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Tis article addresses the problem of estimating the state of a multimachine power system (MPS). To work with power networks
with lossy transmission lines, a variation of the classical third-order MPS is proposed by considering generators’ electrical power
injected into the grid as a state variable. Based on a linear decentralized estimation model (tailored for a specifc purpose), the state
variables of generators (load angle, relative speed, and electrical power) together with terminal voltage magnitudes are estimated
in a decentralized fashion through two new robustly convergent linear Luenberger estimators, one based on load angle mea-
surement and the other based on relative speed measurement. Te new MPS estimation model includes a set of robustly quick
observable states, one per machine, which allows capturing the interaction with other generators, transmission line losses,
unknown disturbances, and model errors. Te result is a design superior to other related estimation techniques such as the
extended Kalman flter (EKF) or Sliding Modes Perturbation Observer (SMPO) in terms of (i) a conventional-like simple pole
placement-based tuning, (ii) low online computational load and disturbance rejection capability, and (iii) small gain-based
convergence assessment. Te performance of the proposed state estimation scheme is illustrated in a 3-machine power system
under diferent operational conditions.

1. Introduction

Multimachine power systems (MPSs) are one of the most
representative examples of large-scale interconnected sys-
tems. An MPS comprises a set of generators (which have
pretty diferent inertia constants) and loads interconnected
through transmission lines.Temain objective is to generate,
transform, distribute, and consume electrical energy [1, 2].

Te MPS functioning may be afected by diferent dis-
turbances, e.g., three-phase faults, load variations, and pa-
rameter uncertainty.Tus, diferent control approaches have
been proposed to ensure optimal operating conditions [3–6].
However, these control schemes regularly assume the full
knowledge of system state variables through sensors, an
unnatural assumption due to physical and economic con-
ditions. Terefore, despite the improved quality of the
measurement devices, it is always necessary to count on a

suitable tool to deliver information about the system when
required.Terefore, a state estimator (SE) is a helpful tool for
monitoring and controlling electrical networks.

Dynamic system state estimators developed decades ago,
and diferent local and centralized schemes are found in
scientifc literature, many of which are based on the Ex-
tended Kalman (EKF) approach [7–14] and some of its
variants [15–22]. Despite its robust performance (in the
presence of parametric errors and measurement noise) and
well-known constructive design, these dynamic estimators
have a heuristic tuning, not to mention the lack of formal
robust convergence proofs. Also, for those designed under a
centralized approach (Wide-Area) [7, 14, 21], there is a heavy
computational load associated with integrating a set of
nonlinear (NL) ordinary diferential equations (ODEs) (in a
number that grows quadratically with the number of states).
In contraposition, the NL sliding mode perturbation
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observer (SMPO) [23] is built based on a decentralized
model variant of the NL MPS model, with additional (called
fctitious) states that account for intermachine state inter-
action.TeNL SMPOhas an efcient computational load (as
the number of ODEs to be integrated grows linearly with the
number of states) and formal robust convergence proof.
However, the SMPO presents a complex structure, unclear
tuning, and fragility to noisy measurements.

Along with the estimation schemes mentioned above,
Luenberger-like observers can also be found in scientifc
literature [24–26]. In [24, 25], the estimator design is based
on the fully linearized representation of the MPS, ignoring
the model errors. On the contrary, by employing a linear
representation of MPS, the state vector is reconstructed
through a centralized approach [26]. However, the observer
gains are precalculated ofine around a particular equilib-
rium point.

Our work is the natural extension of [27]; for the lossless
MPS system, we proposed a decentralized dynamic esti-
mator based on load angle measurement that retains the
advantages of the EKF and SMPO observers and overcomes
their obstacles. In the present work, to be more practical, we
have considered an MPS with lossy transmission lines
through a comprehensive modeling approach, demon-
strating that this assumption does not modify the conceptual
idea behind the decentralized estimation methodology. Te
present study also includes designing a decentralized dy-
namic state estimator based on the relative speed mea-
surement and a method focused on estimating the terminal
voltage magnitudes from estimated state variables. In
summary, the decentralized reconstruction of the state
vector associated with each generator (load angle, relative
speed, electrical power, and terminal voltage magnitudes) is
carried out through two linear (L) decentralized (D) geo-
metric estimators (GEs) (Luenberger-like observer) [28–30],
one through employing the load angle as measured output
and the other one based on the relative speed measurement.
Te proposed state estimation methodology (which also
includes the construction of a tailored estimation model) is a
point of departure to address the observer-based output-
feedback control design problem with an application-ori-
ented robust decentralized scheme. Te developed meth-
odology might be a novel alternative to those control
approaches based on Lyapunov-like methods. Specifcally,
because these control schemes require the construction of
Lyapunov functions, which for transmission systems with
medium-length transmission line models (transfer con-
ductances between buses) is not a trivial task [31–33].

