Hindawi

International Transactions on Electrical Energy Systems
Volume 2023, Article ID 4930801, 12 pages
https://doi.org/10.1155/2023/4930801

Research Article

WILEY | Q@) Hindawi

Distribution of Currents in 2 x 25 kV Electric Railway
Systems under Normal Conditions

Elmer Sorrentino (9, Naren Gupta,3 Miguel Montilla-DJesus,” and Pablo Arriaga4

YUniversidad Simén Bolivar, Caracas, Venezuela
2Universidad Carlos III de Madrid, Madrid, Spain
*Edinburgh Napier University, Edinburgh, UK
4Siemens, Caracas, Venezuela

Correspondence should be addressed to Elmer Sorrentino; elmer.sorrentino@uc3m.es

Received 17 September 2022; Revised 20 January 2023; Accepted 24 January 2023; Published 8 February 2023

Academic Editor: C. Dhanamjayulu

Copyright © 2023 Elmer Sorrentino et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

This article shows a detailed analysis of the distribution of currents in 2 x 25kV electric railway systems under normal conditions.
The network equations are clearly formulated in a way that enables the presentation of a novel simplified analytical solution as well
as the traditional numerical solution of the equation set. The simplified analytical solution is obtained when the transformer
impedances are neglected, and under these conditions: (a) the distributions of currents are analytically deduced for cases with only
one train; (b) the distribution of currents among autotransformers and between catenary and feeder can be easily understood, as
well as the effect of the train position on the distribution of currents; and (c) the superposition method is applied for cases with
multiple trains in order to clearly explain the distribution of currents from the results with only one train. On the other hand, the
network equations are also numerically solved, including autotransformer impedances, and it is shown that their effect is very low,
especially because these impedances are typically small. Therefore, the proposed analytical method is a good tool to obtain an easy
and approximate solution for the distribution of currents in these systems, as well as an excellent tool to facilitate the un-

derstanding of that distribution.

1. Introduction

There are different electric railway systems; some of them are
fed in DC, whereas others are fed in AC, and different
voltage levels are currently applied around the world [1-3].
At 25kV-AC, there are monovoltage systems (1 x25kV,
with or without the use of booster transformers), and there
are bivoltage systems (2x25kV, also called autotrans-
former-fed systems). This article is about 2 x 25kV electric
railway systems and specifically about the distribution of
main currents in these systems.

The 2 x25kV electric railway systems are fed by three-
winding single-phase transformers, whose primary is con-
nected to the high-voltage transmission system, from an
electric utility, and the secondary and the tertiary are at 25kV
(each one), in order to feed the traction system of the electric

railway system at 50kV, with the middle point connected to
ground (2 x 25kV). These windings at 25 kV feed the catenary
and the feeder. The catenary system is the group of sub-
conductors that are directly connected to the trains, and the
feeder system is a group of subconductors that follow the rail
path in order to connect the autotransformers. Furthermore,
there are parallel paths for ground currents through rails,
ground conductors, and physical earth. The trains are elec-
trically connected to the catenary system through panto-
graphs and to the ground system through rails. The use of
autotransformers facilitates the transmission of high mag-
nitudes of power in long distances because there is a main
transmission of power at twice of the train voltage (25kV).
The 2x25kV electric railway system is usually applied for
high-speed trains because they are typically characterized by
long distances and high magnitudes of power.
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The distributions of currents in 2 x 25kV electric railway
systems have been sometimes described in an oversimplified
way [4-9], but there are also documents that consider that
those distributions of currents are not so simple [10-22].
Some simplified distributions, dependent on train position,
are described in [10, 11] without considering the mutual-
impedances between the catenary and feeder. A load flow
algorithm is described in [12], and the problem related to the
distribution of currents among different subconductors of
catenary, feeder and ground is solved using a 12 x12 line
impedance matrix. A simplified load flow algorithm is de-
scribed in [13], and it is shown that the distribution of
currents at both sides of a train is dependent on train po-
sition. An approximate monovoltage equivalent model is
proposed in [14, 15] in order to simplify the problem related
to the bivoltage electrical railway system. A current-based
Newton-Raphson power flow algorithm is proposed in [16],
and it is compared with other nonlinear solving options.
Other options to solve the power flow problem in these
systems have also been studied; for example, the use of
Thévenin equivalents based on port characteristic equations
[17] and the use of an algorithm based on a modified nodal
analysis [18]. On the other hand, the 2x25kV electric
railway systems have also been analyzed in order to deal with
topics that are not covered in this article; for example, to
study the distribution of currents among ground paths
[19, 20], solutions dependent on frequency [21] or elec-
tromagnetic transients [22] (obviously, these other phe-
nomena are also important, but they are not within the scope
of this article).

The catenaries of different railways on the same path
have usually been grouped into a single equivalent con-
ductor to facilitate the analysis [3, 4, 6-10, 13-16, 20, 21], as it
is considered in this article. On the other hand, the sub-
conductors of the catenary of each railway in the same path
can also be grouped to obtain an equivalent conductor for
each catenary [11, 17, 18]. These simplifications can be
avoided by the solution of the original N x N line impedance
matrix [5, 12, 19, 22], where N is the number of subcon-
ductors of the model and it can reach values near to 15 for
the simple case of two railways in the same path. The so-
lution of the detailed electric network, considering the
original Nx N line impedance matrices, obviously offers a
more meticulous system representation, but the option of
grouping subconductors in equivalent conductors has been
often preferred because facilitates the system solution and
the phenomena understanding.

