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By using the variational method, some existence theorems are obtained for periodic solutions of
autonomous (g, p)-Laplacian system with impulsive effects.

1. Introduction

LetB={1,2,...,1},C={1,2,...,k}, ke N.
In this paper, we consider the following system:

%(Dq(ul(t)) =V, Fu(t),ux(t)), ae. te[0,T],

%@,,(uz(t)) =V, F(ui(t),ux(t)), ae te[0,T],
u1(0) —ur(T) =1 (0) -2 (T) = 0, (1.1)
u2(0) —up(T) = 12(0) —112(T) = 0,
A, (i1 (1)) = @y (121 (1)) = 0y (11 (1) ) = VI (i (1)), j€B,

A(Dp(uZ(Sm)) = ch(QZ(S;)) - ch (u2(5;1)) = VKu(u2(sm)), mecC,

wherep > 1, g > 1,T >0, u(t) = (u(t),u2(t)) = (ui(t),ud(t),..., ulN(t),ud(t),u3(t),...,
ué\](t))T, ti(G =1,2,...,1),and s;(m = 1,2,..., k) are the instants where the impulses occur
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and 0 = fp < b <t < - <t <ty1 =T,0 =5y <81 < 8 <+ < S < Sgy1 =1,
Ii:RN — R (j € B),and K, : RN — R (m € C) are continuously differentiable

N (u=2)/2
D, (z) = |z|”_2z = <Zzlz> Sl o neER pu>1,
i1
ZN
oI; 0K, (1.2)
0x1 0x1
Vix)=| |, VKnx)=| |
ol 3K,
oxn OxXN

and F : RN x RN — R satisfies the following assumption.
(A) F(x) is continuously differentiable in (x1,x;), and there exist a;, a; € C(R*,R*) such
that

|F (x1,x2)| < a1(|x1]) + az(|x2]) , |VF(x1,x2)| < a1(|x1]) + az2(|x2]),
|Li(x1)| < ar(jxal),  |VI(x1)| < ar(|xa]), j€B, (1.3)
|Kin(x2)] < az(|x2]),  |VKn(x2)| < az2(|x2]), meC,

forall x = (x1,x;) € RN xRN,
Whenp=g=2,1;=0(j € B), K,, =0 (m € C), and F(uy,up) = F1(u1), system (1.1)
reduces to the following autonomous second-order Hamiltonian system:

i1 (t) = Vi, Fr(un (t)), ae. te[0,T],
u1(0) —u1(T) = 11 (0) — 1 (T) = 0.

(1.4)

There have been lots of results about the existence of periodic solutions for system (1.4) and
nonautonomous second order Hamiltonian system

i (t) = Vul Fl (t/ u; (t))/ ae. te [O/ T]/ ( )
1.5
u1(0) —uy (T) =21 (0) — s (T) =0,

(e.g., see [1-21]). Many solvability conditions have been given, for instance, coercive condi-
tion, subquadratic condition, superquadratic condition, convex condition, and so on.
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Whenp = g =2, VI;#0 (j € B), Ky, =0 (m € C), and F(u1,uz) = Fi(u1), system
(1.1) reduces to the following autonomous second-order Hamiltonian system with impulsive
effects:

i1 (t) = Vi, Fr(un (t)), ae. te[0,T],

u1(0) —u1(T) =11 (0) —in(T) = 0, (1.6)

i () = (£) = VI (1 (1))

Recently, many authors studied the existence of periodic solutions for impulsive differential
equations by using variational methods, and lots of interesting results have been obtained.
For example, see [22-28]. Especially, nonautonomous second-order Hamiltonian system with
impulsive effects is considered in [25, 26] by using the least action principle and the saddle
point theorem.

When I; =0 (j € B) and K,,, =0 (m € C), system (1.1) reduces to the following system:

%(Dq(ul(t)) =V, Fu(t),ux(t)), ae. te[0,T],

%(I)p(itz(t)) =V, F(ui(t), ux(t)), ae. te[0,T], (1.7)
u1(0) —u1(T) =21 (0) — s (T) =0,

u2(0) —uz(T) = 112(0) — 112(T) = 0.