Firstly, the conventional NL-centralized (NL-C) model
of the MPS (classical third-order dynamic model) is re-
written so that the electrical power injection of generators is
a new state variable to include the transmission lines’ losses
efect on the generator dynamics. In addition, the new NL-C
MPS model is realized as a set of linear (L) decentralized (D)
robustly observable models with augmented states that
capture nonlinearity, parameter error, transmission line
losses, and intermachine state interaction. Furthermore,
either based on load angle or relative speed measurements
(which is an advantage in the case that load angles of

generators are not available as measurements [34, 35]), two
linear geometric (Luenberger-like) observers with linear-
decentralized measurement injection are built on the basis of
the robust observability property of the linear model tailored
for the estimation purpose at hand [28–30].Ten, the robust
functioning of both estimators is assured with conditions
coupled with a conventional-like tuning scheme. Finally, the
proposed estimation methodology is illustrated and tested
with a representative benchmark example employed in
previousMPS studies [4, 5, 36, 37], fnding that the proposed
estimator yields a robust performance against modeling and
measurement errors.

2. Problem Formulation

In this section, the classical third-order MPS dynamic model
is rewritten by considering the electrical power injected by
generators into the grid as a state variable instead of using
generators' traditional transient internal voltages as one of
them. Ten, the estimation objective is presented.

2.1. A Variant of the Multimachine Power System Model.
Te dynamic behavior of a large-scale MPS, which consists
of N synchronous generators interconnected through lossy
power lines, is represented by

_δi � ωi, δi(0) � δi0, (1a)

_ωi � −
Di

2Hi

ωi +
1

2Hi

Pmi
− Pi ,ωi(0) � ωi0, (1b)

_Eqi
′ �

1
Td0i

′
Efi

− Eqi
 , Eqi

′ (0) � Eqi0
′ i � 1, . . . , N, (1c)

where

Eqi
� Eqi
′ + xdi

− xdi
′ Idi

, Pi � Eqi
′ Iqi

, Qei
� Eqi
′ Idi

, (1d)

Vi �

��������������������

xqi
Iqi

 
2

+ Eqi
′ − xdi

Idi
 

2


, (1e)

and the direct Idi
and quadratic Iqi

axis currents considering
lossy transmission lines are given by

Iqi
� Eqi
′Gii + 

N

j≠ i

Eqj
′ Gij cos δi − δj  + Bij sin δi − δj  ,

(1f)

Idi
� −Eqi
′ Bii + 

N

j≠ i

Eqj
′ Gij sin δi − δj  + Bij cos δi − δj  ,

(1g)

where δi is the load angle, ωi is the relative speed, Pi is the
electrical power, Pmi

is the mechanical input power which is
considered known, Efi

is the voltage feld, xqi
is the quad-

rature axis reactance, xdi
and xdi
′ are the direct and transient

axis reactances, respectively, Di is the per unit damping
factor, Hi is the inertia constant, Td0i

′ is the direct axis
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transient short circuit time constant, respectively, Qei
is the

reactive power, Eqi
′ is the transient electromotive force in the

quadrature axis, Bij and Gij are, respectively, the susceptance
and conductance of the generator “i”, Vi is the terminal
voltage magnitude, and N is the number of generators
connected to the grid.

In order to adopt the electrical power injected by gen-
erators into the grid as a state variable, the time derivative of
Pi with respect to time is obtained as follows:

_Pi �
1

Td0i

′
Efi

Iqi
−

1
Td0i

′
Eqi
′Iqi

−
xdi

− xdi
′ 

Td0i

′
Iqi

Idi
+ Eqi
′ _Iqi

, (2a)

where

_Iqi
� _Eqi
′Gii + 

N

j≠ i

_Eqj
′ Gij cos δi − δj  + Bij sin δi − δj   − 

N

j≠ i

Eqj
′ Gij sin δi − δj  − Bij cos δi − δj  ωi,

− 
N

j≠ i

Eqj
′ Gij sin δi − δj  + Bij cos δi − δj  ωj.

(2b)

Tus, from (1a), (1b), and (2a), the large-scale MPS
dynamic model can be represented by a variation of the
standard three-dimensional fux decay model as follows:

_δi � ωi, δi(0) � δi0, yi � δi orωi, i � 1, . . . , N, (3a)

_ωi � −aiωi − biPi + dωi
,ωi(0) � ωi0, (3b)

_Pi � −ciPi + ci δ,ω, dc,pi,pIi
  + ui, Pi(0) � Pi0, (3c)

where
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  � −ci xdi

− xdi
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′ _Iqi
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−
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bi �
1
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,
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1
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′
,

pi � ai, bi, ci, xdi
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,

pIi
� Gij + Bij,

w � Idi
, Eqi
′, Eqj
′, _Eqi
′, _Eqj
′,ωj 
⊤

,

ηi � dwi
, Iqi

 
⊤

,

dc � w, ηi 
⊤

,

ui � ciIqi
Efi

.

(3d)

ηi andw are the measured vector and unmeasured vector
input, respectively, yi is the measured output, ui is the
control input associated with Efi, ci is a (Lipschitz-bounded)
nonlinear function, pi and pIi

are the local and interaction
parameters, respectively.

In per-machine vector notation, the MPS NL model
(3a)–(3d) is written as

_xi � Aixi + bddωi
+ bu ci x, dc  + ui , xi(0) � xi0

, (4a)

yi � cyxi,

i � 1, . . . ,N,
(4b)

where

xi �

δi
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0 0 −ci

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

bu �

0

0

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

bd �

0

1

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

cy � [1, 0, 0]or[0, 1, 0],

(5)

ci(x, dci
) is a Lipschitz-bounded function that englobes

information about parameters, known and unknown inputs,
nonlinearities, transmission losses, and intermachine
interaction.