The summary of the literature about this topic shows
different options to solve the power flow problem in these
systems [10-18]. From those solutions, the calculation of the
distribution of currents between catenary and feeder and
among autotransformers would be possible, but these details
have not been shown in the literature because the goal of
these documents has not been the analysis of this point.
Thus, the simple question about how the current of one train
is distributed through the main paths (equivalent catenary,
equivalent feeder, and ground) remains without a simple
and proper answer after the review of the literature on this
topic. Only some simplistic answers [4-9] were available

International Transactions on Electrical Energy Systems

(without solving the load flow problem), but such simplistic
answers are extremely imprecise (e.g., in some references,
the train current is multiplied by assumed distribution
factors, such as 1/4, 3/4, and/or 1/2, regardless of train
position). This article offers a straightforward answer to that
question, based on simple analytic equations that are also
useful for an approximate solution to the load flow problem.
That is, this article shows the way to compute the approx-
imated distribution of the analyzed currents, based only on
system impedances and train position, without the need for
the accurate solving of the detailed load flow problem.

Only the distribution of main currents in 2x25kV
electric railway systems under normal conditions is covered
in this article. The problem related to the distribution of
main currents under fault conditions (i.e., short-circuits) is
very interesting, but it has to be covered in a future article for
the sake of clarity.

This article analyzes the distribution of currents in
2x25kV electric railway systems under normal conditions.
The network equations are clearly formulated, in a way that
enables their numerical solution as well as the development
of a novel simplified analytical solution. Two analytical
deductions for a simplified problem formulation are shown,
which are very useful to obtain easy and approximate so-
lutions of the load flow, as well as for a clear understanding
about the distribution of currents between catenary and
feeder and among autotransformers. On the other hand, the
effects of the train position and the autotransformer short-
circuit impedances on the distribution of currents are clearly
explained, and a similar analysis is not available in the
previous literature. These contributions are important for
researchers and for professional engineers because: (a) they
offer a clear description of the distribution of these currents
and (b) offer a simplified solving tool for this problem.

The next sections of this article have been organized in
the following way: Section 2 describes the detailed models
for the numerical solution of the problem. Section 3 de-
scribes the proposed method for the simplified analytical
solution, where the autotransformers are considered ideal
(i.e., their impedances are null, in contrast with the real
autotransformers, whose impedances are not null). Section 4
describes the numerical results, and it is split into two parts:
(a) subsection 4.1 shows the results for linear cases with ideal
autotransformers, which are identical using the analytical
deductions of Section 3 or the numerical solution of Section
2 and (b) subsection 4.2 shows the results for linear and
nonlinear cases with real autotransformers, which can only
be accurately computed using the numerical solution of
Section 2, and are useful to highlight the suitability of the
developed analytical method as an approximate solution.
Section 5 is devoted to the conclusion.

2. Detailed Models for the Numerical Solution of
the Problem

2.1. Brief Description of 2x 25kV Electric Railway Systems.
Figure 1 is useful to illustrate an initial description of the
2x25kV electric railway systems. A cell is defined by the
space between autotransformers (or between the three-
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FiGure 1: Sketch to illustrate an initial description of 2 x 25kV electric railway systems.

winding main transformer and the first autotransformer, in
the case of the first cell). The typical distance between au-
totransformers is around 10km. The number of auto-
transformers and trains shown in Figure 1, taken from
[14, 15], is higher than usual because it is intended to
represent the feeding of some cells from an adjacent sub-
station, (which is not the usual condition but is, herein,
covered since it is not an electrical system under fault
conditions).

Two or more different railways could be in the same
path, and each railway has a catenary (e.g., two catenaries are
typically installed for railways in the same path, which are
often applied for trains travelling in the opposite direction).
In these cases, the catenaries of these different railways are
usually connected in parallel at the autotransformer loca-
tions (as well as feeders, which are usually connected in
parallel at the same locations). Thus, the equivalent catenary
and the equivalent feeder of Figure 1 do not represent in
detail the catenaries and feeders of each railway in the same
path. Despite this fact, simplified schemes (such as the one
shown in Figure 1) have been frequently analyzed in the
literature about this point [3, 4, 6-10, 13-16].

The turns ratio of autotransformers is 2:1 (both
windings of each autotransformer have the same number of
turns). The currents in both windings of each autotrans-
former are identical since the magnetizing currents can be
considered negligible. In Figure 1, the currents at auto-
transformers are I,p; (i=1 to Nyr; Nar: number of auto-
transformers). For the sake of simplicity, the short-circuit
impedances of autotransformers (Zt) are assumed to be
identical for all the autotransformers.

The trains are connected between the catenary and the
rails. In Figure 1, the currents at the trains are I; (j=1to N3
N7: number of trains). Initially, the trains are considered
here as sources of current in order to obtain a linear system.
Afterwards, the nonlinear system is solved using a very
simple iterative procedure, based on updating the assumed
train currents in order to keep the specified values of power.

For each point in the catenary, the current (I¢) is the sum
of the currents of the downstream located trains (I;) minus
the sum of the currents of the downstream located auto-
transformers (Io;). On the other hand, for each cell, the
current in the feeder (Ir) can be computed as the sum of the
currents of the downstream autotransformers (Iary).

Therefore, for each point of the railway path, the sum of the
currents of the downstream located trains is I+ If.

