
Research Article
Characterization of Hydraulic Power in
Free-Stream Installations

Olivier Cleynen, Stefan Hoerner, and Dominique Thévenin
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The performance of open-channel hydropower devices can be optimized by maximizing the product of their load, hydraulic, and
generator efficiencies. Themaximum hydraulic power theoretically available must be defined according to the operational scenario
retained for the device of interest. In the case of a device operatingwithin awide, unobstructed channel, the existence of amaximum
hydraulic power and the operating speed required to reach it are first predicted using a one-dimensional flow model. This model
is then extended to account for the effect of device ducting. As a result, given the available surface level drop and a single duct
characteristic parameter, the model predicts the optimum device operating speed, whether the duct can improve performance, and
the relative duct size which maximizes the installation’s power density, all at a very low computational cost.

1. Introduction

It is now widely accepted that fluid flows in the environment
represent a resource whose exploitation can make a signifi-
cant contribution towards solving our current energy produc-
tion challenge. While the bulk of this contribution currently
comes from high-head hydraulic installations and axial wind
turbines, research is also being carried out to optimize uncon-
ventional devices such as Wells [1], Savonius [2], or Darri-
eus [3] turbines, which are suited to specific installation sites
or operating conditions.

One further area of interest is the exploitation of water
currents with low-power, low-footprint devices [4]. Conven-
tional micro-hydro (<100 kW) and pico-hydro (<5 kW) ins-
tallations are associated with high global sustainability rat-
ings [5]; in particular, devices operating without additional
damming or modification to channel beds have an extremely
low impact on fauna and flora and are most likely to meet the
most stringent environmental regulations in Europe or even
Germany. Because they feature relatively high availability
and can be installed with relative ease near populated areas,
machines such as floating water wheels and turbines may
make a valuable contribution towards increasing electrifica-
tion or decentralizing existing power networks.

It is immediately apparent, however, that these devices
are afflicted with low-power densities and may feature rela-
tively high power-specific acquisition costs. The first issue of
maximizing efficiency is considered in the present publica-
tion, while the minimizing of associated costs is considered
separately under the guidance of other project partners [6].
The complex nature of fluid flows within these machines
(three-dimensional, turbulent, featuring free surfaces) makes
it difficult to predict a priori their power potential. The
final stages of the design of such turbomachines are in
practice carried out using Computational Fluid Dynamics
(cfd) simulations and experimental measurements. For such
flows involving moving parts and free surfaces, considerable
computational resources and time budgets are required. In
addition, errors associated with the volume-of-fluid (vof)
technique, and especially the inherent uncertainties associ-
ated with the Reynolds averaging (rans) of the momentum
equations in cfd, require devoting additional resources to
calibration and validation of simulation results.

In this view, simpler models permitting faster compu-
tations may provide an opportunity for early-stage opti-
mization over a considerably broader range of parameters.
Additionally, the interdependency of design and operating
parameters—for example, the use of floats and rigs to duct
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Figure 1: Notation for describing an arbitrary hydraulic installa-
tion, including the effective head 𝐻eff introduced by Pelz [7] and
described in Section 3 of this paper.

water flow to the device affects both the powermade available
to the machine and its internal efficiency—is such that a
theoretical analysis of the achievable performance is a first,
essential step towards developing high-efficiency systems.

The motivation for this paper is thus to propose a frame-
work to measure the efficiency of hydraulic devices operating
in free-stream flows significantly larger than themselves. The
parameters controlling the design and operation of such
machines will be first derived. Optimal conditions will be
identified. Then, the flow characteristics and performance
changes resulting from the use of stationary ducts will be
discussed.

2. Parameters for Hydropower
Performance Evaluation

Several approaches can be taken for quantifying the per-
formance of hydraulic power devices. The following criteria
and notation, illustrated in Figure 1, are used in the present
analysis.

Hydraulic power �̇�hydraulic is the time rate at which
water affected by the machine is losing or gaining specific
mechanical energy 𝑒:

�̇�hydraulic ≡ ∫ (Δ𝑒) d�̇� (1)

in which the integral is performed over the surface of a
control volume enclosing the device, and in which the sign
of Δ𝑒 is measured from the reference frame of the fluid (and
thus usually negative – a loss).