In compact form, the MPS NL model (4a) and (4b) is
rewritten as
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x. i � f i xi, dxi
 ,

xi(0) � x0i
,

yi � cyxi, x0i
∈ X0i
⊆Xi, xi ∈ Xi, dxi

∈ Dxi
,

(5a)

where

f i xi, dxi
  � Aixi + bddωi

+ bu ui + ci x,dci
   � 0, (5b)

ci xi,dci
  − ci xi, dci

 
�����

�����≤ l
c
x xi − xi

����
���� + l

c

dc
dci

− dci

�����

�����, (5c)

where xi is a uniquely robust unstable nominal steady-state
(SS) associated with the nominal input dxi

, and ci is a
Lipschitz-bounded function (5c) about the nominal
operation.

Remark 1. In comparison with our previous work [27] as a
practical modifcation (to be more realistic) for estimation
purposes, the medium-length transmission line model is
adopted whose single-phase equivalent model can be rep-
resented by π confguration. However, this assumption does
not modify the conceptual idea behind the proposed esti-
mation methodology. Also, a general study of transmission
line losses can be done through the power nodal balances.

2.2. EstimationObjective. Based on the measurement of load
angle and relative speed of generators, the problem consists
in proposing a state estimation comprehensive design
methodology for MPS that allows the independent esti-
mation of dynamic state variables of generators (δi,ωi, Pi)

along with terminal voltage magnitudes (Vi) with the fol-
lowing features: (i) a robustly convergent, computationally
efcient, and linearly-decentralized dynamic state estimator,
(ii) systematic construction based on a linearly-decentral-
ized realization of the nonlinear representation of MPS (3),
(iii) identifcation of the underlying observability condition
based on two candidates’ measured outputs, (iv) a priori
(before simulation or testing) assurance of robust estimator
functioning, and (iv) a simple conventional-type two-pa-
rameter per-machine gain tuning scheme with a transparent
connection between gain choices and state estimate con-
vergence features.

3. State Estimation Methodology

Tis section follows the methods of [27]; briefy, the pro-
posed dynamic state estimation methodology for MPSs
includes the following: (i) derivation of the augmented L-D
model for estimation, (ii) the conceptual estimation prob-
lem, (iii) robust observability assessment based on two
candidates output functions, i.e., the load angle and relative
speed of each generator, (iv) construction of the convergent
estimator based on the load angle measurement, (v) de-
velopment of the convergent estimator based on the relative
speed measurement, (vi) tuning scheme, and (vii) com-
parison with other observer-based approaches.

3.1. EstimationModel. Te MPS (4a)-(4b) in per-machine ιi
-parametric form is expressed as:

x
.

i � Aixi + bddωi
+ bu ui + ιi( ,

xi(0) � xi0,
(6a)

yi � cyxi,

ιi � ci x,dc , i � 1, . . . ,N,
(6b)

where

Ai �

0 1 0

0 −ai −bi

0 0 −ci

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

e
Ait



≤ aie
− λit,

λi � ζm
i w

m
i ,

λi � min ζm
i ϖ

m
i ,ϖe

i( 

≈
λi
1,2 � −ζm

i ϖ
m
i ± ϖ

m
i

������

1 − ζm2
i



 j,

λi
3 � −ϖe

i ,

⎧⎪⎪⎨

⎪⎪⎩

(7)

and λi
1,2 and λ

i
3 are the three eigenvalues ofAi (6a), which can

be uniquely solved in terms of i-th machine parameters as
follows:

ζm
i ,ϖm

i ,ϖe
i(  � F ai, bi, ci( . (8)

Remark 2. L-D estimation model. To derive a decentralized
linear model with unknown-reconstructible input, the ex-
pression ci(x,dc) (3d) is defned as a new state variable ιi
which represents all the uncertainties, external disturbances,
interaction among generator units, and known and un-
known nonlinearities. Tis new variable ιi difers concerning
our previous approach [27] in the following: (i) the new one
considers the efect of the losses in the transmission lines on
generator dynamics, (ii) the old one was represented by the
high order nonlinear terms obtained from the expansion in
Taylor series (TS) about the nominal state-input pair (x,dc)

of ci(x, dc) (corresponding to a purely inductive network),
and (iii) the linear terms resulted from the TS expansion
were included in the formulation of the matrix Ai for tuning
purposes.

By assuming that the signal ιi is in a slow-varying regime
(SVR) concerning the exponential convergence speed ϖo

i of
the observer (to be designed), the linear decentralized (L-D)
estimation model has the following structure:

x
.

i � Aixi + bddωi
+ bu ui + ιi( ,

xi(0) � xi0,

yi � cyxi

(8a)

_ιi ≈ 0,

ιi(0) � ιi0,
i � 1, ...,N,

(8b)
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where ιi is an unknown exogenous input signal.
In compact notation, the augmented linear decentralized

(L-D) system (8a) and (8b) is written as

χ
.

i � Aaχi + βddωi
+ βuui,

yi � κδ,ωχi, i � 1, . . . ,N,
(9)

where

χi � xi, ιi 
⊤

,

Aa �

0 1 0 0

0 −ai −bi 0

0 0 −ci 1

0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

βd �
bd

0
 ,

βu �
bu

0
 ,

dim χi(  � 4.