2.2. Model for Feeders, Catenaries, and Rails. The Carson’s
line model is usually applied to the geometry of feeders,
catenaries, and rails in order to obtain the parameters of a
primitive impedance matrix (e.g., a 14 x 14 matrix [5], or a
12 x 12 matrix [15]). This primitive impedance matrix can be
reduced to a 2 x 2 system (equivalent catenary C, equivalent
feeder F, and reference [15]). Thus, the self-impedances of
the 2x2 system are Z; and Zg for catenary and feeder,
respectively, and Zy, is the mutual impedance. The tradi-
tional signs for voltages and currents in the line model are
shown in Figure 2(a), whereas the convenient signs for
feeder variables are shown in Figure 2(b). Thus, the main
equations for the line model are as follows:

AV = VC,I - Vc,z =Zclc = Zylp,

1
AVp=Vp, =Vpy = Zylc = Zplp. W

Ve and V¢, are the voltages at both line-ends of a
catenary segment; Vi1 and Vg, are the voltages at both line-
ends of a feeder segment; AV and AVgare the voltage drops
in a catenary and a feeder segment, respectively. Herein, the
arrow points of voltage correspond to points with the plus
sign of the correspondent voltages.

The use of a 2x2 model has been previously applied
(e.g., [14, 15]), and it is convenient for the sake of simplicity,
but the way of considering the ground currents in this model
is not evident. Due to this fact, Appendix A shows a sim-
plified explanation of this point, even though it is not strictly
indispensable to understand this article.

2.3. Model for the Three-Winding Transformer. The three-
winding transformer is modelled with its conventional
equivalent circuit (Figure 3). Due to the polarity shown in
Figure 1, special attention must be paid to the signs of Irand
VE. As the net impedance connected to the primary (Zpngr)
is Zyy + Zp, the main equations for this element can easily
include the Thévenin equivalent of the source (Zyy is the
impedance of the Thévenin equivalent of the source, and
Vuv is the correspondent Thévenin voltage)
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FIGURE 2: Sketch to illustrate the signs in the line model: (a) traditional line model and (b) required model in accordance with Figure 1.
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FiGgure 3: Traditional equivalent model for the 3-winding trans-
former. Zp, Zs, and Zr are primary, secondary, and tertiary im-
pedances (in pu).

Vv =Ve+ Zslc + Zpyprlp 2)

Vv = Ve + Zrlp + Zpygrlp

2.4. Model for Autotransformers. The node equations can be
easily formulated for catenary and feeder at autotransformer
locations. By using the signs in Figure 4, the voltage equation
for each autotransformer is as follows:

VATF,i = VATC,i + ZATIAT,i (3)

Varc,i and Varg; are the voltages at catenary and feeder
sides of the autotransformer i, respectively.

2.5. Summary of Linear Equations. Given the source voltage
(Vyv) and the currents in the trains (I';) as known data, the
linear problem can be formulated using the autotransformer
variables (In1; Varci and Varp) as main unknowns.
Therefore, the number of unknowns is three times the Nar.

For each cell, an equation for the catenary is formulated
by expressing the downstream Varc; as a function of the
upstream Varc; (or Viy, in the case of the first cell) and the
voltage drops in each subsection of the catenary of this cell.
Similarly, for each cell, an equation for the feeder is for-
mulated by expressing downstream Varp; as a function of
upstream Vrg; (or Viy, in the case of the first cell) and the
voltage drops in each subsection of the feeder of this cell. The
key point is that the current at each subsection of catenary is

catenary

ATC,i

ATEji

feeder

FIGURE 4: Sketch to illustrate the variables and their signs in
autotransformers.

the sum of the currents of the downstream located trains
minus the sum of the currents of the downstream auto-
transformers (Figure 1); on the other hand, the feeder
current in each cell is the sum of the currents of the
downstream autotransformers (Figure 1). Thus, these
equations are mainly based on the mutual- and self-im-
pedances of the afore-described 2 x 2 matrix, and there are
Nt equations for catenary and Nt equations for feeder.

For each autotransformer, the equation (3) relates its
variables. Therefore, these Nyequations complete the linear
system of 3N equations with 3N, unknowns. Obviously,
the system dimension could be reduced using substitution
methods, but the (3Nat) X (3N,1) system was considered
convenient in order to directly obtain the required solution
of the main unknowns.

2.6. Nonlinear Solution. Once the linear equations have been
properly formulated, the nonlinear problem can be easily
formulated by considering that the input data of the trains
are the values of power (Sy;) instead of the values of current
(I7). The nonlinear problem of having power data instead of
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current data is traditional in power system analysis, and it
has been solved in different ways [23]. The Gauss—Seidel’s
method [23] was applied in this work, and it is quite simple:
(a) the values of train voltages (V) are initially assumed in
order to compute the values of train currents
(I= [ST /VT |*) for the first iteration and (b) subsequently,
the linear problem is solved, to compute the values of train
voltages for the second iteration, and this procedure is re-
peated until the difference between the computed values of
train voltages in two consecutive iterations is lower than the
tolerance value (i.e., until the convergence is reached). There
are previous works related to the use of nonlinear solving
methods [12-18], as well as other methods that could be
applied in the future (e.g., forward-backward sweep al-
gorithms), in order to compare different options, but such
comparisons are not directly related to the goal of this
article. On the other hand, different methods to solve
systems of nonlinear equations are currently available as
simple software tools (that could be applied if it is con-
sidered necessary). The method herein applied is probably
the simplest one, and it was considered suitable for the
purpose of this article since it was fast and efficient for the
analyzed example.