In the case of a machine with uniform inlet and outlet
properties, Δ𝑒 can be evaluated as follows:

Δ𝑒 = Δ [𝑔 (𝑧 + ℎ) + 12𝑢2] . (2)

In that case and when themass flow through themachine�̇� is easily identified, hydraulic power (1) is simply evaluated
as follows:

�̇�hydraulic = �̇�Δ [𝑔 (𝑧 + ℎ) + 12𝑢2] . (3)

Nevertheless, in the case of a device operating within a
wide channel (such as a tidal turbine), it may be impossible
to identify a single mass flow rate �̇� corresponding to a
streamtube with uniform properties, and �̇�hydraulic needs
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Figure 2: A conceptual representation of the energy flow through a
machine operating in arbitrary conditions. The usable power �̇�usable
is maximized when the three efficiencies 𝜂generator, 𝜂hydraulic, and 𝜂load
are equal to one. The definition of what constitutes the maximum
value of ∫Δ𝑒 d�̇� depends on the operating constraints, as discussed
later.

to be evaluated with integral (1), which requires extensive
knowledge of the velocity field.

The hydraulic power transmitted to or from the device
can have an extremum value for a given set of constraints.
The existence and value of this maximum or minimum
depend on the parameters which are assumed given, that
is, on the chosen operational scenario. The purpose of the
present document is to study and determine best design and
operating conditions.

The energy flow through a hydraulic machine can be
conceptualized as shown in Figure 2. The performance of a
hydraulicmachine is then evaluated using the following three
efficiencies.

When there exists an extremum hydraulic power (see
later discussion), then a device’s ability to reduce the energy
of the water is measured with the load efficiency 𝜂load:

𝜂load ≡ �̇�hydraulic

�̇�hydraulicmax.
. (4)

The hydraulic power extracted from the water is in part
converted to (useful) shaft power, while viscous effects cause
the other part to be washed down the flow, ultimately trans-
lating into heat. A measure of the conversion effectiveness is
already known as the hydraulic efficiency 𝜂hydraulic:

𝜂hydraulic ≡ �̇�shaft�̇�hydraulic
. (5)

Because of the high specific heat capacity of water, losses
converted into heat do not translate into easily measurable
temperature changes, in particular for free surface flows
and for such low-power installations. In practice, a direct
experimentalmeasurement of the hydraulic efficiency of such
an installation is therefore very difficult.

Lastly, the shaft power is converted into usable form, usu-
ally electricity, in a process whose effectiveness is measured
with the generator efficiency 𝜂generator:

𝜂generator ≡ �̇�usable�̇�shaft
. (6)

Therefore, the usable power developed by a hydraulic
installation can be expressed as follows:

�̇�usable = 𝜂generator𝜂hydraulic𝜂load�̇�hydraulicmax.. (7)
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Differing definitions for the efficiency may be con-
structed; for example, a different turbine efficiency may be
devised to relate the shaft power to the flow wake impact
[8]. Nevertheless, this study focuses on the energy conversion
process.The three efficiencies in (7) are independent but may
be affected together. For instance, the rotating speed of the
impeller would impact both 𝜂generator and 𝜂hydraulic. In what
follows, the focus is on hydrodynamics and 𝜂generator is not
further considered.

Hydraulic power can be nondimensionalized by com-
paring it to a partly arbitrary reference power: this ratio is
named harvesting factor or power coefficient 𝐶P. A commonly
accepted definition [9], used as well in this paper, is

𝐶P ≡ �̇�hydraulic

(1/2) 𝜌𝐴 f𝑢3∞ . (8)

Other selections of reference powers for the denominator
of (8) can be used, such as those proposed by Li [10], Denny
[11], or that put forth by Pelz [7], that is discussed below and
rewritten here with our notation:

𝐶P ≡ −�̇�hydraulic

(4/5) �̇� (𝑔ℎ1 + (𝛼1/2) 𝑢21 − 𝑔Δ𝑧) . (9)

At that point, it is important to stress out that the effi-
ciency values 𝜂 introduced previously have an unambiguous
definition and fulfill the condition 𝜂 ≤ 1. On the other hand,
the power coefficient is merely a nondimensional parameter
with a partly arbitrary character. As a result, the value of 𝐶P
might even exceed 1. Different values for themaximumpower
coefficient 𝐶Pmax. may be attributed to a given machine,
because either the underlying assumption in defining the
optimum case or the definition of 𝐶P may differ. These are
the only reasons why Pelz’s limit described later in (11) does
not converge towards Betz’s classical result when 𝑔 → 0ms−2
and Δ𝑧 → 0m.

Given this context, and considering only steady fluid
flows with uniform inlet and outlet properties, the open
question raised in this paper is “which optimum operating
conditionswillmaximize the hydraulic power of any arbitrary
device subjected to given altitude drop and viscous losses?”

3. Maximum Power in Obstructed
Channel Flow

In order to connect our new developments with established
results from the literature, the analysis starts by considering
an obstructed channel. Pelz first developed (2011, [7]) an
expression for an extremum hydraulic power �̇�hydraulicmax.
with the following constraints:

(1) A full obstruction of the upstream fluid flow
(2) An entirely unobstructed downstream flow
(3) A limited outlet width.

