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Lupas-type operators and Szász-Mirakyan-type operators are the modifications of Bernstein poly-
nomials to infinite intervals. In this paper, we investigate the convergence of Lupas-type operators
and Szász-Mirakyan-type operators on [0,∞).

1. Introduction and Main Results

For f ∈ C([0, 1]), Bernstein operator Bnf(x) is defined as follows: Let

pn,k(x) =

(
n

k

)
xk(1 − x)n−k, 0 � k � n, (1.1)

and then we define

(
Bnf
)
(x) =

n∑
k=0

pn,k(x)f
(
k

n

)
. (1.2)

Derriennic [1] gave a modified operator of Bnf such as

(
M∗

nf
)
(x) = (n + 1)

n∑
k=0

pn,k(x)
∫1

0
pn,k(t)f(t)dt, (1.3)
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and obtained the result that for f ∈ C(2)([0, 1]),

lim
n→∞

((
M∗

nf
)
(x) − f(x)) = (1 − 2x)f ′(x) + x(1 − x)f ′′(x). (1.4)

Lupas investigated a family of linear positive operators which mapped the class of all bound-
ed and continuous functions on [0,∞) into C[0,∞) such that

(
Lnf
)
(x) =

∞∑
k=0

(
n + k − 1

k

)
xk

(1 + x)n+k
f

(
k

n

)
, x ∈ [0,∞). (1.5)

Moreover, Sahai and Prasad [2] modified Lupas operators as follows: Let f be integrable on
[0,∞) and let n be a positive integer. Then we define

(
Mn

[
f
])
(x) = (n − 1)

∞∑
k=0

Pn,k(x)
∫∞

0
Pn,k
(
y
)
f
(
y
)
dy, x ∈ [0,∞), (1.6)

where

Pn,k(x) =

(
n + k − 1

k

)
xk

(1 + x)n+k
. (1.7)

In this paper, we assume that n is a positive integer. Then they obtained the following;

Theorem 1.1 (see [2], Theorem 1). If f is integrable on [0,∞) and admits its (r+1)th and (r+2)th
derivatives, which are bounded at a point x ∈ [0,∞), and f (r)(x) = O(xα) (α is a positive integer
� 2) as x → ∞, then

lim
n→∞

n
((
Mn

[
f
])(r)(x) − f (r)(x)

)
= (r + 1)(1 − 2x)f (r+1)(x) + x(1 − x)f (r+2)(x). (1.8)

Theorem 1.1 holds only for bounded x � K, so it does not mean the norm convergence
on [0,∞). In this paper, we improve Theorem 1.1 with respect to the norm convergence on
[0,∞).

Let 0 < p � ∞ and letw be a positive weight, that is,w(x) � 0 for x ∈ R. For a function
g on [0,∞), we define the norm by

∥∥g∥∥Lp([0,∞)) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(∫
[0,∞)

∣∣g(t)∣∣pdt
)1/p

, 0 < p <∞

sup
[0,∞)

∣∣g(t)∣∣, p = ∞.

(1.9)

For convenience, for nonnegative integers n � 2, r, and n − r − 2 � 0, we let

An,r :=
(n − 1)!(n − 2)!

(n − r − 2)!(n + r − 1)!
. (1.10)
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Then we have the following results:

Theorem 1.2. Let 0 < p � ∞. Let α and r be nonnegative integers and n − r − 2 � 0. Let f ∈
C(r+1)([0,∞)) satisfy

∣∣∣f (r)(x)
∣∣∣ � O(1)(x + 1)α,

∣∣∣f (r+1)(x)
∣∣∣ � O(1)(x + 1)α+2. (1.11)

Then we have uniformly for f and n,

∣∣∣An,r

(
Mn

[
f
])(r)(x) − f (r)(x)

∣∣∣ = O( 1
n1/3

)
(x + 1)α+2. (1.12)

In particular, if ‖(x + 1)α+2w(x)‖Lp([0,∞)) <∞, then we have uniformly for n,

∥∥∥(An,r

(
Mn

[
f
])(r)(x) − f (r)(x)

)
w(x)

∥∥∥
Lp([0,∞))

= O
(

1
n1/3

)
. (1.13)

Remark 1.3. (a) We see that for nonnegative integers n � 2, r, and n − r − 2 � 0,

(n − 1)!(n − 2)!
(n − r − 2)!(n + r − 1)!