3. Analytical Solution for Simplified Linear
Cases with Ideal Autotransformers

For the sake of simplicity, a case with only one train is
initially analyzed. In this case, there are three cell types: (a)
type-1, where the train is located; (b) type-2, downstream of
type-1 cell; and (c) type-3, upstream of type-1 cell.

The autotransformers are considered ideal (i.e., their
impedances are null). Thus, Varc;=Varp; (i=1 to Nat).
This condition implies that, for a given cell, the voltage drop
at the catenary must be equal to the voltage drop at the
feeder. For type-2 cells, this condition is fulfilled because the
currents (and voltage drops) at the catenary and feeder are
equal to zero.

The first deduction is for type-3cells (Figure 5). The
voltage drop at the catenary (AV) must be equal to the
voltage drop at the feeder (AVp). Therefore,

Thus,
Il — (ZC + ZM ) (5)
Ic (Zp+Zy)

This quotient only depends on the line parameters. If the
current in the train is known (I7), another equation can be
formulated because I+ I is the sum of the currents of the
trains downstream (I;=Ip+Ic). Thus, a linear 2 x 2 system
can be solved in order to obtain Ipand I.. On the other hand,
it is clear that Iz must be different than I- because Z. is
different than Zp.

The second deduction is for type-1 cells (Figure 6). I¢; is
the current through the subsection of catenary between the
train and the adjacent autotransformer nearest to the source.
As the currents at both windings of autotransformers must

AT,

line section

FI1GURE 5: Sketch to illustrate the deduction for type-3 cells.

line section

F1GURE 6: Sketch to illustrate the deduction for type-1 cell.

be equal to each other, and the downstream currents must be
null, the current in the other subsection of the catenary (I¢;))
must be equal to Ir. Again, AV must be equal to AV
therefore,

mZclo; — (1 -m)Zelp + Zyly) ©)
=-mZylc;+ (1 —m)Zy I+ Zplp).
Thus,
Ll mGerm) o
Ie, Ie; (Zp+Q-m)Zy+(1-m)Ze)

This quotient depends on the line parameters and m
(where m is the distance up to the train, in per unit of the line
length for this cell, measured from the adjacent auto-
transformer, which is nearest to the source). Again, if the
current in the train is known (Ir=I¢; + I¢j = I + Ir), a linear
2x2 system can be easily solved to obtain I and I;.



For the first cell, a convenient simplification is the as-
sumption that Zg=Zr=0 for the 3-winding transformer.
Thus, the first cell can be considered as type-1 or type-3,
depending on whether the train is in this cell or not.

The case of multiple trains can be solved by superpo-
sition. That is, Nycases (Ny: number of trains) with only one
train can be independently solved in order to superpose the
obtained currents. An advantage of this procedure is that the
solution is directly found by simple analytical equations. For
example, this feature was useful for debugging the numerical
solving algorithm described in Section 2. On the other hand,
the deductions for the cases with multiple trains could also
be obtained (similar to the deductions described for cases
with only one train); however, the number of variables is
greater, and the solution is not so simple as in the case of
only one train.

4. Numerical Results

The numerical method described in Section 2, considering
multiple trains and real autotransformers, was successfully
verified with the help of the solution shown in [15]. The
numerical results for this article are obtained using the
system illustrated in Figure 1, whose main data were taken
from [15] and are included in Appendix B. These numerical
results are split into two subsections: (4.1) linear cases with
ideal autotransformers and (4.2) linear and nonlinear cases
with real autotransformers. The results of subsection 4.1 are
identical when using the analytical deductions of Section 3
or the numerical solution of Section 2. The results of sub-
section 4.2 can only be accurately computed using the
numerical solution of Section 2 and are useful to show the
suitability of the developed analytical method as an ap-
proximate solution. Finally, subsection 4.3 is devoted to
offering a summarized analysis of results related to the
purpose of this article.

4.1. Results for Linear Cases with Ideal Autotransformers

4.1.1. Distribution of Currents for Cases with Only One Train.
In this example, only Irs is not null for the system shown in
Figure 1, and this train is located at the cell midpoint.
Its=1pu/-10°, Vv =1pu/0°, and Zp=Zg=Zr=0. This case
was analytically solved through the deductions in Section 3
and also numerically solved through the algorithm in Sec-
tion 2. The numerical differences between the results are
extremely low (i.e., insignificant). The main results are
shown in Figure 7. These results are important for under-
standing the distribution of currents.

For the sake of clarity, the step-by-step description of the
analytical solution is shown here. Step a: the current at the
catenary and the current at the feeder in cell 5 are both zero
because it is a type-2 cell. Step b: the cell 4 is a type-1 cell, and
the quotient Ir/Ic;=0.25/4" is obtained by substitution of
data (Appendix B) in equation (7) with m =0.5. Step c: the
current at catenary and the current at feeder in cell 4 are
obtained by the solution of Ip/Ic;=0.25/4", and
Ic;+Ip=1pu/-10". Step d: the cells 1, 2, and 3 are type-
3cells, and the quotient Iz/I-=0.69/5" is obtained by
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substitution of data (Appendix B) in equation (5). Step e: the
current at the catenary and the current at the feeder in cells 1,
2, and 3 are obtained by the solution of Ir/I-=0.69/5" and
IC+IF: 1 pu/—lOD.