(10)

In our particular case, for estimator design purposes, the
output function vector can be given by the following two
candidates functions:

κδ � 1, 0, 0, 0 ,

κω � 0, 1, 0, 0 .
(11)

Te estimation model (the multimachine third-order
model augmented with robustly quick observable states, one
per machine) is a decentralized one (9). On the other hand,
the current multimachine power system model is inter-
connected (3a)–(3d).Te novelty of the proposed estimation
approach resides in this fundamental diference between the
actual plant and estimator models.

3.2. Estimation Problem. Driven by the measured input-
output pair signals (yi, di)(t) of the actual MPS (4a) and
(4b), the dynamic data processor (dynamic state estimator)
must produce a robustly convergent state estimates χi(t), i.e.,

χi0
≈ χi0⇒χi(t)⟶ rχi(t) � τi t, χi0

, di(·), yi(t)  ∈ X,

yi � κδ,ωχi(t),

(12)

with

χi � xi, ιi 
⊤

,

κδ � [1, 0, 0, 0],

κω � [0, 1, 0, 0],

di � dωi
, ui 
⊤

,

dim χi(  � 4,

(13)

where χi is the augmented state variable vector considering the
dynamic variables of each generator xi (load angle, relative

speed, and electrical power) along with the new state variable ιi
(one per machine), which is a robustly quick observable state
that retains the information of interaction among generators,
all the uncertainties, external disturbances, and known and
unknown nonlinearities of the MPS system, di(·) is the
measured input vector, andyi is the output function which can
either be the load angle or relative speed of each generator.

Now, the main problem relies on robustly and instan-
taneously estimating for every time instant t the augmented
state χi(t) (9) on the basis of the corresponding output
vector (load angle or relative speed of generators), the
known inputs di(·) signals, and their time derivatives.

3.3. Robust Observability Assessment Based on Two Candi-
dates Output Functions. Te following subsections derive
the observability conditions based on load angle and relative
speed as output functions.

3.3.1. Load Angle Measurement. For this, frstly, based on
the load angle measurement (yi � δi), the observability
matrix of the state-augmented estimation model (9) is ob-
tained as follows:

Oδi
�

κδ

κδAa

κδA
2
a

κδA
3
a

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

1 0 0 0

0 1 0 0

0 −ai −bi 0

0 a
2
i bi ai + ci(  −bi

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (14)

det Oδi
 ≠ r0⇔bi �

Di

Mi

≠ r0, i � 1, . . .N. (15)

Te matrix pair (Aa, κδ) of (9) is robustly observable
because the coefcient bi, associated with the inertia con-
stant (Mi) of the i-th machine, is robustly strictly positive
bi > r0.

Remark 3. Observability Property. Te observability con-
dition (15) is the same as the one obtained in [27]; (14) shows
almost no variations with respect to the preceding work [27]
due to the diferences involved in the construction of the L-D
estimation model (9) as mentioned in Remark 2.

3.3.2. Relative Speed Measurement. A similar observability
analysis is carried out under relative speed confguration as
measured output function (yi � ωi). For this, as in the
previous subsection, the L-D estimation model (9) is
employed to obtain the observability matrix,

Oωi
�

κω

κωAa

κωA
2
a

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
�

1 0 0

−ai −bi 0

a
2
i bi ai + ci(  −bi

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (16)

rank Oωi
  � 3, det Oωi

 ≠ r0⇔bi �
Di

Mi

≠ r0, i � 1, . . .N.

(17)
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Te successive time derivations of the output map of the
estimation model (9) draw three algebraic equation sets [38].

ψωi
(t) � Oωi

χωi
+ 9ωi

(t),

χωi
� ωi, Pi, ιi 

⊤
, i � 1, . . .N,

(17a)

where

ψωi
(t) �

yi

_yi

€yi

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

9ωi
(t) � Tωi

υi,

Tωi
�

0 0 0

0 κωβd 0

κωAaβu κωAaβd κωβd

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

υi � ui, dωi
, _dωi

 
⊤

.

(17b)

Te observability condition (17) establishes that the state
of (9) is in the one-dimensional time-varying surface, as
shown as follows:

Xδi
(t) � χi ∈ X|ψωi

(t) � Oωi
χωi

+ 9ωi
(t) ,

dim Xδi
  � 1.

(18)

Accordingly, the restricted one-dimensional system is

δ∗i (t) � τ∗xi
t, δi0

,ψωi
(t), 9ωi

(t)  ∈ Xδi
(t), (18a)

_δ
∗
i (t) � ωi(t),

δ∗i (0) � δ∗i0 , i � 1, . . .N,
(18b)

where (18b) and (18a) are defned as the unobservable dy-
namics and motion, respectively.

Proposition 1. If the unobservable motion δ∗i (t) (18a) is
exponentially (E)-stable,(δ∗i ,ψωi

, 9ωi
) produce an online re-

construction of χi(t) based on relative speed measurement
(yi � ωi(t)), the known inputs (di � [dωi

, ui]
⊤), and their

time derivatives (up to adequate order) [28, 29].