−→ 1 as n −→ ∞. (1.14)

(b) The following weight is useful.

wλ(x) =
1

1 + xλ

⎧⎪⎨
⎪⎩
λ >

1
p
+ α + 2, 0 < p <∞,

λ � α + 2, p = ∞.
(1.15)

Let

ψ(x) :=
1

1 + x
. (1.16)

Theorem 1.4. Let r and β be nonnegative integers and n − r − 2 � 0. Let f ∈ C(r+2)([0,∞)) satisfy

∥∥∥f (r+1)(x)ψ2β+1(x)
∥∥∥
L∞([0,∞))

<∞,
∥∥∥f (r+2)(x)ψ2β(x)

∥∥∥
L∞([0,∞))

<∞. (1.17)

Then we have uniformly for f and n,

∣∣∣An,r

(
Mn

[
f
])(r)(x) − f (r)(x)

∣∣∣ψ2β+2(x)

� O

(
1
n

)(∥∥∥f (r+1)(x)ψ2β+1(x)
∥∥∥
L∞([0,∞))

+
∥∥∥f (r+2)(x)ψ2β(x)

∥∥∥
L∞([0,∞))

)
.

(1.18)
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Let us define the weighted modulus of smoothness by

ωk

(
f ;η; t

)
:= sup

0�h�t

∥∥∥Δk
hf(·)η(·)

∥∥∥
L∞([0,∞))

, t � 0, k = 1, 2, (1.19)

where

Δ1
hf(x) = f(x + h) − f(x), Δ2

hf(x) = f(x) − 2f(x + h) + f(x + 2h). (1.20)

Theorem 1.5. Let β and r be nonnegative integers and n − r − 2 � 0. Let f ∈ Cr([0,∞)). Then we
have uniformly for f and n,

∥∥∥(An,r

(
Mn

[
f
])(r)(x) − f (r)(x)

)
ψ2β+2(x)

∥∥∥
L∞([0,∞))

� C

(
1√
n
ω1

(
f (r);ψ2β+1;

1√
n

)
+ω2

(
f (r);ψ2β;

1√
n

))
.

(1.21)

The Szász-Mirakyan operators are also generalizations of Bernstein polynomials on in-
finite intervals. They are defined by:

Sn
(
f
)
(x) =

∞∑
k=0

Sn,k(x)f
(
k

n

)
, (1.22)

where

Sn,k(x) =
e−nx(nx)k

k!
. (1.23)

In [3], the class of Szász-Mirakyan operators Sn;r,q(f ;x) was defined as follows:

Sn;r,q
(
f ;x
)
:=

1
Ar(nx)

∞∑
k=0

(nx)rk

(rk)!
f

(
rk

n + q

)
, x ∈ [0,∞), (1.24)

where q > 0 and

Ar(t) =
∞∑
k=0

trk

(rk)!
, t ∈ [0,∞). (1.25)

Theorem 1.6 (see [3]). Let q > 0 and r ∈ N be fixed numbers. Then there existsMq,r = const. > 0
depending only on q and r such that, for every uniformly continuous and bounded function f(x)e−qx

on [0,∞), the following inequalities hold;
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(a)

∥∥(Sn;q,r(f ;x) − f(x))ϕ(x)e−qx∥∥L∞([0,∞))

� Mq,r
1

n + q

(∥∥f ′(x)e−qx
∥∥
L∞([0,∞)) +

∥∥f ′′(x)e−qx
∥∥
L∞([0,∞))

)
;

(1.26)

(b)

∥∥(Sn;q,r(f ;x) − f(x))ϕ(x)e−qx∥∥L∞([0,∞))

� Mq,r
1

n + q
(
δn,qω1

(
f ; e−qx; δn,q

)
+ω2

(
f ; e−qx; δn,q

))
,

(1.27)

where δn,q := (n + q)−1/2.