In [29, 30], Pasca and Tang obtained some existence results for system (1.7) by using the least
action principle and saddle point theorem. Motivated by [17, 22-30], in this paper, we are
concerned with system (1.1) and also use the least action principle and saddle point theorem
to study the existence of periodic solution. Our results still improve those in [17] even if
system (1.1) reduces to system (1.4).

A function G : RN — Ris called to be (A, y)-quasiconcave if

G (x+y)) 2 u(G(x) +G(y)), (1.8)
for some A,y > 0 and x,y € RN,

Next, we state our main results.

Theorem 1.1. Let g’ and p’ be such that 1/q+1/q = 1and 1/p +1/p' = 1. Suppose F satisfies
assumption (A) and the following conditions:

(F1) there exist

(q+1)"
T10(q,q')’

(P +1)""

P (1.9)
PO (p,p')

O<r < O<rn<
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such that

1, Y(x1,x2), (y1,y2) € RN xRV,

(Vi F(x1,%2) =V F(y1,2),x1 —y1) 2 -11 |x1 — 11

(Vo F(x1,%2) = Vi, F(y1,12), %2 — 12) 2 —12 |22 — 12", V(x1,x2), (y1,12) € RN xRN,

(1.10)
where
! ! '+1 '+1 a/q
O(q.9) =I [Sq + (1-9)7 ] ds,
0 (1.11)
’ ! '+1 '+1 24
O(p,p) =I [s’” +(1-s) ] ds,
0
(F2) F(x) — +oo0, as |x| — oo, where x = (x1,x2),
(I1) there exists p € R such that
Ii(x)>p, VxeRN, jeB,
(1.12)

Knu(x)>p, VxeRN, meC.

Then, system (1.1) has at least one solution in W;’q X W;’p, where W%’S ={u:[0,T] - RN |uis
absolutely continuous, u(0) = u(T) and u € L* (0,T;RN)}, s €R.
Furthermore, if 1; =0 (j € B), K;,, =0 (m € C) and the following condition holds:

(F3) there exist 6 > 0, a € [0,(q +1)"7/qT0(q,4)) and b € [0, (p' +1)!'P/
(pTPO(p,p'))) such that

—alx1|? = b|lxaP < F(x1,x2) <0, V|x1] <6, |x2 <6, (1.13)

then system (1.7) has at least two nonzero solutions in W;’q X W%’p.

When p = g = 2, F(x1,x2) = Fi(x1), by Theorem 1.1, it is easy to get the following
corollary.

Corollary 1.2. Suppose F; satisfies the following conditions:

(A)' Fy(z) is continuously differentiable in z and there exists a; € C(R*,R") such that

IFi@)|<ai(zl),  |[VF(2)| < ai(lz]), )
()| <ai(lzl),  |VIj(z)| <a1(lzl), j€B, '

forall z € RN,
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(F1)' there exists 0 < r < 6/T? such that

(V. F1(z) -V Fi(w),z—w) > -r|z - w|2, Vz,w e RN, (1.15)
(F2) Fi(z) — +o0, as |z| — oo, z€RN;
(I11)" there exists p € R such that

Ii(z)>p, YVzeRN, jeB. (1.16)

Then, system (1.6) has at least one solution in W;’Z. Furthermore, if I; =0 (j € B) and the following
condition holds:

(E3)' there exist 6 > 0 and a € [0, (3/T?)) such that
—a|z]* < Fi(z) <0, VzeRN, |z|<5, (1.17)

then system (1.4) has at least two nonzero solutions in W%’Z.

For the Sobolev space W72, one has the following sharp estimates (see in [3,
Proposition 1.2]):

T > T
f [u(t)|Pdt < 4T—2f li(t)’dt  (Wirtinger's inequality), (1.18)
0 = Jo
2 T T . 2 ’o- .
lullZ, < 5 li(t)|°dt  (Sobolev’s inequality). (1.19)
0

By the above two inequalities, we can obtain the following better results than by Corollary 1.2.