Thus, in this model, condition (2) turns the outlet water
height ℎ2 into a control variable, while condition (1) sets the
mass flow �̇�, and condition (3) sets the outlet width 𝑏2, as

input constants. The known mass flow �̇� passes through the
device at all times.

To analyze the system, Pelz defines an energy budget
termed effective head𝐻eff . ≡ ℎ1 + 𝛼1(𝑢21/2𝑔) − Δ𝑧, using the
notations shown in Figure 1 and in Nomenclature. Pelz then
shows that the hydraulic power available to an installation fed
with rectangular ducts can be maximized if two conditions
are met. They constrain the Froude number at exit 𝐹2 ≡𝑢2,av./√𝑔ℎ2 and the volume flow per unit width at exit 𝑞2 ≡
V̇2/𝑏2 = 𝑢2,av.ℎ2/𝑏2, leading to following conditions:

𝑞2,opt. = ( 𝑔𝛼2)
1/2 [25𝐻eff .]

3/2 , (10a)

𝐹2,opt. = 1. (10b)

The maximum hydraulic power that may be extracted
from a flow of given𝐻eff . when 𝜂hydraulic = 1 is then written in
our notation:

�̇�hydraulicmax,Pelz = −𝜌𝑏2 (𝑔
3

𝛼2)
1/2

[25𝐻eff .]
5/2 . (11)

This optimum,whichcan be rewritten as �̇�hydraulicmax,Pelz =−�̇�𝑔(2/5)𝐻eff ., is a benchmark to evaluate the performance of
hydraulic machines working with a fully controlled stream,
that is, in installations where the fluid is guaranteed to enter
the device and where the outlet flow can be discharged with
any chosenwater level height ℎ2. Indeed, during performance
evaluations of such devices, the mass flow rate �̇� is a direct
input variable [12].

The removal of condition (1) (full flow obstruction, with
the entire stream passing through the device) has been later
explored by Pelz and Metzler [13]: a model is then obtained
for the performance of channel hydraulic devices installed on
the bottom of channels and with lateral flow bypass.

Even if these theoretical findings have a pioneering
character and remain of great use, many hydraulic devices
exist for which conditions (2) and (3), necessary for the
derivation of the above optimum, do not apply. Such devices
may include floating installations operating in wide and/or
deep channels, for example, operated where the tidal power
potential is highest [14] or away fromnavigation lanes. In that
case,

(i) the mass flow �̇� flowing through the device is not
readily known because it is a function of the operating
conditions;

(ii) it cannot be assumed that an unobstructed, steeply
sloped bed at altitude 𝑧2 is available at the outlet to
receive the water leaving the machine. Instead, the
outlet boundary condition will be conditioned by the
water level altitude {𝑧2 + ℎ2} of an existing body of
water (e.g., a reservoir) independent of the device
operation.

A machine operating in such conditions would therefore
attain a maximum hydraulic power different from that quan-
tified in (11). For such a case, constraining the value of �̇� as
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Figure 3: A hydraulic machine in the most generic case: the fluid
momentum is altered by the combined action of forces �⃗�actuator,�⃗�Δ𝑝alt. , and �⃗�loss.

input variable, as in [15], would result in grossly overestimated
power calculations. The purpose of the next section is to
determine a realistic prediction of optimal operation.

4. Maximum Power in Unobstructed
Channel Flow

A model is developed here to evaluate the performance of
a hydraulic power device operating in a wide channel and
constrained by a given outlet water altitude {𝑧2 + ℎ2}. This
model is based on the classical actuator disk models
developed by Froude, Betz, Joukowski, and other scientists
(described, e.g., by van Kuik et al. in 2015 [16]). Building
on top of this classical theory, the effects of altitude change
and duct pressure loss will be included in the analysis. This
model assumes uniform inlet and outlet velocities; however,
advances made in the modeling of wakes [17] and wall effects
[18] may lift this restriction in the future.

In the most general case, a hydraulic machine can be
described as shown in Figure 3; water incoming at 1 and
leaving at 2 sees its momentum changed by the three forces
�⃗�actuator (by the power-producing moving parts), �⃗�Δ𝑝alt. (due
to altitude change), and �⃗�loss (due to internal friction effects):

�⃗�actuator + �⃗�Δ𝑝alt. + �⃗�loss = �̇� (�⃗�2 − �⃗�1) . (12)

When one considers the machine as a black box, the hyd-
raulic power production can be described as a one-dimen-
sional phenomenon.Here, for clarity, themachine is arranged
so that all forces and velocities are aligned with the horizontal
direction, 𝑥.

In an ideal machine designed for this environment, water
would be guided to and from an actuator surface, across
which hydraulic power is extracted from the fluid (Figure 4).
The velocity changes of the fluid are matched with cross-
sectional area changes along the flow, so that the pressure
distributionwithin the device can be traced as in Figure 5 and
quantified as follows.