The main results are the currents in the autotransformers
because the other currents can be obtained from them. In
this case, only Ixt; and Ixt4 are not null in the autotrans-
formers. Visually, the autotransformers in Figure 7 seem to
be in parallel, but they are not in parallel. The key point is
that the voltage drops in the catenary and feeder must be
equal to each other (line model) if the autotransformers are
considered ideal. Consequently, the afore-described “Step e”
shows that the currents in the catenary for all the type-3 cells
must be equal to each other, as well as the currents in the
feeder for all the type-3 cells must be equal to each other
(therefore, IAT] = IATZ = 0)

As shown in (5) and (7), these distributions of currents
are dependent on mutual- and self-impedances of the 2 x 2
line impedance matrix. Actually, I and I are constant in cells
1, 2, and 3 of this example because the line impedances were
assumed to be homogeneous. If the line impedance matrix of
one of these cells were different than the line impedance matrix
of an adjacent cell (which can occur due to some maintenance
needs), then I~ and I could be different for those adjacent cells;
consequently, the difference of the currents would circulate by
autotransformers 1 and/or 2 in that case.

At each point of the railway path, the current in the
catenary must be the sum of the current in the feeder plus the
current through the ground paths (rails, ground conductors,
and physical earth). That is, for cells 1, 2, and 3, the current
through the ground path is not null (and this point has been
sometimes oversimplified [3-9]). The equation (5) clearly
shows that Ir is equal to I only if Z is equal to Zr (i.e., for
type-3 cells, the current by the ground path can only be null
if Z¢ is equal to Zp).

On the other hand, if the train position is varied from
m=0 to 1, the main distributions of currents are shown in
Figure 8. The current through the subsection of catenary
between the train and the adjacent autotransformer nearest to
the source (I¢3) is equal to the train current for m =0, and it is
minimum (0.591rs) for m = 1. I 4/I5 is the graphical result of
equation (7) for this example, and it indicates the ratio for
currents at both sides of the catenary for the cell where the
train is located. In7 s/Is and Izt 4/I7s indicate how much of
the train current circulates by the nearest autotransformers.

4.1.2. Distribution of Currents for a Case with Multiple
Trains. In this example: Ip=1pu/-10°, Ip=1pu/-10°
Irs=1pu/-15°, Ipy=1pu/-15", Irs=1pu/-20°, Irs=1pu/
—20°. These trains are located at m =0.001, 0.9, 0.8, 0.7, 0.6,
and 0.5, respectively, and Viy =1pu/0°and Zp=Zg=Z;=0.
This case was analytically solved using the deductions from
Section 3 for only one train and the superposition method to
obtain the sum of currents in each autotransformer. Fur-
thermore, this case was also numerically solved using the
algorithm of Section 2 (and considering simultaneously the
six trains). The numerical differences in the results are in-
significant. The main results are shown in Table 1. The
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FIGURE 7: Currents for the example with only one train, with Z,r=0% and the train located at the cell midpoint.
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FIGURE 8: Main distributions of currents as a function of train position (m) for the example with only one train and ideal autotransformers.

TaBLE 1: Autotransformer currents (in pu) for the example with six trains and ideal autotransformers.

Case Ixm NV NE Iaty Iats
Only T1 <0.01 0 0 0 0
Only T2 0.37/-7° 0 0 0 0
Only T3 0.08/-12° 0.33/-12° 0 0 0
Only T4 0 0.13/-12° 0.29/-12° 0 0
Only T5 0 0 0.16/-17" 0.25/-17° 0
Only T6 0 0 0 0.20/-17° 0.20/-17°
6 trains 0.45/-8" 0.45/-12° 0.45/-14° 0.45/-17° 0.20/-17°

current in autotransformer 1, in the case of only TI, is very
low because this train is located very near the 3-winding
transformer. On the other hand, the current in autotrans-
former 5 for the case with only T6 is exactly equal to the
correspondent result for the case of six trains (because only
this train contributes to the current in this autotransformer).
Conceptually, the superposition method is useful to see that
the currents in autotransformers are mainly due to trains
located at cells on both sides of the autotransformers.

4.2. Results for Linear and Nonlinear Cases with Real
Autotransformers

4.2.1. Results for Linear Cases with Real Autotransformers.
In this section, the autotransformer impedances (Z,r) are
included in the simulation; therefore, the results only can be

numerically obtained. That is, the results of this section are
not predictable with accuracy using analytical equations,
unlike the results of the previous section. For example, in
cases with only one train, the currents are not mathemat-
ically equal to zero for those autotransformers which are not
at each end of the cell with the train. The results are herein
shown as a function of Z,in order to show the influence of
Zaron the distribution of currents. In practice, Z, tends to
be very low (nearly 1%). The highest considered value of Z,
(5%), however, is much higher than the typical values in real
life. The resistive part of Z,1 was assumed to be 0.5% in all
these examples.