Te plant and its unobservable motions coincide [i.e.,
δ∗i (t) � χi(t)], but the same is not necessarily true for their
stability properties. If χi(t) is stable, δ∗i (t) is stable. If χi(t) is
unstable, δ∗i (t) can be stable or unstable [28, 29].

3.4. Estimator Design Based on Load Angle Measurement.
Te construction of the proposed L-D GE estimator based
on load angle measurement for MPS (3a)–(3d) includes the
efect of the losses in the transmission lines on generator
dynamics and closely follows the estimation methodology
reported in [27]. In this present study, only the main
construction steps are presented. Moreover, a method fo-
cused on estimating the terminal voltage magnitudes from
estimated state variables is proposed.

In summary, the robustly convergent observer in χi

-coordinate is written as

χ
.

i � f i χi, di(  + ko
δi

ζo
i ,ϖo

i(  yi − κδχi( , i � 1, . . . ,N,

(19)

where

ko
δi

ζo
i ,ϖo

i(  � O−1
δi

  4ζo
iϖ

o
i , 4ζo2

i + 2 ϖo
i , 4ζo

iϖ
o3
i ,ϖo4

i 
⊤

� k
δ
i , k

ω
i , k

P
i , k

ι
i 
⊤

ζo
i ,ϖo

i( , (19a)

k
δ
i ζo

i ,ϖo
i(  � 4ζo

iϖ
o
i ,

k
ω
i ζo

i ,ϖo
i(  � 4ζo2

i + 2 ϖo2
i ,

(19b)

k
P
i ζo

i ,ϖo
i(  � −

ai

bi

  4ζo2
i + 2 ϖo2

i −
1
bi

 4ζo
iϖ

o3
i , (19c)

k
ι
i ζo

i ,ϖo
i(  �

−ciai

bi

  4ζo2
i + 2 ϖo2

i −
ci + ai( 

bi

 4ζo
iϖ

o3
i −

1
bi

 ϖo4
i . (19d)

Te vector gain in χi coordinates changed in comparison
with the one derived in [27] on account that the observability
matrix is diferent in both cases despite considering the same
measured output (based on the load angle measurement).

Mainly, the main diference relies on constructing the new
L-D estimation model as mentioned in Remark 3.

Te robustly convergent estimation error of the MPS
estimator (19) is EU-bounded as shown as follows:
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χi(t)


≤ a
χ
i e

− λo
i t

χi0



 +
a
χ
i

λo
i

 ϵθi
, i � 1, . . .∞,N. (20)

Te linear-decentralized observer in (xi, ιi) coordinates
is given by

x
.

i � Aixi + bddωi
+ bu ui +ιi(  + kxi ζo

i ,ϖo
i(  yi − cyxi ,

xi(0) � xi0
,

(20a)

_ιi � k
ι
i ζo

i ,ϖo
i(  yi − cyxi ,

ιi(0) � ιi0, i � 1, . . . ,N,
(20b)

where

kxi ζo
i ,ϖo

i(  � k
δ
i , k

ω
i , k

P
i 
⊤

ζo
i ,ϖo

i( ,

k
ι
i � k

ι
i ζo

i ,ϖo
i( .

(21)

In detailed form, the L-D GE estimator (20a) and (20b)
in open-loop confguration for the MPS is written as follows:

_δi � ωi + k
δ
i ζo

i ,ϖo
i(  yi − δi , δi(0) � δi0

, yi � δi, (21a)

_ωi � −ai ωi − bi
Pi + dωi

+ k
ω
i ζo

i ,ϖo
i(  yi − δi , ωi(0) � ωi0

, (21b)

_Pi � −ciPi +ιi + ui + k
P
i ζo

i ,ϖo
i(  yi − δi , Pi(0) � Pi0

, (21c)

_ιi � k
ι
i ζo

i ,ϖo
i(  yi − δi ,ιi(0) � ιi0, i � 1, . . . ,N. (21d)

Ten, the successfully estimated values of the augmented
state χi(t) from the proposed L-D GE estimator (20a) and
(20b) are involved in the estimation of terminal voltage
magnitudes.

For this, given the estimation of Pi and assuming that the
known input Iqi

≠ 0 (it is valid for normal operationally

conditions [39]), an estimated value of Eqi
′ can be computed

as

Eqi
′ �

Pi

Iqi

, i � 1, . . . ,N, (22)

and

Idi
� −Eqi
′Bii + 

N

j≠ i

Eqj
′ Gij sin δi − δj  + Bij cos δi − δj  , i � 1, . . . ,N. (23)

Ten, we have

Vi �

��������������������

xqi
Iqi

 
2

+ Eqi
′ − xdi

Idi
 

2


i � 1, . . . ,N. (24)

Te proposed L-D GE estimator (20a) and (20b) allows
estimating of dynamic state variables (load angle, relative
speed, and electrical power) associated with the N generators
together with the terminal voltage magnitudes by employing

the load angle as the unique measured output along with
local information (composed by the known input pair di �

[dωi
, ui]
⊤, as well as Iqi

is assumed to be known).