The force exerted by the ideal actuator can be expressed
in two different ways, one as a function of the rate of change
of momentum of the water:

𝐹actuator = �̇� (𝑢2 − 𝑢1) − 𝐹Δ𝑝alt. − 𝐹loss
= 𝜌𝑢A𝐴A (𝑢2 − 𝑢1) + 𝜌𝑔𝐴AΔ (𝑧 + ℎ) − 𝐹loss

(13)
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Figure 4: Cross section of an arbitrary ideal hydraulic installation.
The water streamtube expands from cross-sectional area 𝐴1 to 𝐴A,
with a corresponding increase in pressure. The actuator surface of
area 𝐴A extracts hydraulic power from the fluid with a resulting
pressure drop; the streamtube then expands again so the outlet
pressure reaches 𝑝2. The altitudes of the inlet, outlet, and actuator
surface do not affect the machine’s performance and are never
specified. In this model, neither ℎ1 nor ℎ2 are affected by the power
extracted by the device, since it occupies only a small part of the
channel.
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Figure 5: Pressure distribution within the arbitrary ideal machine
described in Figure 4. The pressure 𝑝1 of the inlet water is raised
twice: first as its velocity is reduced from 𝑢1 to 𝑢A and then as the
altitude is varied by 𝑧1 − 𝑧A. Similarly, downstream of the actuator,
the fluid pressure is raised twice so that flow conditions (2) at the
outlet may be attained.The pressure drop across the actuator surface
A, described in (14), corresponds to the lumped contributions of net
water level altitude change Δ(𝑧 + ℎ), velocity change (1/2)Δ𝑢2, and
losses due to drag 𝐹loss.

and the other as a function of the kinetic energy change across
the actuator surface:

𝐹actuator = 𝐴A (𝑝+ − 𝑝−)
= 𝜌𝐴A [12 (𝑢22 − 𝑢21) + 𝑔Δ (𝑧 + ℎ)] − 𝐹loss.

(14)

In this analysis, the sign convention is as described in
Figure 3; that is, Δ(𝑧 + ℎ) < 0 when the water level drops
and 𝐹loss is always negative; thus, whenever hydraulic power
is produced by the device, 𝐹actuator < 0.
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Equating (13) and (14) gives an expression of 𝑢A as a
function of 𝑢1 and 𝑢2; this allows to express the hydraulic
power as

�̇�hydraulic = 𝜌𝐴A
1
2 (𝑢2 + 𝑢1)

⋅ [12 (𝑢22 − 𝑢21) + 𝑔Δ (𝑧 + ℎ) −
𝐹loss𝜌𝐴A

] ,
(15a)

�̇�hydraulic

= 𝜌𝐴A𝑢A [2𝑢2A − 2𝑢A𝑢1 + 𝑔Δ (𝑧 + ℎ) − 𝐹loss𝜌𝐴A
] . (15b)

This expression reduces as expected to that of Betz in the
case where either Δ(𝑧 + ℎ) or 𝑔 tend to zero. Similarly, when𝑢1 = 𝑢2, that is, no kinetic energy is withdrawn from water,
the power tends towards �̇�hyd. = 𝜌𝐴A𝑢1𝑔Δ(𝑧+ℎ), as expected
of a high-head hydropower installation.

In order tomaximize power, a compromisemust bemade
at the actuator surface: higher actuator velocities increase
the mass flow but reduce kinetic energy harvest; while lower
actuator velocities increase kinetic energy recovery at the
cost of decreased mass flow. This compromise is additionally
affected by the (usually negative) potential energy term𝑔Δ(𝑧 + ℎ) and the losses 𝐹loss due to friction.

In this paper, the optimum is determined according to
following constraints:

(1) A known device actuator surface area
(2) A known water surface altitude drop independent of

the device

Here, condition (1) constrains the actuator surface area𝐴A, while condition (2) constrains the water level drop Δ(𝑧+ℎ) as input variables; therefore, the main control variable
becomes the cross-actuator velocity𝑢A. Alternative boundary
conditions describing, for example, a bypass flow [19] may be
added in the future.