Table 2 shows the main results for examples similar to
the previous example with only one train, but Z,ris not zero
in these cases. That is, IT5 =1 pu/—10°, the train is located at
the cell midpoint (m =0.5), and Vv =1 pu/0’, for the results
shown in Table 2. On the other hand, Figure 9 shows the
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TaBLE 2: Autotransformer currents (in pu) for the example with only one train and real autotransformers.
Zat (%) Iami T2 Iats Iata Iats
1.0 <0.01 0.02/-14° 0.19/-6° 019/-6" 0.02/-15°
1.5 <0.01 0.02/-6" 0.18/-7° 0.18/-7° 0.02/-6"
2.0 <0.01 0.03/-3° 0.17/-8° 0.17/-8° 0.03/-3°
3.0 <0.01 0.03/-2° 0.16/-9° 0.16/-9° 0.04/-0.4°
40 <0.01 0.04/-2° 0.15/-10° 0.16/-9° 0.05/0.10
5.0 0.01/5° 0.04/-2° 0.15/-10° 0.15/-10° 0.05/-0.10
0.5
0.4 Lo/l S L/ Ty
03 - =t
0.2
0.1
0 T T T T T T T T T
0 01 02 03 04 05 06 07 08 09 1
m (pu)
0.5
0.4
. Z,,=5%
0.6 - Z,,=5% 0.3 - 1L : -
0.4 1
02 - /
0 T T T T T T T T T 0 T T T T T T T T T

0 01 02 03 04 05 06 07 08 09 1
m (pu)

0 01 02 03 04 05 06 07 08 09 1
m (pu)

FIGURE 9: Main distributions of currents as a function of train position (m) for the example with only one train and real autotransformers.

main distributions of the currents as a function of the train
position (m) for the example with Its=1pu/-10°
Vav =1pu/0°, and real autotransformers (Z,1+0). The re-
sults for Z,1t=1% are very similar to those of the ideal case,
and the differences are amplified as the value of Z,r is
greater.

Table 3 shows the distribution of currents for examples
similar to the previous example with multiple trains, but Zs
is not zero in these cases. The train currents and train lo-
cations are exactly the same as in the previous example with
multiple trains. Again, these results show that the case of
Zar=1% gives results similar to the ideal case, and the
differences are amplified as the value of Z,r is greater.

Figure 10 shows the distribution of currents for the
example of six trains with Z,t=1% (which is a typical value
for these autotransformers). Results for the case with
Za1=0% are also shown, between parenthesis, for com-
parison purposes. It is clear that differences in results are not
significant, and this point can be complemented by the fact
that the currents in trains are permanently changing.

On the other hand, results for the example of six trains
with Z,1=1% were numerically obtained using the algo-
rithm of Section 2, whereas results with Z,1=0% can be
analytically obtained using the deductions of Section 3. Thus,
it is clear that the analytical deductions of Section 3 are
useful to obtain an approximate solution to the distribution
of currents in these systems.

4.2.2. Results for the Nonlinear Case. Table 4 shows the
distribution of currents for examples similar to the ones
shown in Table 3, but the input data are the values of the
power in each train instead of the current. For the sake of
similarity with the previous case, the input data of power
were chosen equal to the previous data of current, changing
the angle sign (that is, considering that the voltage at the
trains is relatively near to 1 pu/0°). The input data for power
are: STI = STZ =1 pu/1_0°, ST3 = ST4 =1 pu/1_5°, STS = STG =1 pu[
20°. The remaining conditions for the simulations are exactly
the same as the previous example. The maximum differences
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TaBLE 3: Autotransformer currents (in pu) for the example with six trains and real autotransformers.

Zat (%) Iami T2 Iats Iata Iats

1.0 0.41/-8° 0.45/-12° 0.45/-14° 0.43/-16° 0.23/-18°
1.5 0.39/-9° 0.44/-12° 0.44/-14° 0.42/-17° 0.23/-17°
2.0 0.38/-9° 0.44/-12° 0.44/-14° 0.42/-17° 0.24/-15°
3.0 0.36/-11° 0.43/-13° 0.44/-14° 0.41/-17° 0.25/-15°
40 0.34/-12° 0.42/-13° 0.43/-15° 0.40/-17° 0.26/-15°
5.0 0.32/-13° 0.41/-14° 0.43/-15° 0.40/-17° 0.27/-15°

4.03/-16° 3.04/-18°  2.05/-22° 245/-19° 146/-22° 1.90/-20° 0.91/-25° 135/-22° 0.35/-26° 0.77/-21° 0.23/-18°

(3.99/-16°) (3.00/-18°) (2.01/-22°) (2.45/-19°) (1.45/-22°) (1.90/-20°) (0.91/-25°) (1.35/-21°) (0.35/-26°) (0.80/-21°) (0.20/-17°)
— —_— —— — — — —

7 —

HV l l l

I I, IT}
v 2 v " x 0.41/-8°
C() (0.45/-89)
0.41/-8°
F (0.45/-8°)

1.95/-130 1.55/-15°

(2.00/-13°) (1.55/-15°)

ITJ
0.45/-12°

Io.zs/-mo
(0.45/-12°)

(0.20/-17°)

ITﬁ
0.43/-16°

ITS
0.45/-14°
(0.45/-17°)

(0.45/-14°)

0.45/-12° 0.45/-14° 0.43/-16° 0.23/-18°
(0.45/-12°) (0.45/-14°) (0.45/-17°) (0.20/-17°)
1.10/-16° 0.66/-17° 0.23/-18°

(1.10/-16°)

(0.65/-17°) (0.20/-17°)

FiGure 10: Distribution of currents for the example with six trains (results with Z,1=1% are shown without parenthesis, whereas results

with Z,1t=0% are shown between parenthesis).

TABLE 4: Autotransformer currents (in pu) for the example with six
trains and the nonlinear method. First example.

TABLE 5: Autotransformer currents (in pu) for the example with six
trains and the nonlinear method. Second example.