Theorem 1.3. Suppose F; satisfies assumption (A), (F2)', (I11)" and
(F1)" there exists 0 < r < 4or*>/T? such that (1.15) holds.

Then, system (1.6) has at least one solution in W;'Z. Furthermore, if I; =0 (j € B) and the following
condition holds:

(F3)" there exist 6 > 0 and a € [0, (27r%) /T?) such that

—a|z]* < Fi(z) <0, VzeRN, |z|<6, (1.20)

then system (1.4) has at least two nonzero solutions in W%’z.
Moreover, for system (1.6), we have the following additional result.

Theorem 1.4. Suppose F satisfies assumption (A), (F1)" and the following conditions:
(F4) Fy(z) is (A, p)-quasiconcave on RN,
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(F5) Fi(z) — -0 as |z| — +o0, z € RN,

(I2) there exist dj > 0 (j € B) such that

|VI(z)| <d;, VzeRN, jeB, (1.21)

(I3) there exist b; >0, ¢; >0, y; €R, a; € [0, 2)(j € B) such that

—bjlz|Y - ¢j < I;(z) <y;, Yz€RN, jeB. (1.22)

Then, system (1.6) has at least one solution in W;’z.

Remark 1.5. In [17], Yang considered the second-order Hamiltonian system with no impulsive
effects, that is, system (1.4). When I; = 0 (j € B), our Theorems 1.3 and 1.4 still improve those
results in [17]. To be precise, the restriction of r is relaxed, and some unnecessary conditions
in [17] are deleted. In [17], the restriction of r is 0 < r < T/12, which is not right. In fact,
from his proof, it is easy to see that it should be 0 < r < 12/ T2, Obviously, our restriction
0 < r < 4% /T? is better. Moreover, in our Theorem 1.4, we delete such conditions (of in [17,
Theorem 1]): VF;(0) = 0, and there exist positive constants M, N such that

Fi(z)>-M |z - N, zeRN, (1.23)

Finally, it is remarkable that Theorems 1.3 and 1.4 are also different from those results in
[1-16]. We can find an example satisfying our Theorem 1.3 but not satisfying the results in
[1-21]. For example, let

x? a2
Fi@) = o5 (Jalt + |zl -+ o) - 1217 (1.24)

where z = (z1,...,zn)". We can also find an example satisfying our Theorem 1.4 but not
satisfying the results in [1-21]. For example, let

r
Fi(z) = -5z, (1.25)
where 12/T? < r < 402/ T2.

2. Variational Structure and Some Preliminaries

The norm in W;’p is defined by

T T 1/p
llllyyr = Uo [u(t)[Pdt + fo |u(t)|”dt] . (2.1)
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Set
T 1/p
||u||p=<f0 |u<t>|Pdt> ;o Ml = maxu(o) (22)
Let

T
W7 = {u eW,” | fo u(t)dt = 0} . (2.3)
Obviously, W;’p is a reflexive Banach space. It is easy to know that W;’P is a subset of W;’p and
W;’p =RN o W;’p . In this paper, we will use the space W defined by
1, 1,
W= Wi x WiP,  u(t) = (ui(8), ua(1)), (2.4)

with the norm || (w1, u2)||lw = [[uallyy10 + [[u2]l 00 It is clear that W is a reflexive Banach space.
T T

Let W = W;’q X W;’p. Then, W = (W;’q x W;’p) & (RN x RN).,

Lemma 2.1 (see [31] or [32]). Each u € W;’P and each v € W;’q can be written as u(t) = u + u(t)
and v(t) =0+ o(t) with

% JJ u(t)dt, fT u(t)dt =0,

ﬁ:
0 0
a ) 2.5)
5=Tf o(b)dt, f F(t)dt = 0.
0 0
Then,
~ T \Y7 /(T , 1/p ~ T \Y9 /(T , 1/q
fil < (557) <f0 (o) ds) ek (77) <f0 o(s) ds> ,
(2.6)
T PO , ’ T T T 3 ! T
[ jaPds < TP P) [ mras, |5(s>|ququ/),j [o(s)l*ds, (2.7)
0 <p/+1)F’ P 0 0 (qr+1)’1 q 0

where

1 } § /p' 1 ) , /d
o(p,p) = fo [S”” +(1 —s)””]p Pds,  O(q,q)= fo [sq“ +( —s)q”]" Tds.  (2.8)