In the view of these restrictions, (15b) is nondimensional-
ized by using the power coefficient defined in (8) and the ratio𝑢A/𝑢∞, which is equal to 𝑢A/𝑢1 in our case. Additionally,
a nondimensional drop coefficient 𝐾D is defined to express
the effect of both the water level drop and the friction losses,
lumped together:

𝐾D ≡ −𝜌𝑔Δ (𝑧 + ℎ) − 𝐹loss/𝐴A(1/2) 𝜌𝑢2∞ . (16)

In this manner, the hydraulic power equation is obtained
as follows:

𝐶P = 4( 𝑢A𝑢∞)
3 − 4( 𝑢A𝑢∞)

2 − 𝐾D ( 𝑢A𝑢∞) . (17)

The solution of (17) is plotted in Figure 6, in which it is
seen that unfavorable (negative) values of 𝐾D decrease not
only the maximum hydraulic power attainable by the mach-
ine (this was obviously expected) but also the optimum act-
uator speed needed to attain it. For 𝐾D < −1, the power
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Figure 6: Power curves for an ideal actuator surface machine, for
different values of the drop coefficient 𝐾D. The case 𝐾D = 0 corre-
sponds to the well-known solution for an actuator surface without
any loss, now associated with Betz and Joukowski. Positive values
of 𝐾D correspond to increased pressure drop across the device;
increasingly negative values of 𝐾D may occur due to increasing
pressure losses. Note that negative 𝐶P values (or −𝐶P > 0, above the
straight horizontal line in this figure) correspond to hydraulic power
being extracted by the device, which is obviously the objective.

coefficient is always positive (the device turns into a pump
and does not extract any energy from the fluid); for 𝐾D <−4/3, the power curve no longer features an extremum
outside of the standing condition (𝑢A = 0).

The value of 𝑢A/𝑢∞ that produces extremum values for
the hydraulic power (i.e., setting 𝜂load = 1), as well as an exp-
licit expression for this extremum, can be found by differ-
entiating (17) with respect to 𝑢A/𝑢∞ and selecting the roots
relevant to this study. For clarity, those are expressed as a
function of a factor 𝑇 ≡ (1/3)[1 + (3/4)𝐾D]1/2, obtaining

𝑢Aopt.

𝑢∞ = 13 + 𝑇, (18)

𝐶P extremum = − 827 + 4𝑇3 −
4
3𝑇 − (

1
3 + 𝑇)𝐾D. (19)

In the case where there is neither altitude drop nor
friction loss, the drop coefficient 𝐾D is brought to zero and𝑇 → 1/3: then, 𝑢Aopt. → (2/3)𝑢∞; and the absolute value of
the power coefficient tends towards 16/27, a classical value
known as the Betz-Joukowski limit [16]. (It may be worth
noting that Bergey [20] and van Kuik in 2007 [21] propose
attributing this result to Lanchester as well. Van Kuik et al. in
2015 [16], however, show that although he expanded Froude’s
work to reach the result |𝐶P extremum| = 16/(27𝑄2), Lanchester
failed to conclude definitely on the value of the factor 𝑄,
which shifts the value of the optimum velocity ratio due to an
imbalance which he introduced in the actuator model [22].
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Figure 7: Optimum nondimensional actuator velocity 𝑢Aopt./𝑢∞ ≡𝑢A/𝑢∞|𝜂load=1 as a function of the drop coefficient 𝐾D. The curve
colormap is matched to that of Figure 6. For values below −1, the
power coefficient becomes positive, and no energy can be extracted;
below −4/3, an optimum actuator velocity no longer exists, since the
best efficiency is obtained for standing conditions.

For historical interest only, the value of 𝑄, including some
complex values, may be expressed as a function of 𝐾D by
equating (19) to −16/27𝑄2.)

The relationship between the optimum actuator velocity
and the drop coefficient value (see (18)) is plotted in Figure 7.
An optimum only exists for 𝐾D > −4/3, since standing con-
ditions are found to be best when 𝐾D ≤ −4/3. The machine
can only extract hydraulic power when 𝐾D > −1. The opti-
mum value 𝑢Aopt. increases monotonically with 𝐾D: more
favorable drop coefficients always shift the optimum velocity
ratio upwards. This remains true even in the hypothetical
case where 𝑢Aopt. > 𝑢∞, as the energy expenditure required
to accelerate the flow through the device (in (15a), �̇�(𝑢22 −𝑢21) > 0) is compensated by the resulting increase in mass
flow. In a free-streamunchanneled installation (e.g., a floating
or bed-bound tidal or river turbine), it is expected thatΔ(𝑧 + ℎ) = 0 and such devices will therefore always operate
at −1 < 𝐾D ≤ 0.
5. Performance Improvements
through Ducting

The developed model can now be expanded to account for
the effect of ducting around a free-stream device. A suitable
stationary duct positioned around a power-producing device
can result in three distinct benefits:

(1) An increase in 𝜂hydraulic𝜂generator, through the opti-
mization of the flow velocity distribution or rotation
speed

(2) An increase in power density obtained through the
reduction in the size of the moving parts for a given
volume footprint of the device

(3) An increase of power obtained through the increase
of the frontal area caused by the presence of the duct

The first of those cannot be described in general terms for
a generic hydraulic machine and is best studied with the help
of experimental and cfd techniques. The last two, however,
can be examined by extending the model described above,
in order to obtain tentative quantitative descriptions based
on sensible hypotheses, and especially a broad qualitative
characterization of the phenomenon.