ZAT (%) IATI IAT2 IAT3 IAT4 IATS ZAT (%) IATI IATZ IAT3 IAT4 IATS

1.0 0.43/-10° 0.48/-16" 0.49/-19° 0.48/-22° 0.25/-24° 1.0 0.40/-5 0.45/-11° 0.46/-14" 0.45/-18° 0.24/-19°
1.5 0.41/-11° 0.47/-16 0.49/-19° 0.47/-23" 0.26/-23° 1.5 0.39/-6" 0.45/-11° 0.46/-14" 0.44/-18° 0.24/-18°
2.0 0.40/-12° 0.47/-16" 0.49/-20° 0.46/-23° 0.27/-23 2.0 0.38/-7° 0.44/-11° 0.45/-15" 0.43/-18 0.25/-18°
3.0 0.38/-14° 0.46/-17° 0.48/-20° 0.45/-23° 0.28/-22° 3.0 0.36/-9° 0.44/-12° 0.45/-15" 0.42/-18° 0.26/-17°
40 0.36/-15" 0.45/-18° 0.47/-20° 0.45/-23° 0.29/-21° 40 0.34/-10° 0.43/-13° 0.44/-15" 0.42/-18 0.27/-16"
5.0 0.34/-16 0.44/-18 0.47/-21° 0.44/-23" 0.30/-21° 5.0 0.32/-11° 0.42/-13° 0.44/-16" 0.41/-18" 0.28/-16°

between the results of the currents in Tables 3 and 4 are 12%,
and such differences are mainly due to the fact that the
voltage is 1 pu/0° at the source, not at the trains. Again, these
differences in the results are not significant, especially
considering that the currents in the trains are permanently
changing (due to the behaviour of drivers and/or the lo-
cations of trains). In order to approximate the effect of
voltage drops, a difference of 0.05 pu in the magnitudes and
5°in the angles was included in the input data. The input data
of power for this second example are S7y = S1, =0.95 pu/5’,
S13=814=0.95pu/10°, and S75=S76=0.95pu/15°, and the
results are shown in Table 5. The maximum differences
between the results of the currents in Tables 3 and 4 are 4%.
Obviously, the differences in the results could be greater if
the voltages in the trains are not near 1 pu. This condition is
not typical at all, but it is possible since these systems are
often designed to operate with minimum voltages near
0.69 pu (therefore, the nonlinear method should be the
preferred option in those atypical conditions).

4.3. Summarized Analysis of Results Related to the Purpose of
This Article. The results with ideal autotransformers, as
shown in Table 1, were obtained through two independent

methods (the analytical solution shown in Section 3 and the
linear numerical solution explained in Section 2). Both
methods are alternative ways of obtaining the accurate so-
lution in the case of ideal autotransformers. The analytical
method can be easily implemented by the simple writing of
formulas of Section 3 in a worksheet, whereas the linear
numerical solution explained in Section 2 can be easily
obtained by coding the correspondent program.

The autotransformer impedances are very low in practice
(nearly 1%). Under these circumstances, the distribution of
current among autotransformers, and between catenary and
feeder in the case of real transformers is similar to the
corresponding results in the case of ideal autotransformers.
This fact can be easily verified by the comparison of results
with Z,1=0% and with Z,1=1% in the following places: (a)
Figure 7 and Table 2; (b) Tables 1 and 3; (c) Figures 8 and 9;
and (d) Figure 10. Therefore, the results with ideal auto-
transformers offer an approximate solution to the distri-
bution of currents in the case of real autotransformers.

The results of linear and nonlinear methods are similar
to each other if the train voltages are near to 1 pu. This fact
can be easily verified by comparing the results of Table 3 with
those of Tables 4 or 5 (differences in these results are
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FIGURE 11: Sketch to illustrate the circulation of ground currents
(Igx) in the 2 x 2 line model for 2 x 25kV electric railway systems.
Arrows with solid lines are according to the sign convention of this
article, and arrows with dashed lines indicate that the usual result is
in the opposite direction.

unimportant, especially considering that the currents in the
trains are permanently changing).

The distribution of currents in these systems can be
clearly understood with the help of (a) Figure 7, whose
results are based on equations (5) and (7) of Section 3, and
(b) Table 1 and the values between parenthesis in Figure 10,
whose results are based on Section 3 and the superposition
method.

5. Conclusion

The distribution of currents in 2x25kV electric railway
systems under normal conditions was herein analyzed in
detail. The network equations were clearly described, and
this description enabled their numerical solution as well as
the formulation of an analytical solution for simplified cases.
The transformer impedances were initially neglected in
order to obtain the required simplification for the ap-
proximate analytical solution. This analytical tool facilitates
the explanation of the distribution of currents among au-
totransformers and between catenary and feeder, as well as
the effect of train position on the distribution of these
currents. Afterwards, the autotransformer short-circuit
impedances were included in order to show their effect on
the distribution of computed currents.

The distribution of currents among autotransformers is
simple because currents circulate mainly through auto-
transformers located on both sides of one train. The su-
perposition method is useful to explain the distribution of
currents in cases with multiple trains.

The distribution of currents between catenary and
feeder for the cells located upstream of the trains is mainly
defined by the differences among the impedances of the line
2 x 2 model. The distribution of currents between catenary
and feeder for the cells with trains is mainly defined by the
train location and by the impedances of the line 2x2
model. Obviously, the autotransformer impedances have
an effect on the results, but this effect is not significant for
the typical values of autotransformer impedances (around
1%).