Note that if u € W;’p, then u is absolutely continuous. However, we cannot guarantee
that i is also continuous. Hence, it is possible that AD, (i(t)) = @, (i(t*)) — D, (u(t")) #0,
which results in impulsive effects.
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Following the idea in [22], one takes v; € W;’q and multiplies the two sides of
d . q-2..
(@ ®) - Vo Fun (1), ua(t)) =0, (29)

by v; and integrate from 0 to T, one obtains
"1d
(i (D74 - =0. 2.10)
5 (1] @2 (1)) =V Fan (5, () | o1 ()t = 0 (
0

Note that vy (t) is continuous. So, v1(t]T) = vl(t;“) = v1(t;). Combining 1 (0) — 21 (T) = 0, one

has
T / AD (11 (¢ Lo(tin /d(D, (11 (¢
fo <W,m(t)>dt = 2, J:j <W,Ul(f)>dt

[0 ()0 (5) - (@4l () ()
-3 @ o0)a

= (@4 (111(T)), v1(T)) = (Dy(121(0)), v1(0))

- S0y 1)), 01 )) - || @ytan(0), n)a

1 T
= S (VI (1)), 01 (1)) - fo (@, (i1 (1)), o0 (1) .
=1
] 2.11)

Combining with (2.10), one has

T 1
L (@, (i (t), 0n(1) dt + 3 (VI (s (1)), 01 (1))
2,
! (2.12)

T
+ fo (Vi F(ur(8), 12(8)), 01 (8))dt = 0.
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Similarly, one can get

T k
J (Dp (2(t)), 02(t)) dt + D\ (VKu(2(5m)), 02(5m))
’ e (2.13)

T
+f (Vi F(ui(t), ua(t)), v2(t))dt = 0,
0

forall v, € W;’p . Considering the above equalities, one introduces the following concept of
the weak solution for system (1.1).

Definition 2.2. We say that a function u = (u1,up) € W;’q X W;’p is a weak solution of system (1.1) if

T ! T
Jo (@q(ir (1)), 01(1)) dt + > (VI (ur(t;)), 01 (t;)) = - jo (Ve F(ui(t), uz(t)), v1(t))dt,

j=1

T k T
fo (@, (1)), 02(8)) dt+ 3 (VK (tia(5m)), 02(5m)) = - fo (Vs Fat1 (), 102(1)), 02 ()t
m=1

(2.14)
holds for any v = (v1,v;) € W;’q x W;’p.
Define the functional ¢ : W;’q X W;’p — Rby
1 T 1 T T
ol ) = - [ it e [ i@t [ Fan),uo)d
qJ)o PJo 0
L S (2.15)
+ D1 (ur () + D Kn(ua(5m)) '
j=1 m=1
= ¢(ur, uz) + ¢ (ur, up),
where (u1,up) € W;’q X W;'P,
1 T 1 T T
plus) = [ linopars s [ e [ Fon,uad
qJ)o pPJo 0
(2.16)

! k
(U, up) = ZIj(ul (t)) + ZKm(u2(Sm))-
j=1 m=1
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By assumption (A) and [33], we know that ¢ € C! (W%’q X W;’p ,R). The continuity of I;(j € B)
and K,,(m € C) implies that ¢ € C! (W;’p x W;’p,R). So, p € Cl(W;’p,R), and for all (v1,v,) €

1, 1,
WTq X WTP, we have

T T
(¢ (w1, 12), (00, 02)) = fo (i1 (£)), 01 (6))dlt + fo (@, (1(8)), 02(8) )it

T T
v fo (V. Faar (), ua(8)), 01 () dlt + j (Vo F(ur (8), (1)), 02(1))

0

1 k
+ > (VLG (t)),01(4)) + D (VKu(ua(5m)), 02(5m))-
j=1 m=1

(2.17)

Definition 2.2 shows that the critical points of ¢ correspond to the weak solutions of system
(1.1).
We will use the following lemma to seek the critical point of ¢.