3.5. Estimator Design Based on Relative Speed Measurement.
If the unobservable motion δ∗i (t) (18a) is robustly expo-
nentially (RE)-stable (the stability of load angle of a third-
order synchronous generator employed in MPS studies has
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been analyzed in [35, 40]; thus, the unobservable dynamics
do not afect the stability of power systems), the online
integration of the auxiliary estimator based on relative speed
measurement is expressed as

χ
.

i � f i χi,di(  + ko
ωi

ζo
i ,ϖo

i(  yi − κωχi( ,

χi(0) � χi0
≠ χi0

,

χi ∈ Xδi
(t),

(25)

where

ko
ωi

ζo
i ,ϖo

i(  � 0, Oωi
 

− 1
 

⊤
0, 2ζo

i + 1( ϖo
i , 2ζo

i + 1( ϖo2
i ,ϖo3

i 
⊤

, (26)

yields a motion χi(t) that RE-converges to the plant motion
χi(t) according to the inequality

χi − χi


≤ a

χ
i e

− λo
i t

χi0



 +
a
χ
i

λo
i

 ϵθi
, χi, χi ∈ Xδi

(t), i � 1, . . . ,N. (27)

In (xi, ιi)-coordinates (25), the L-D GE estimator is
written as

_δi � ωi,

δi(0) � δi0
,

(28a)

_ωi � −ai ωi − bi
Pi + dωi

+ gωi
ζo

i ,ϖo
i(  ωi − ωi( ,

ωi(0) � ωi0
,

(28b)

_Pi � −ci
Pi +ιi + ui + gpi

ζo
i ,ϖo

i(  ωi − ωi( ,

Pi(0) � Pi0
,

(28c)

_ιi � gιi ϖ
o
i(  ωi − ωi( ,

ιi(0) � ιi0,
(28d)

where the output-driven corrector for the i-th subsystem is
expressed as

gωi
ζo

i ,ϖo
i( 

gpi
ζo

i ,ϖo
i( 

gιi ϖ
o
i( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

2ζo
i + 1( ϖo

i

−
ai

bi

2ζo
i( ϖo

i −
1
bi

2ζo
i + 1( ϖo2

i

−
aici

bi

2ζo
i + 1( ϖo

i −
ai + ci

bi

2ζo
i + 1( ϖo2

i −
1
bi

ϖo3
i

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (29)
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Also, the estimation of terminal voltage magnitudes is
obtained utilizing estimated state variables from (28a)–(28d)
through (24).

Remark 4. Robust Convergence. A similar analysis of the
estimation error dynamics of the proposed L-D GE esti-
mators (19) and (25) based on the current MPS model
(considering unmodeled parasitic dynamics) can be carried
out as the one presented in [27]. Tus, the estimation error
dynamics will be robustly exponentially (RE)-stable if the
observer frequencies ϖo

i , one per machine, are chosen so that
the stabilizing terms (λsi

) dominate the potentially desta-
bilizing ones (λdi

) [27, 28, 30].

3.6.TuningScheme. Te tuning guideline is derived from the
pole placement approach regarding damping-frequency
pairs (ζo

i ,ϖo
i ). For the L-D GE estimator based on load angle

measurement, the reference gain ko
δi

(19a) of (19) relies
closely on the proposed methodology in [28–30]. Tis one is
based on its counterpart in z-coordinates (one per machine),
according to the characteristic polynomials of the prescribed
linear, noninteractive, pole assignable (LNPA) output error
dynamics

Li pi,ϖ
o
i(  yi ≔ y

(4)
i + 4ζo

iϖ
o
i y

(3)
i + 4ζo2

i + 2 ϖo2
i y

(2)
i + 4ζo

iϖ
o3
i y

(1)
i + ϖo4

i yi � 0, (29a)

where

yi � yi − yi,

yi � κδzi, i � 1, . . . ,N,
(29b)

where the pole confguration (or frequency gain vector) can
be set with a standard or tailored form (ITAE stands for
integral of time-weight absolute error, Butterworth), [41],
and Li is the associated linear operator.

For the fourth-degree polynomial (29a) motivated by
optimal linear-quadratic regulator (LQR) and nonlinear

(NL) extended Kalman flter (EKF), as well as GE [28, 29],
the prescribed pole pattern associated with (29a) is given by
two complex-conjugate pole pairs with damping frequency
pair as follows:

]i
1,2 � −ζo

iϖ
o
i ± ϖ

o
i

������

1 − ζo2
i



 j,

]i
3,4 � −ζo

iϖ
o
i ± ϖ

o
i

������

1 − ζo2
i



 j,

(30)

where

ζo
i � n

ζ
i ζ

m
i , n

ζ
i � nζ ∈ [1, 6] ≔ Jζϖ

o
i � n
ϖ
i ϖ

m
i , n
ϖ
i � nϖ ∈ [10, 50] ≔ Jϖ, (31)

Whereas for the L-D GE estimator based on relative speed
measurement (28a)–(28d), the output-driven corrector κo

ωi

(26) is based on the prescribed vector gain associated with its

counterpart in z-coordinates as well, which is defned
according to the LNPA output error dynamics as

Li pi,ϖ
o
i(  yi ≔ y

(3)
i + 2ζo

i + 1( ϖo
i y

(2)
i + 2ζo

i + 1( ϖo2
i y

(1)
i + ϖo3

i yi � 0, (31a)

where

yi � yi − yi,

yi � κωzi, i � 1, . . . .N.
(31b)

Te poles related to (31a) are assigned as a pair of
complex-conjugate poles with reference characteristic fre-
quency ϖo

i , and a sufciently large (ζo
i > 0.71) damping

factor and one pole is set to be real with characteristic
frequency ϖo

i , as shown as follows:

]i
1,2 � −ζo

iϖ
o
i ± ϖ

o
i

������

1 − ζo2
i



 j,

]i
3 � −ϖo

i ,

(32)

where

ζo
i � n

ζ
i ζ

m
i ,

n
ζ
i � nζ ∈ [1, 6] ≔ Jζϖ

o
i � n
ϖ
i ϖ

m
i ,

n
ϖ
i � nϖ ∈ [10, 50] ≔ Jϖ.