The trains can be modelled as constant current
or constant power. The differences in results can be con-
sidered negligible if the voltages in the trains are near
to 1 pu, which is the usual condition. On the other hand,
if the voltages in the trains are not near to 1pu

International Transactions on Electrical Energy Systems

(which is possible, under some unusual conditions) and the
trains need to be modelled as constant power, the nonlinear
method should be applied in order to properly compute the
currents in the electrical system. In general, modelling
trains as having a constant current can be a convenient
simplification, especially considering that the currents in
trains are constantly changing.

Nomenclature

Tz Currents at autotransformers are I
(i=1 to Nao1; Nar: number of
autotransformers)

ZaT: Short-circuit impedances of
autotransformers (Z1)

I Currents at trains (j = 1 to Nys Nz: number
of trains)

Zyv: Impedance of the Thévenin equivalent of

the source, at the connection point for the
three-winding transformer

Vav: Thévenin voltage of the equivalent source
at the connection point for the three-
winding transformer

I Current in the catenary
I Current in the feeder
Zc, L Self-impedances of the 2 x 2 system for

catenary and feeder, respectively
Zur: Mutual impedance between catenary and
feeder of the 2 x 2 system

Ve Ve Voltages at both ends of a catenary
segment

Vel Vi Voltages at both ends of a feeder segment

AVe Voltage drop in a catenary segment

AVE: Voltage drop in a feeder segment

Iy, Ipo: Currents in the traditional line model

Vi Voo Voltages in the traditional line model

Vi Vi

ZpNET: Net impedance connected to the primary
of the three-winding transformer

Zp, Zs, Zr: Primary, secondary, and tertiary

impedances of the three-winding
transformer

Voltage at catenary and feeder sides of the
autotransformer i

Varci Vatri

St Complex power in train j
Vi Voltage at train j
Ic: Current through the subsection of

catenary between the train and the
adjacent autotransformer nearest to the
source

Iy Current through the subsection of
catenary between the train and the
adjacent autotransformer most far from
the source

m: Distance up to the train, from the adjacent
autotransformer nearest to the source, in
per unit of the line length of the cell

Ik Net ground current in section k.
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Appendix

A. Ground Currents in the 2 x 2 Model Feeders,
Catenaries, and Rails

The analysis of models for lines with multiple phase con-
ductors and multiple ground conductors is well-known in
the case of three-phase systems; this point was clearly un-
derstood many years ago to develop the electrical power
systems. For example, a classical textbook [24] shows a
proper way to perform the matrix reductions to group the
multiple subconductors of phase and ground, as well as to
take off the ground conductors from the line model for-
mulation. That is, the primitive matrix has all the details of
all the subconductors and the earth effect, and the result is a
3 x 3 reduced model of the three-phase transmission lines
(phases a, b, and ¢; without specific terms for ground ele-
ments). It is well-known that the 3 x 3 line model of three-
phase transmission lines considers that ground currents are
the sum of phase currents, and the self- and mutual-im-
pedances of ground conductors have been included in such a
reduced model. Similarly, in the 2 x 2 model of Figure 2, the
ground current is simply I;; +I;, (Figure 2(a)) or Ic—If
(Figure 2(b)), and this ground current is the sum of the
currents flowing through all the ground paths. Figure 11
illustrates the distribution of currents in an example with
only 3 cells, for the sake of simplicity; the currents at each
point of the catenary and feeder (I and Ix) can be directly
obtained using the 2 x 2 model, and the net ground current
(Igk) can be easily computed as Iy = Ik — Ir at each point.

Itis eVident that: (a) IF4=IAT,3’ Ic4 = _IAT,3’ IG4 = _ZIAT,S;

(b) Ips=Iar + IaT3 Icz=—(Iar2+IaT3), Igs=-2
(Iat2+IaT3)- Thus,

Iy =Ics +1Ip =17 _(IAT,Z + IAT,3)>

Igy =Igs+1Ip=1Ir - 2(IAT,z + IAT,3)>

Icy =1Icy = Iy = Iy _(IAT,I +lyrp + IAT,3)’ (A.1)

Ipy = Ipy +Tpry = Iary + Tarp + Larss
I =Toy = Ipy = Ir = 2(Tary + Larn + Lars)-

For this particular case, the application of Section 3 of
this article implies that: (a) the currents in cell 3 tend to be
negligible (I573=0); consequently, I54=0; (b) the ratio be-
tween the currents in catenary and feeder (Ig/I¢) in cell 1 is
dependent on self- and mutual-impedances of the 2 x 2 line
model; consequently, I; is in general different than zero.

B. Data of the System Taken as an Example [15]

Equivalent source (utility): Zgy =0.
3-winding transformer (Spase=80MVA; Vpask.
Lv =27.5KV): Zp=j0.075 pu; Zs=j0.025 pu; Z;=70.025 pu
Line (2 x 2 matrix for the catenary/feeder system):
Zc=(0.81091 +j2.3755).10 > pu/km
Zp=(1.78320 +j3.8437).10~> pu/km
Zp=(0.33677 +j1.2436).10~ pu/km

11

Each autotransformer  (Sgasg=10MVA;  Vgase.
Lv=27.5kV): Zyr=0 or j0.05pu in [15], whereas Z,r (in
%) =0, 1, 1.5, 2, 3, 4, or 5 in this article (with a resistive part
equal to 0.5%).

Distance between autotransformers: 10 km.
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