Lemma 2.3 (see [3, Theorem 1.1]). If ¢ is weakly lower semicontinuous on a reflexive Banach space
X and has a bounded minimizing sequence, then ¢ has a minimum on X.

Lemma 2.4 (see [34]). Let ¢ be a Ct function on X = X; @ X, with ¢(0) = 0, satisfying (PS)
condition, and assume that for some p > 0,

p(u) 20, forueX, |ul|l<p,
(2.18)
p(u) <0, forueX, |ull<p.

Assume also that  is bounded below and infx @ < 0, then ¢ has at least two nonzero critical points.
Lemma 2.5 (see [35, Theorem 4.6]). Let X = X1 & Xy, where X is a real Banach space and X; # {0}
and is finite dimensional. Suppose that ¢ € C*(X, R) satisfies (PS)-condition and

(1) there is a constant a and a bounded neighborhood D of 0 in Xy such that ¢|5p < a,
(¢2) there is a constant p > a such that ¢|y, > p.

Then, ¢ possesses a critical value ¢ > . Moreover, ¢ can be characterized as

c= }lrglf f;%x p(h(u)), (2.19)
where,
r={hec(5,x) |h=id on aD}. (2.20)

3. Proof of Theorems

Lemma 3.1. Under assumption (A), ¢ is weakly lower semicontinuous on W;’q X W;’p .
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Proof. Let
1 (T 1 (T
) = - f o)+ j i (t)Pat,
’ 0 ° (3.1)
o it1, 117) = f F(uur (1), un(B)dl.
0
Since
T .- . q T ; P
4)1(111;’()1,1/[2;’()2) :lj ul(t);vl(t) dt+lJ‘ uz(t)+’l)2(t) dt
qJo pJo 2
2471 (T 7 2471 (T 1
- |y q - = q
< 7 ). 2L,Iul(t)l dt + 7 ), 2 [o1(8)|7dt
p-1 T p-1 T
2 [ X jwpdes Z— [ S oampar
p Jo 2 p Jo 2
(3.2)

1 (T 1 (T
< ; q il ; q
<3 fo i1 (8)|7dt + 2 fo [o1(t)|7dt

IS Lt
+ Efo i (6) Pt + Efo o2 (6) Pt

_ 1@, 1) + §1(v1,02)
> ,

then ¢; is convex. Moreover, by [33], we know that ¢; is continuous, and so, it is lower
semicontinuous. Thus, it follows from [3, Theorem 1.2] that ¢; is weakly lower continuous.
By assumption (A), it is easy to verify that ¢, (u1,u,) is weakly continuous. We omit the
details. Let

1 k
q;l(ul) = ZI]'(IM (t]‘)), (If2(u2) = ZKm(uZ(Sm))' (33)
j=1 m=1

Next, we show that ¢ and ¢, are weakly continuous on W;’q and W;’p, respectively. In fact,
if

U1, — u; weakly in W;’p, as n — oo, (3.4)
then by in [3, Proposition 1.2], we know that

U1, — U strongly in C<O, T; RN>, as n — oo. (3.5)
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So, there exists M1 > 0 such that ||u1||e < M7 and ||u1,]lee < My, for all n € N. Thus, we have

g1 (410) = g1 (1) | =

iﬁ (1)) - ilwul(t]-))

< §|Ij<uln<tj>> LG ()]

(3.6)

[} 7106+ s 1) = 0 6))), 1) = )t

1
=2
j=1

1
< |lurn — wa| max aj(t) — 0.
" w; te[0,3M;]

Hence, ¢ is weakly continuous on W%’q. Similarly, we can prove that ¢, is also weakly
continuous on W;’p. Thus, we complete the proof. O

Proof of Theorem 1.1. It follows from (F1) and (2.7) that

T
f [F s (8), (1)) — F(u (), 72)]

0

T A1 1
= J f —(VFy, (u1(t), up + stiz(t)), suia(t))ds dt
0Jo S

T (1
= JO fo %(Vpxz(ul(t),ﬁ2 + sl (£)) = VFy, (th, ), st (t))ds dt (3.7)

l¥) T

>——= |w@)|Pdt
p -[0 ?