(c) for every fixed x ∈ [0,∞), we have for every continuous f with f (j)(x)e−qx, j = 0, 1, 2,
bounded on [0,∞),

lim
n→∞

n
(
Sn;q,r

(
f ;x
) − f(x)) = −qxf ′(x) +

x

2
f ′′(x). (1.28)

Now,wemodify the Szász-Mirakyan operators as follows: let f be integrable on [0,∞),
then we define

(
Qn,β

[
f
])
(x) =

(
n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k

(
y
)
f
(
y
)
dy, x ∈ [0,∞), (1.29)

where β is a nonnegative integer. Then we have the following results:

Theorem 1.7. Let α, β and r be nonnegative integers. Let f ∈ C(r+1)([0,∞)) satisfies

∣∣∣f (r)(x)
∣∣∣ � O(1)eβx(x + 1)α,

∣∣∣f (r+1)(x)
∣∣∣ � O(1)eβx(x + 1)α+2. (1.30)

Then one has uniformly for f and n,

∣∣∣∣
(
n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

∣∣∣∣ = O
(

1
n1/3

)
eβx(x + 1)α+2. (1.31)

In particular, let 0 < p � ∞. If one supposes ‖eβx(x + 1)α+2w(x)‖Lp([0,∞)) < ∞, then one has uni-
formly for f and n,

∥∥∥∥
((

n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

)
w(x)

∥∥∥∥
Lp([0,∞))

= O
(

1
n1/3

)
. (1.32)
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Remark 1.8. (a) We note that for nonnegative integers β and r,

(
n + β
n

)r
−→ 1 as n −→ ∞. (1.33)

(b) The following weight is useful.

wλ,β(x) = e−βxwλ(x), (1.34)

where wλ(x) is defined in Remark 1.3.

Theorem 1.9. Let β, γ , and r be nonnegative integers. Let f ∈ C(r+2)([0,∞)) satisfies

∥∥∥f (r+1)(x)e−βxψ2γ+1(x)
∥∥∥
L∞([0,∞))

<∞,
∥∥∥f (r+2)(x)e−βxψ2γ(x)

∥∥∥
L∞([0,∞))

<∞. (1.35)

Then one has uniformly for f and n,

∣∣∣∣
[(

n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

]
e−βxψ2γ+2(x)

∣∣∣∣
� O

(
1
n

)(∥∥∥f (r+1)(x)e−βxψ2γ+1(x)
∥∥∥
L∞([0,∞))

+
∥∥∥f (r+2)(x)e−βxψ2γ(x)

∥∥∥
L∞([0,∞))

)
.

(1.36)

Theorem 1.10. Let β, γ, and r be nonnegative integers. Then one has for f ∈ Cr([0,∞)),

∥∥∥∥
[(

n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

]
e−βxψ2γ+2(x)

∥∥∥∥
L∞([0,∞))

� C

(
1√
n
ω1

(
f ; e−βxψ2γ+1(x);

1√
n

)
+ω2

(
f ; e−βxψ2γ(x);

1√
n

))
.

(1.37)

2. Proofs of Results

First, we will prove results for Lupas-type operators such as Theorems 1.2, 1.4, and 1.5. To
prove theorems, we need some lemmas.

Lemma 2.1. Letm and r be nonnegative integers and n > m + r + 1. Let

Tn,m,r(x) := (n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
)(
y − x)mdy. (2.1)

Then

(i) Tn,0,r(x) = 1,
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(ii)

Tn,1,r(x) =
(r + 1)(1 + 2x)
(n − r + 2)

,

Tn,2,r(x) =
2(n − 1)x(1 + x)

(n − r − 2)(n − r − 3)
+
(r + 1)(r + 2)(1 + 2x)2

(n − r − 2)(n − r − 3)
;

(2.2)

(iii) form � 1,

(n −m − r − 2)Tn,m+1,r(x)

= x(1 + x)
(
T ′
n,m,r(x) + 2mTn,m−1,r(x)

)
+ (m + r + 1)(1 + 2x)Tn,m,r ,

(2.3)

where n > m + r + 2;

(iv) form � 0,

Tn,m,r(x) = O
(

1
n[(m+1)/2]

)
qn,m,r(x), (2.4)

where qn,m,r(x) is a polynomial of degree � m such that the coefficients are bounded inde-
pendently of n and they are positive for n > m + r + 1.