(33)

Te proposed tuning scheme exploits the natural
characteristics ofMPS to obtain a better functioning in terms
of an adequate compromise between speed reconstruction
and tolerance to measurement noise with a conventional-
like simple, transparent, and easy-to-apply tuning procedure
based on two-parameter tuning.
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3.7. Comparison with Other Observer-Based Approaches.
In comparison with the conventional nonlinear-centralized
(NL-C) EKF (based on the stochastic version of the MPS
model by considering a global set of generators (3a)–(3d) in
compact form) and nonlinear-decentralized (NL-D) SMPO
[23] estimators for MPSs, the novelties are (i) from a the-
oretical perspective, the comprehensiveness of the meth-
odology, and (ii) from an industrial applicability viewpoint;
it is a more systematic and scalable design with a priory
guarantee of reliable functioning and an admissible small
online computational load (considerably smaller than the
one of the NL-C EKF and similar to the one of the NL-D
SMPO) and a substantially simpler easy-to-apply (preferably
conventional-like) tuning scheme.

Concerning the NL-D SMPO estimator [23], the aims
are as follows: (i) to retain its low-dimensionality and ability
to reject modeling errors, (ii) to remove the fragility due to
measurement noise propagation, and (iii) to simplify its
rather complex tuning scheme. Concerning the conven-
tional NL-C EKF estimator, the aims are as follows: (i) to
retain its tolerance to measurement noise, (ii) to signifcantly
reduce its online computational load, and (iii) to overcome
the drawback of not having formal convergence proof.

4. Results and Discussion

Te Western System Coordinating Council (WSCC) 9-bus
electrical power grid is used [2, 4, 5, 7, 8, 36] to demonstrate
the estimator’s performance. Te WSCC employed for
evaluation purposes is shown in Figure 1, and the system’s
nominal parameters and the operations used for the sample
problem investigated are listed in Table 1.

4.1. Tuning. Te adjustable vectors ko
δi
(19a) and ko

ωi
(26) are

set according to the tuning procedure mentioned previously.
For the L-D GE estimators (17) and (25), the damping-
frequency tuning pair is set with: ζo

1 � 0.71, ζo
2,3 � 1.5, ϖo

1 �

60, ϖo
2 � 35, andϖo

3 � 67.

4.2. Testing Scheme. Te measurements are afected by
fuctuations driven by low-amplitude and high-frequency
(close to resonant one) sinusoidal inputs, as shown as
follows:

y1 � δ1 + 1e
−4 sin(600t),

y2 � δ2 + 1e
−4 sin(350t),

y3 � δ3 + 1e
−4 sin(670t).

(34)

Moreover, the robust testing scheme considers diferent
operation conditions as given as follows: (i) when generator
one is afected by an unknown electromagnetic disturbance
involving the excitation winding, which suddenly appears at
t � 1 [sec], the fault is cleared after 0.5 seconds (clearing time
tcl); in this sense, the generator comes back to its prefault

confguration, (ii) in parameter uncertainty, the value as-
sociated with the time constant Td1

′ fuctuates around 15%
and 25% from its original values through the time simu-
lation, (iii) once the machines reach the steady-state regime,
generator two is afected by a mechanical power variation at
t � 30 [sec], which is cleared after 0.1 seconds, and (iv) to
evaluate the transient performance of the L-D GE estima-
tors, initial condition uncertainty has been considered for
both estimation schemes (with respect to operation points).

Te proposed robust testing scheme considers initial
conditions errors, noisy measurements, and known/un-
known disturbances. Tese testing conditions are more
complex than those employed in previous estimation studies
[7–10, 14, 23, 36].

Figures 2–7 depict the performance of estimators. Solid
yellow lines represent the actual values of the load angle,
relative speed, electrical power, and the nonlinear inter-
connection term of each machine; on the other hand, the
dashed lines are used to show the estimated variables by both
estimators of the L-DGE (19) inmagenta and L-DGE (25) in
cyan.

As can be appreciated, the transient behavior related to
the abovementioned conditions is correctly reconstructed by
both L-D GE estimators, which have a fast convergence rate
to the actual states. Also, as can be noticed, the performance
of the L-D GE (28a)–(28d) is similar to the one obtained
through the L-D GE (20a) and (20b) based on the load angle
measurement. Te latter is lightly afected by measurement
noise, as shown in Figures 3 and 5, specifcally in estimating
the nonlinear interconnection terms. Te estimated signals
from the L-D GE estimators can be used for monitoring
purposes, particularly for designing observer-based con-
trollers to enhance the transient stability of each generator in
a decentralized fashion. As mentioned earlier, generator one
is afected by an unknown exogenous input at t= 1 [sec]; the
proposed estimators correctly estimate the dynamic state
variables due to the fact that the unknown disturbance is
included in the nonlinear interconnection term (ιi), and it is
reconstructed along with the other state variables.