,_rTre(p.p)

T
: wp(t)Pdt, V(uy,up) €W,
17 J O Y

T
fo [F(u1(t), u2) — F(u1,up)]dt

T A1 1
= J f —(Vy, F(uy + siiy (t), up), sty (t))ds dt
0Jo S

T A1
1 - _ .
= f f E(VxlF(ﬁl + su(t), up) — Vi, F(u1,u2), sty (t))ds dt
0Jo
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T T ~
> 1 f iy ()]
qJo

q !
, _nT"0(q.q)

T
w(OdE, Y(u1,u) € W.
, /qu‘ |u1(
g (q+1)"7 o

(3.8)

Hence, by (I1), (3.7), and (3.8), we have
1 T 1 T T
o) = ¢ fo it + fo o (6Pt + fo [F (s (8), (1)) — Fuy (1), o)l

T ! k
+I [F(uy(t), uz) — F(uy,uz)]dt + TF (uy, uz) + le(ul(tj)) + ZKm(uZ(Sm))

0 j=1 m=1

> <l — M) IT |u2(t)|Pdt + <1 — M) '[T |1J11(t)|th
0 q

Pop(p+1)P” g (q+1)"" /) Jo

+ TF (i, %) - (1+K)|f].

(3.9)
Note that for u € W%’P ,
T 1/p
ullyyr — 00 &= <|ﬁ|p + f |u(t)|”dt> — oo, (3.10)
T 0
and for v € W;’q,
T 1/q
olly10 — o0 = <|5|‘7 + f |z'}(t)|‘7dt> — 0. (3.11)
T 0
So, (F2) and (3.9) imply that
(p(ull uZ) — +oo, as ||(u1/u2)||W — . (312)

Thus, by Lemma 2.3, we know that ¢ has at least one critical point which minimizes ¢ on W.
Furthermore, if I;(u1(t;)) =0 (j € B) and K, (u2(si)) =0 (m € C), then system (1.1)
reduces to (1.7). When (F3) also holds, we will use Lemma 2.4 to obtain more critical points
of p.Let X =W, X, =RN xRN and X; = W = W7 x W7,
By (3.9), we know that ¢(u1,u2) — +oo as ||(u1, up)|lw — oo. So, ¢ satisfies (PS)
condition and is bounded below. Take p = 6/c1, where c¢; is a positive constant such that
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uilleo < erlfnllyyre < erllullw and fluzlloe < erlluallyre < erflullw for all (ur,uz) € W. It follows
from (F3) and Lemma 2.1 that

T T T
(Ui, up) = é 4[0 |ig ()74t + % fo i ()P dt + fo F(uy(t), ux(t))dt

1 T 1 T T T
z—j |u1<t>|’7dt+—j ()P dt - a f |u1<t>|th—bj s (1) Pt
qJo PJo 0 0

(3.13)

T T T } ! T
> o[ ot | ot - a8 T) [ m@pa
aJo pJo (¢ + 1)1 Jo
pr®<p’p,) g

[y ()Pdt, V(g uz) € X;.
/v
(P + )" Jo

Since a < (¢ +1)77/(qT©(q,q)) and b < (p' +1)P'? /(pTPO(p,p')), (3.13) implies that
((u1,up) > 0 for all (u1,up) € Xy with |lu|lw < p. By (F3), it is easy to obtain that ¢ (u1,u2) <0,
for all (u1,uz) € X, with |Ju|lw < p.