Proof. (i), (ii), and (iii) have been proved in [2, Lemma 1]. So we may show only the part of
(2.4). Form = 1, 2, (2.4) holds. Let us assume (2.4) form(� 2). We note

T ′
n,m,r(x) = O

(
1

n[(m+1)/2]

)
q′m,r(x), q′m,r(x) ∈ Pm−1. (2.5)

So, we have by the assumption of induction,

(n −m − r − 2)Tn,m+1,r(x)

= x(1 + x)
(
T ′

n,m,r(x) + 2mTn,m−1,r(x)
)
+ (m + r + 1)(1 + 2x)Tn,m,r

� x(1 + x)
(
C

1
n[(m+1)/2]

q′m,r(x) + 2m
1

n[m/2]
qm−1,r(x)

)

+ (m + r + 1)(1 + 2x)
1

n[(m+1)/2]
qm,r(x).

(2.6)

Here, ifm is even, then

[
m + 1
2

]
+ 1 =

m

2
+ 1 =

m + 2
2

=
[
m + 2
2

]
,

[m
2

]
+ 1 =

m

2
+ 1 =

m + 2
2

=
[
m + 2
2

]
, (2.7)
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and ifm is odd, then

[
m + 1
2

]
+ 1 =

m + 1
2

+ 1 =
[
m + 2
2

]
,

[m
2

]
+ 1 =

m − 1
2

+ 1 =
m + 1
2

=
[
m + 2
2

]
. (2.8)

Hence, we have

Tn,m+1,r(x) = O
(

1
n[(m+2)/2]

)
qn,m+1,r(x), (2.9)

and here we see that qn,m+1,r(x) is a polynomial of degree � m+ 1 such that the coefficients of
qn,m+1,r(x) are bounded independently of n. Moreover, we see from (2.6) that the coefficients
of qn,m+1,r(x) are positive for n > m + r + 2.

Lemma 2.2 (see [2, Lemma 2]). Let r be a nonnegative integer and n − r − 2 � 0. Then one has for
f ∈ Cr([0,∞)):

(
Mn

[
f
])(r)(x) = (n − r − 1)!(n + r − 1)!

(n − 1)!(n − 2)!

∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
)
f (r)(y)dy. (2.10)

Let

(
M̃n

[
f
])(r)

(x) = (n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
)
f (r)(y)dy. (2.11)

Then we have

(
M̃n

[
f
])(r)

(x) = An,r

(
Mn

[
f
])(r)(x), (2.12)

where An,r is defined by (1.10).

Proof of Theorem 1.2. Let |y − x| � 1. By the second inequality in (1.11),

∣∣∣f (r)(y) − f (r)(x)
∣∣∣ = ∣∣y − x∣∣∣∣∣f (r+1)(ξ)

∣∣∣
� O(1)

∣∣y − x∣∣∣∣∣ξα+2∣∣∣ � O(1)
∣∣y − x∣∣(x + 1)α+2.

(2.13)
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Let ε := n−γ , 0 < γ < 1,

∣∣∣∣
((

M̃n

[
f
])(r)

(x) − f (r)(x)
)∣∣∣∣

=

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)

×
(∫

|y−x|<ε
Pn−r,k+r

(
y
)∣∣∣f (r)(y) − f (r)(x)

∣∣∣dy +
∫
|y−x|�ε

Pn−r,k+r
(
y
)∣∣∣f (r)(y) − f (r)(x)

∣∣∣dy
)∣∣∣∣∣

=: A + B.
(2.14)

First, we see by (2.13) and Lemma 2.1,

A = O(1)

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫
|y−x|<ε

Pn−r,k+r
(
y
)∣∣y − x∣∣(x + 1)α+2dy

∣∣∣∣∣
� O(1)ε|Tn,0,r(x)|(x + 1)α+2 = O(1)ε(x + 1)α+2.

(2.15)

Next, we estimate B. By the first inequality in (1.11),

B � C

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫
|y−x|>ε

Pn−r,k+r
(
y
)(∣∣∣f (r)(y)∣∣∣ + ∣∣∣f (r)(x)

∣∣∣)dy
∣∣∣∣∣

� C

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫
|y−x|>ε

Pn−r,k+r
(
y
)((

y + 1
)α + (x + 1)α

)
dy

∣∣∣∣∣.
(2.16)

Here, using

(
y + 1

)α =
((
y − x) + x + 1

)α =
α∑
i=0

(
α

i

)(
y − x)i(x + 1)α−i (2.17)

and the notation:

〈i〉 =

⎧⎨
⎩
1, (i : odd)

