see Figure 5). It can also be stated that the
approximated stiffness coefficients can be used to predict
the dynamics close to the s.e.p. (see Figures 5, 6, and 7).
However, for larger vibration amplitudes, the Jeffcott model

deviates from the fully nonlinear FE-model (see Figure 8).
This means that the validity of the approximated stiffness
coefficients decreases with increased vibration amplitudes.
Hence, this paper provides analytical expressions for the
stiffness coefficients that can be used in rotating machinery
models and thereby avoiding fully nonlinear equations.
However, these stiffness coefficients will only be valid for
vibrations in full contact close to the static equilibrium
position.
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