If inf{ep(u1,uz) : (u1,u) € W} = 0, then from above, we have ¢(ui,u,) = 0 for all
(u1,u2) € Xp with |[(u, u2)|lw < p. Hence, all (u1,u) € Xo with |[(u1,u) lw < p are
minimal points of ¢, which implies that ¢ has infinitely many critical points. If inf{¢(u,u) :
(u1,u) € W} < 0, then by Lemma 2.4, ¢ has at least two nonzero critical points. Hence,
system (1.7) has at least two nontrivial solutions in W. We complete our proof. O

Proof of Theorem 1.3. We only need to use (1.18) and (1.19) to replace (2.6) and (2.7) in the
proof Theorem 1.1 with p = g =2, F(t,u1,u2) = F1(u1) and K,,,(u2) =0 (m € C). It is easy. So,
we omit it. O

Lemma 3.2. Under the assumptions of Theorem 1.4, the functional ¢, defined by
1 (T T !
p1(u1) = 5 f |ty () [*dt +f Fi(ui(t))dt + le(ul (tj))dt (3.14)
0 0 j=1

satisfies (PS) condition.

Proof. Suppose that {u1,} is a (PS) sequence for ¢;; that is, there exists D; > 0 such that

(un)| €D1, VneN, ¢ (u,) —0, asn— oo. (3.15)
¥ ¢

Hence, for n large enough, we have ||¢'(u1,)| < 1. It follows from (F1)”, (12), and (1.18) that
T T
il w2 2 (@) (u1n), t1n) = f |il1n(t)|2dt+f (Ve Fr(uan(t)), t1n (t))dt
0 0

+ é(VIj (u1n(tj)), 1n (t))
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T T
- fo ity (£) Pt + f L (VFi(1a(8)) = Vi Fa(an (0), (1)l
1
| Z}(vrj (w1 (£)), Than (1))
<

T T2 (T !
> f litrn (1) Pt — r— j [ (1) Pt = [[ianllo, Y
0 472 Jo i=1

72 7 (T , 1/2 , 172
> [1 - r@] [ tmaoPat-(33) <f i (8 dt> >
(3.16)
for n large enough. By (1.18), we have
i 72 oy L\
il < gz 1| (], tinoPar) (317)
and (3.16), (3.17), and r < 472 /T? imply that there exists D,, D5 > 0 such that
T
[ a0t < Ds, inalye < D (318)
0

It follows from (F4), (3.15), (I3), (1.18), and (3.18) that

1 T
-D; < @1 (u1n) = 3 JO |t (1) >t +f Fi(uy, (t))dt + ZI (u1(t5))

j=1

T T
< % I |ﬂ1n(t)|2dt + i j F (./\ﬁln)dt - ’[ Fl( u1n t))dt + ZY/
0 0

j=1

1 (T , T B T
1 f i1 (Bt + - Fy (Aif1y) — TF, (0) - f (Fy(=itn () - @)t + 3y,
2 0 # ] 1

f |1, (£) Pt + — Fl(Auln) ~TF;(0) + Zy]

j=1
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T p1
) f 0 f (Vi (s, (1) - VF1(0), sty (0)ds

T T (1 !
<3 f |mn<t>|2dt+fa<mm>+rf f sliiin(t)*ds dt - TF1(0) + 3 ;
2J, Iz 0 Jo =

1 T T _ T - l
< -I (i1 (1) [2dt + = F; (\tigy) + - I |t (1) *dt = TF1(0) + > y;
2 0 H 2 0 j=1

max{1,r}

IN

_ T\ l
Il + 2 L) ~TF(0) + 3y
j=1

1 T l
< Pt R T - TRO) + X,

=1
(3.19)

for all n and (3.19) and (F5) imply that {u1,} is bounded. Combining (3.18), we know that
{u1,} is abounded sequence. Similar to the argument in [25], it is easy to obtain that ¢ satisfies
(PS) condition. O

Proof of Theorem 1.4. From (I3) and (F5), it is easy to see that for x; € RY,
p1(x1) — —oo, as |x1| — oo. (3.20)

For all u; € W22, by (1.18), (F1)” and (I3), we have

1 T T 1
pr(m) = 5 [ TPt [ Fraco)de+ X (n ()

0 j=1

1 T T 1
= E J;) |1;[1 (i’)lzdt + f [Fl (u1 (t)) -F (0)]dt +TF, (0) + ZI] (u1 (t]))

0 j=1
1 T T A1 1
== J [iz1 (1) |*dt + j f (VFiy, (sur (1)), ur (t))ds dt + D 1;(ur (t)) + TF1(0)
2 Jo 0 Jo j=1
1 T T A1
- fo liy (B) Pt + IO fo %(Vlel(sul(t)) — VFy, (0), su (£))ds dt