A duct may increase the flow velocity locally but will
always impede the overall flow through and around the
device; thus, in order to determine the optimal duct size
(that which will maximize power or power density), its
effectiveness must be coupled back with the drop coefficient𝐾D. Two possibilities are explored in this paper.

5.1. Simple Duct Loss Behavior. A very simple duct drag
model, in the line of classical hydrodynamic theory, links net
drag force 𝐹loss to area 𝐴 f and to the square of the actuator
flow velocity 𝑢A. The proportionality constant is termed drag
coefficient 𝐾D2:

𝐾D2 ≡ −𝐹loss(1/2) 𝜌𝑢2A𝐴 f
. (20)

In turn, the effect of altitude drop is describedwith a static
drop coefficient 𝐾D0:

𝐾D0 ≡ −𝜌𝑔Δ (𝑧 + ℎ)(1/2) 𝜌𝑢2∞ . (21)

It is expected that, for a device of known geometry,
neither 𝐾D0 nor 𝐾D2 are significantly affected by the device
scale, the actuator speed, or the hydraulic power.

The drop coefficient 𝐾D of (16) can now be rewritten as
follows:

𝐾D = 𝐾D0 − 𝐾D2
𝐴 f𝐴A

( 𝑢A𝑢∞)
2 . (22)

The actuator speed ratio that maximizes the load effi-
ciency, 𝑢Aopt./𝑢∞, can now be described as a function of𝐾D0
and 𝐾D2. The case where 𝐴 f = 𝐴A (corresponding to the
central case,𝑅 = 1, in Figure 9) is presented in Figure 8, where
it is seen, as expected, that increases in the value of the drag
coefficient lead to a decrease in the optimum velocity ratio
and inevitably reduce the power output.

In a final effort to describe more realistic configurations,
the geometry of the duct is parametrized using a size ratio
parameter 𝑅 comparing the frontal area 𝐴 f of the device to
that of the actuator, 𝐴A (see also Figure 9):

𝑅 ≡ 𝐴A𝐴 f
. (23)

Then, (17) can be reformulated using (22) and (23) as
follows:

𝐶P = [4 + 𝐾D2𝑅2 ] (𝑅
𝑢A𝑢∞)
3 − 4(𝑅 𝑢A𝑢∞)

2

− 𝐾D0 (𝑅 𝑢A𝑢∞) .
(24)
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Figure 8: The optimum velocity ratio 𝑢Aopt./𝑢∞ ≡ 𝑢A/𝑢∞|𝜂load=1 as
a function of the static drop coefficient𝐾D0 and drag coefficient𝐾D2
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This diagram presents the solutions to (24) in which (25) is inserted,
when 𝑅 = 1.
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case 1 reference case 2
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Figure 9: Conceptual schematic to describe the ducting of an
actuator device. A duct can be used either to reduce the size of the
actuator for a given frontal surface (case 1, left) or to increase the
frontal area of a machine with an existing actuator (case 2, right).
Both processes are described mathematically by reducing the value
of parameter 𝑅 below 1.

Since only the factor (𝑅(𝑢A/𝑢∞)) appears in (24) when
the drag coefficient 𝐾D2 is zero, any increase in 𝑢A generated
by ducting is exactly compensated by a decrease in the size
ratio𝑅, so that the power coefficient is unaffected. In practice,
however, 𝐾D2 > 0 and losses to friction are a function not
merely of the free-stream velocity 𝑢∞ but also of the actuator
operating velocity 𝑢A.

Expression (24) is maximized, yielding 𝜂load = 1, when
the adjusted actuator velocity ratio 𝑅(𝑢A/𝑢∞) reaches the
following value:

(𝑅 𝑢A𝑢∞)opt.

= 4 + [16 + 12𝐾D0 + 3𝐾D0 (𝐾D2/𝑅2)]1/2
12 + 3 (𝐾D2/𝑅2) .

(25)

This optimum reduces to that of (18) when 𝐾D2 = 0 and
to the value 2/3 predicted by Betz when both 𝐾D0 = 0 and𝐾D2 = 0. Inserting (25) into (24) gives us an expression for the
optimum power coefficient 𝐶P opt. as a function of the size
ratio for any given duct.

We are now able to characterize and visualize the effect
of ducting on free-stream hydropower installations. This is
perhaps best done by differentiating between two cases, illus-
trated in Figure 9. Compared to the reference configuration
(a duct without any change in cross section) shown in the
middle (𝑅 = 1),

(i) in case 1, a duct with known characteristic drag coe-
fficient 𝐾D2 is used in the design phase to reduce the
actuator size 𝐴A for a given inlet frontal area 𝐴 f . In
this case, 𝑅 is reduced with the intent of increasing
the power density (1/𝑅)𝐶P;

(ii) in case 2, a duct with known𝐾D2 is added on an exist-
ing device with fixed actuator area 𝐴A. In that case,1/𝑅 is increased with the intent of increasing the
overall power �̇�hydraulic.