Figure 8 shows the estimation of terminal voltage
magnitudes, which are correctly reconstructed from the
estimated state variables of each generator. However, the
noise efect is notorious in the estimated variables by the
L-D GE estimator on the basis of the load angle mea-
surement (19). Terefore, we want to highlight that the
disturbance which afects generator two at t = 30 [sec] is
refected in an extreme condition of MPS (for comparative
academic purposes). Despite this, the transient and
steady-state regimes are suitably captured by both L-D GE
estimators.

Remark 5. Online Computational Load. Te WSCC type 3-
machine 9-bus system under the centralized extended
Kalman flter approach (based on the stochastic version of
the MPS model by considering a global set of generators
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(3a)–(3d) in compact form [27]) requires solving 54 ordi-
nary diferential equations (ODEs) due to the fact that the
Riccati equations grow quadratically according to the
number of state variables to be estimated. In the opposite
case, the two proposed L-D GE estimators (19) and (25) only

solve 12 ODEs (4 ODEs for each machine, considering the
augmented state, which efciently retains the interconnec-
tion information among machines). Tis diference can be
made further signifcant in electrical power grids with many
generators.

Gen 2
230 KV

Station C
230 KV

Gen 3
230 KV

163 MW
Tap = 18.0

230 Tap = 13.8
230

85 MW

Station A
230 KV

Station B
230 KV

90 MW
30 MVAR

125 MW
50 MVAR

Gen 1
230 KV

Tap = 16.5
230

Slack Bus

100 MW
35 MVAR

Gen 2
18.0 KV
1.025 pu

Z = 0.0085+j0.072
Y = 0.+j0.0745

Z = 0.0119+j0.1008
Y = 0.+j0.1045

Gen 3
13.8 KV
1.025 pu

Z = j0.0586
Y = 0.+j0.0

Z 
= 

0.
03

9+
j0

.1
7

Y 
= 

0.
+j

0.
17

9

Y = 0.+j0.079
Z = 0.017+j0.092

Y = 0.+j0.088
Z = 0.01+j0.085

Z = 0.+j0.0576
Y = 0.+j0.0

Z 
= 

0.
03

2+
j0

.1
61

Y 
= 

0.
+j

0.
15

3

Y = 0.+j0.0
Z = j0.0625

Gen 1
16.5 KV
1.04 pu

Figure 1: WSCC 3-machine, 9-bus system [2].

Table 1: Machine data.

Parameters Generator 1 Generator 2 Generator 3
Di (p.u.), Td0i

′ (s) 6, 8.96 5, 6 2, 5.89
Hi (s) 23.1 6.1 3.01
xdi
′ (p.u.), xdi

(p.u.), xqi
(p.u.) 0.0608, 0.146, 0.0969 0.1198, 0.8958, 0.8645 0.1813, 1.3125, 1.2578

Efi
(p.u.) 1.056 1.789 1.403

Pmi
(p.u.) 0.716 1.63 0.85
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Figure 2: Comparison between the L-D GE estimators: load angle and relative speed of generator one.
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Figure 3: Comparison between the L-D GE estimators: the electrical power and nonlinear interconnection term of generator one.
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Figure 4: Comparison between the L-D GE estimators: load angle and relative speed of generator two.
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5. Conclusions

In this work, two robust linear decentralized (L-D) geo-
metric estimators (GE) are proposed, one considering the
load angle as measurement (19) and another one based on
relative speed as measured output (25). Methodologically
speaking, (i) both estimators are constructed based on a new
representation of the classical fux decay MPS dynamic
model by adopting the electrical power as a state variable to
include the efect of the transmission losses on generators’
dynamics, (ii) the new MPS dynamic model (3a)–(3d) is
employed to construct an L-D estimation model (9), for
which the state variables of generators are augmented by
considering a set of new state variables (one per machine),
these new variables stand for all the uncertainties, external
disturbances, interaction among generator units, and known
and unknown nonlinearities, (iii) the observability prop-
erties of the L-D estimation model (9) were identifed for
each measured output, for load angle (15) and the relative
speed (17), respectively, (iv) both estimators have a precise
and systematic industrial-like tuning based on two pa-
rameters associated with the generators’ dynamics, (v) the
proposed L-D state estimation schemes are computationally
efcient (the involved ODEs by the estimators grow linearly
for states to be estimated, almost a quarter of the total ODEs
of the conventional EKF [27]), and (vi) both estimators have
a robust convergence based on input-to-state (IS) stability
and small gain ideas (as one presented in [27]).

Te performance of the L-DGE estimators was evaluated
via numerical simulations through a robust testing scheme
considering known/unknown disturbances and noisy
measurements. As a result, the developed dynamic esti-
mators show a fast convergence rate to the current states of
MPS and robust performance against measurement noises
and initial condition uncertainties.

Te present study on MPS estimation is a point of de-
parture to address the observer-based output-feedback
control design problem with an application-oriented robust
decentralized scheme.
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