0, (i : even),
(2.18)

we have

B � C|(n−r − 1)|
∞∑
k=0

Pn+r,k(x)
∫
|y−x|>ε

Pn−r,k+r
(
y
) ×
(

α∑
i=1

(
α

i

)(
y − x)i(x + 1)α−i + 2(x + 1)α

)
dy
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� C|(n − r − 1)|
∞∑
k=0

Pn+r,k(x)
∫
|y−x|>ε

Pn−r,k+r
(
y
) ×
(

α∑
i=1

(
α

i

)(
y − x)i∣∣∣∣y − x

ε

∣∣∣∣
〈i〉
(x + 1)α−i

)
dy

+ C|(n − r − 1)|
∞∑
k=0

Pn+r,k(x)
∫
|y−x|>ε

Pn−r,k+r
(
y
)(y − x

ε

)2

(x + 1)αdy

:= B1 + B2.

(2.19)

Then, we obtain

B1 � C

(
α∑
i=1

(
α

i

)∣∣Tn,i+〈i〉,r∣∣
(
1
ε

)〈i〉
(x + 1)α−i

)

� C
α∑
i=1

(
α

i

)
O

(
nγ〈i〉

n[(i+〈i〉+1)/2]

)∣∣qn,i+〈i〉,r(x)∣∣(x + 1)α−i

� O

(
1

n[(i+〈i〉+1)/2]−γ〈i〉

)
(x + 1)α+〈i〉 � O

(
1

n1−γ

)
(x + 1)α+1.

(2.20)

Here, we used the following that for i � 1,

[
i + 〈i〉 + 1

2

]
− γ〈i〉 � 1 − γ, (2.21)

because

[
i + 〈i〉 + 1

2

]
− γ〈i〉 =

⎧⎪⎨
⎪⎩
i + 1
2

− γ, i : odd,

i

2
, i : even.

(2.22)

And we know that

B2 � C|Tn,2,r(x)|
(
1
ε

)2

xα � O

(
1

n[3/2]

)∣∣qn,2,r(x)∣∣
(
1
ε

)2

xα

� O

(
n2γ

n[3/2]

)∣∣qn,2,r(x)∣∣xα � O

(
1

n1−2γ

)
(x + 1)α+2.

(2.23)

Thus, we obtain

B � O

(
1

n1−2γ

)
(x + 1)α+2. (2.24)
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Therefore, we have uniformly on n,

∣∣∣∣(M̃n

[
f
])(r)

(x) − f (r)(x)
∣∣∣∣ � O

(
1
nγ

)
(x + 1)α+2 +O

(
1

n1−2γ

)
(x + 1)α+2. (2.25)

Here, if we let γ = 1/3, then we have

∣∣∣∣(M̃n

[
f
])(r)

(x) − f (r)(x)
∣∣∣∣ = O

(
1

n1/3

)
(x + 1)α+2, (2.26)

that is, (1.12) is proved. So, we also have a norm convergence (1.13).

Proof of Theorem 1.4. We know that for f ∈ C(r+2)([0,∞)),

f (r)(t) = f (r)(x) + f (r+1)(x)(t − x) +
∫ t
x

(t − u)f (r+2)(u)du, (2.27)

∣∣∣∣∣
∫ t
x

(t − u)f (r+2)(u)du

∣∣∣∣∣ � C
∥∥∥f (r+2)(x)ψ2β(x)

∥∥∥
L∞([0,∞))

(
(1 + x)2β + (1 + t)2β

)
(t − x)2, (2.28)

where ψ(t) = 1/(1 + x). Then we obtain from (2.10) and (2.27),

(
M̃n

[
f
])(r)

(x)

= f (r)(x) + f (r+1)(x)Tn,1,r(x) + (n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
) ∫y

x

(
y − u)f (r+2)(u)dudy

(2.29)

and from (2.28),

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
) ∫y

x

(
y − u)f (r+2)(u)dudy

∣∣∣∣∣
�
∥∥∥f (r+2)(x)ψ2β(x)

∥∥∥
L∞([0,∞))

×
(
(1 + x)2β|Tn,2,r(x)| +

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
)(
1 + y

)2β(
y − x)2dy

∣∣∣∣∣
)
.

(2.30)

Using (1 + y)2β � C((y − x)2β + (1 + x)2β), we have

∣∣∣∣∣(n−r −1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
)(
1+y

)2β(
y−x)2dy

∣∣∣∣∣
� C
(∣∣Tn,2β+2,r(x)∣∣+(1+x)2β|Tn,2,r(x)|).