The effect of both modifications, which amount to the
same physical effect, can be observed in Figures 10 and 11,
which represent how the power coefficient and power density
evolve as 𝑅 is varied, for various values of𝐾D2.

It is readily seen from those figures that low drag coef-
ficients are associated with a high increase in power density
through the use of ducting; the ratio 𝑅 (size of actuator rela-
tive to frontal surface) then features an optimumvalue plotted
in Figure 11. Nevertheless, high 𝐾D2 values result in cases
where adding a duct results in neither power nor power den-
sity increase (i.e., 𝑅opt. = 1) in that configuration. As expec-
ted, unless the frontal area is increased, the use of ducting can
only result in a power coefficient decrease.

The geometrical features of the power and power density
curves displayed in Figures 10 and 11 are also affected by the
value of the drop coefficient 𝐾D0. This dependence can be
visualized in Figure 12, in which the value 𝑅opt. of the size
ratio which maximizes the power density (1/𝑅)𝐶Pmax./𝐶P ref .
is plotted as a function of 𝐾D0 and𝐾D2.

From Figure 12, it is seen that, for any one value of 𝐾D0
(a property of the operating environment), increasing values
of the drag coefficient increase the optimum size ratio, that
is, the relative size of the actuator that will maximize power
density. For each value of 𝐾D0, there exists a drag coefficient
value above which𝑅opt. = 1: in that case, the ducting can only
reduce performance.



8 International Journal of Rotating Machinery

0.0

0.5

1.0

1.5

2.0

0.5 1.0 1.5 2.00.0

KD2 = 0

KD2 = 0.05

KD2 = 0.2

KD2 = 0.5

KD2 = 1

C
P

m
ax

./
C

P
m

ax
.r

ef
.

R 1/R|

Figure 10: The ratio of maximum power coefficient 𝐶Pmax. to a
reference value 𝐶Pmax.ref . = 𝐶Pmax.|𝑅=1, shown as a function of the
duct size ratio. The abscissa represents 𝑅 from values 0 to 1 and 1/𝑅
from 1 onwards.The curves are drawn for various values of𝐾D2 when𝐾D0 = 0.25.

0.5 1.0 1.5 2.00.0
0.0

0.5

1.0

1.5

3.5

3.0

2.5

2.0

KD2 = 0

KD2 = 0.05

KD2 = 0.2

KD2 = 0.5

KD2 = 1

R 1/R|

(1
/R

)C
P

m
ax

./
C

P
m

ax
.re

f.

Figure 11: The ratio of maximum power density (1/𝑅)𝐶Pmax. to its
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5.2. Two-Component Drag Model. The methodology pre-
sented above can be used with differing drag models, suitable
for describing more complex dependencies on the flow
conditions. Such models may be constructed based on data
obtained from specific experimental or cfd investigations.
A generic example is proposed as follows for illustration.
The drag generated by the duct could have two components:
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Figure 12: The optimum actuator size ratio 𝑅opt. (that will result in
maximum hydraulic power density (1/𝑅)𝐶Pmax./𝐶P ref .) plotted as a
function of the drag coefficient 𝐾D2 for various values of the static
drop coefficient 𝐾D0.

one proportional to the square of the actuator flow velocity,
and the other proportional to the square of the free-stream
velocity. Proportionality to the duct wet surface (rather than
to the device frontal area) could also be made part of the
model. Following those hypotheses, the drag would come up
as a function of an inner and an outer drag coefficient 𝐾D3
and𝐾D4:

−𝐹loss = 12𝜌 (1 − 𝑅)𝐴 f (𝐾D3𝑢2A + 𝐾D4𝑢2∞) . (26)

This would lead us to rewrite the drop coefficient and
power coefficients from (16) and (24) as follows:

𝐾D = 𝐾D0 − 𝐾D3
1 − 𝑅
𝑅 ( 𝑢A𝑢∞)

2 − 𝐾D4
1 − 𝑅
𝑅 ,

𝐶P = [4 + 𝐾D3
1 − 𝑅
𝑅3 ] (𝑅

𝑢A𝑢∞)
3 − 4(𝑅 𝑢A𝑢∞)

2

− [𝐾D0 − 𝐾D4
1 − 𝑅
𝑅 ](𝑅 𝑢A𝑢∞)

(27)

and the adjusted actuator velocity ratio 𝑅(𝑢A/𝑢∞) for which
the power coefficient that is at an extremum would then be
derived as a cumbersome but still easily obtained expression:

(𝑅 𝑢A𝑢∞)opt.
= [12 + 3𝐾D3 ((1 − 𝑅) /𝑅2)]−1 [4 + [16

+ 12𝐾D0 − 12𝐾D4 ((1 − 𝑅) /𝑅)
+ 3𝐾D0𝐾D3 ((1 − 𝑅) /𝑅3)
− 3𝐾D3𝐾D4 ((1 − 𝑅) /𝑅4)]1/2] .