1
+ ZI] (u1 (t])) + TFl (0)
j=1
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1 T r T 1 . 1
> Ef iy () |Pdt - Elf iy (1) dt + TF1(0) = Y bj|ur ()] = D¢
0 0 j=1 j=1
1 T A 2 T‘1T2 T . 2 ! aj; !
> 5 [t oPar= 2 [ i Pdes TR O - Sl - Yo,
2 ) 472 ), = =
1 nT?\ (T )
> = - — 1 (t t+TF
> (2 Mz)fo jia(OFdt + TF,(0)

T\%/?d T . a/2
) <ﬁ> be<f i (1) dt> -,
=1 0 '

j=1
(3.21)

Note that for all u; € W2, l[1lly2 is equivalent to ||z 2. Then, ry < 4% /T?, a; < 2(j € B)
and (3.21) imply that

¢p1(u1) — +oo, as ||u1||w;,z — 00, U € W%Z (3.22)

It follows from (3.20) and (3.22) that ¢, satisfies (1) and (¢2) in Lemma 2.5. Combining with
Lemma 3.2, Lemma 2.5 shows that ¢, has at least one critical point. Thus, we complete the
proof. O

4. Examples

Example 4.1. Letq=4,p=2,T =, t; =1, and s; = 2. Consider the following system:

S0 () = Vi Fur(t) 1a(0), ae.t€ [0,

L d(i0(0) = Vi Pl (), 10(0)), . t€ [0,7],
u1(0) —uy(or) = 11(0) — iy (o) =0,

4.1)
u2(0) — ua(or) = 112(0) — 12(r) = 0,

ADy (21 (1)) = g1 (17)) = Dy (21 (17)) = VI (w1 (1)),

AD, (U12(2)) = @p (112(27)) — Dp(112(27)) = VK1 (12(2)),
where F(xi,x2) = xb +xb, + -+ xdy + (/a2 (xd, + 22, + - + x2y) — (1/27%) |0,
X1 = (xn,xlz,...,xlN), Xy = (le,XZz,...,XZN), Il(x) = e|x|2, Kl(x) = 6|x‘2, X € RN. It
is easy to verify that all conditions of Theorem 1.1 hold so that system (4.1) has at least
one weak solution. Moreover, if F(xi,x)) = (1/x2)(x} + xb, + -+ + xby) — 1/272|x5)%,

X = (X21,X2,...,%0n), [1(x) = 0and K;(x) = 0, x € RN, then system (4.1) has at least
two nonzero solutions.
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Example 4.2. LetT = 2,t; = 1. Consider the following autonomous second-order Hamiltonian
system with impulsive effects:

ii(t) = Vo F(u(t)), ae. te[0,2],
u(0) - u(2) = 1(0) - u(2) =0, (4.2)
(1) —i(17) = VI (u(1)),

where F(z) = zt+ 22+ -+ 22 —1/2|z] I (z) = e,z = (z1,...,zn)" € RN. Itis easy to verify
that all conditions of Theorem 1.3 hold so that system (4.2) has at least one weak solution.
Moreover, if F(z) = z{ +z3 + -+ + z‘}\] -1/2|z]* and I1(z) = 0, z € RN, then system (4.2) has at
least two nonzero solutions.

Example4.3. LetT = o, t; = 2. Consider the following autonomous second-order Hamiltonian
system with impulsive effects:

il(t) =V, F(u(t)), ae.tel0,rx],
u(0) —u(r) =u(0)-u(r) =0, (4.3)
(27) —u(27) = Vhi(u(2)),

where F(z) = —|z|*, I;(z) =2sinzy, z = (z1,...,2zn)" € RN, Itis easy to verify that all con-
ditions of Theorem 1.4 hold so that system (4.3) has at least one weak solution.
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