(28)
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The optimum duct size ratio given by this new model is
plotted in Figure 13 (an expanded version of Figure 12) for a
few arbitrary coefficient values.

The quality of the optimum predictions above depends
on the validity of the starting hypotheses (which assume that
the flow can be modeled as one-dimensional and that the
flow regime around the duct remains constant). Nevertheless,
those results, depending on two or three parameters only,
are computed extremely rapidly. Importantly, insights over
the key mechanisms relevant to the ducting of free-stream
hydraulic machines are provided by the model—describing,
in particular, why not all ducting is beneficial and how that is
affected by the operating environment.

6. Conclusions

A one-dimensional model describing the fluid flow through
hydraulic devices is a useful tool to characterize the per-
formance of such machines operated in conditions where
the mass flow rate is a control variable and the outlet water
height cannot be controlled. This corresponds, for instance,
to a small turbine or water wheel installed in a large river,
or a machine operating in a cascading flow alongside a dam.
In such a model, the device operating speed required to
attain full load efficiency and the corresponding maximum
hydraulic power can be quantified independently of the
hydraulic efficiency.

In a machine of given frontal area operating at 100% load
efficiency, it is shown that the use of a stationary duct permits
an increase in actuator velocities but can only result in a
reduction of the power coefficient. In specific cases, this
may nevertheless result in an increase in power density (in

addition to an expected change in the hydraulic and generator
efficiencies).

Quantitative results can be provided using a simplemodel
for evaluating pressure losses generated by a duct (with
the implicit assumption that the duct flow regime is never
changed). A single duct performance parameter 𝐾D2 is then
sufficient to determine numerically, for each installation,
whether an optimal duct-to-actuator size ratio exists and
to find its value. An illustrative model accounting for more
subtle dependencies of the losses generated by ducting is also
implemented.While suchmodels are expected to require cali-
bration and operating range restrictions in order to reflect
results provided by experimental measurements, they pro-
vide design guidance at a computing cost many orders of
magnitude smaller than those associated with cfd methods,
which also require experimental validation to provide reliable
results.

In future works, it may be possible to couple this frame-
work with models describing the hydraulic and generator
efficiencies of the machine, as well as to account for nonuni-
form inlet flow velocity distributions. Those extensions, cou-
pled with numerical cfd simulations validated using water
channel measurements, would lead to a powerful optimiza-
tion tool to maximize the power generation of free-stream
hydraulic devices.

Nomenclature

Symbols

𝐴A: Actuator frontal area [m2]𝐴 f : Device frontal area [m2]𝑏: Width of rectangular channel [m]𝐶P: Power coefficient (def. (8)) [—]𝑒: Specific mechanical energy [J kg−1]𝐹: Froude number [—]𝑔: Gravitational acceleration [m s−2]ℎ: Height to water surface, positive upwards
[m]𝐻eff .: Effective head (def. in Section 3) [m]𝐾D: Drop coefficient (def. (16)) [—]𝐾D0: Static drop coefficient (def. (21)) [—]𝐾D2: Drag coefficient (def. (20)) [—]𝐾D3: Inner drag coefficient (def. (26)) [—]𝐾D4: Outer drag coefficient (def. (26)) [—]�̇�: Mass flow [kg s−1]𝑄: Lanchester correction factor (cf. Section 4
and [16]) [—]𝑞: Volume flow per unit width [m2 s−1]𝑅: Size ratio (def. (23)) [—]𝑇: Generic parameter used for clarity (def.
(18)) [—]𝑢: Velocity [m s−1]

V̇: Volume flow rate [m3 s−1]�̇�: Mechanical power gained or lost by the
fluid [W]𝑧: Altitude, positive upwards [m].
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Greek Symbols

𝛼: Kinetic energy correction factor [—]Δ: Net difference𝜂: Efficiency [—]𝜌: Density [kgm−3]

Subscripts

A: Actuator
alt.: Due to altitude
av.: Averaged in space
max.: Maximum
opt.: Optimum
loss: Integral effect of pressure losses
+: Immediately upstream of actuator surface−: Immediately downstream of actuator

surface∞: Far-field incoming conditions.

Sign Conventions

Lengths: Lengths are measured positive upwards
and downstream

Fluid properties: Fluid property changes are measured
from the point of view of the fluid (i.e.,
negative values indicate a loss by the
fluid, thus a gain for the machine
operator).
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