(2.31)
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Therefore, we have

∣∣∣∣(M̃n

[
f
])(r)

(x) − f (r)(x)
∣∣∣∣ψ2β+2(x)

�
∣∣∣f (r+1)(x)ψ2β+1(x)

∣∣∣|Tn,1,r(x)| ψ(x)
+ C
∥∥∥f (r+2)(x)ψ2β(x)

∥∥∥
L∞([0,∞))

(1 + x)2β|Tn,2,r(x)|ψ2β+2(x)

+ C
∥∥∥f (r+2)(x)ψ2β(x)

∥∥∥
L∞([0,∞))

∣∣Tn,2β+2,r(x)∣∣ψ2β+2(x)

� O

(
1
n

)∣∣∣f (r+1)(x)ψ2β+1(x)
∣∣∣∣∣gn,1,r(x)∣∣ψ(x)

+O
(
1
n

)∥∥∥f (r+2)(x)ψ2β(x)
∥∥∥
L∞([0,∞))

(1 + x)2β
∣∣gn,2,r(x)∣∣ψ2β+2(x)

+O
(

1
nβ+1

)∥∥∥f (r+2)(x)ψ2β(x)
∥∥∥
L∞([0,∞))

∣∣gn,2β+2,r(x)∣∣ψ2β+2(x).

(2.32)

Since we know that for x ∈ [0,∞),

∣∣gn,1,r(x)∣∣ψ(x) � C, (1 + x)2β
∣∣gn,2,r(x)∣∣ψ2β+2(x) � C,

∣∣gn,2β+2,r(x)∣∣ψ2β+2(x) � C,

(2.33)

we have

∣∣∣∣(M̃n

[
f
])(r)

(x) − f (r)(x)
∣∣∣∣ψ2β+2(x)

� O

(
1
n

)(∥∥∥f (r+1)(x)ψ2β+1(x)
∥∥∥
L∞([0,∞))

+
∥∥∥f (r+2)(x)ψ2β(x)

∥∥∥
L∞([0,∞))

)
.

(2.34)

Lemma 2.3. Let r and β be nonnegative integers and n − r − 2 � 0. Let f ∈ C(r)([0,∞)) satisfies

∥∥∥f (r)ψ2β
∥∥∥
L∞([0,∞))

<∞. (2.35)

Then one has uniformly for n, f and x ∈ [0,∞),

∣∣∣∣(M̃n

[
f
])(r)

(x)
∣∣∣∣ψ2β(x) � C

∥∥∥f (r)ψ2β
∥∥∥
L∞([0,∞))

. (2.36)
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Proof. Using (1 + y)2β � C((y − x)2β + (1 + x)2β), we have

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
)(
1 + y

)2β
dy

∣∣∣∣∣ � C
(
ψ−2β(x) +

∣∣Tn,2β,r(x)∣∣). (2.37)

The assumption (2.35) means

∣∣∣f (r)(y)∣∣∣ � C
(
1 + y

)2β
. (2.38)

Then we can obtain by (2.10),

∣∣∣∣(M̃n

[
f
])(r)

(x)
∣∣∣∣

� C

∣∣∣∣∣(n − r − 1)
∞∑
k=0

Pn+r,k(x)
∫∞

0
Pn−r,k+r

(
y
)(
1 + y

)2β
dy

∣∣∣∣∣
∥∥∥f (r)ψ2β

∥∥∥
L∞([0,∞))

� C
(
ψ−2β(x) +

∣∣Tn,2β,r(x)∣∣)∥∥∥f (r)ψ2β
∥∥∥
L∞([0,∞))

� C

(
ψ−2β(x) +O

(
1
nβ

)∣∣qn,2β,r(x)∣∣
)∥∥∥f (r)ψ2β

∥∥∥
L∞([0,∞))

.

(2.39)

Consequently, since |qn,2β,r(x)|ψ2β(x) is uniformly bounded on [0,∞), we have the result.

The Steklov function [f]h(x) for f ∈ C([0,∞)) is defined as follows:

[
f
]
h(x) :=

4
h2

∫∫h/2
0

[
2f(x + s + t) − f(x + 2(s + t))

]
dsdt, x � 0, h > 0. (2.40)

Then for the Steklov function [f]h(x)with respect to f ∈ C([0,∞)), we have the follow-
ing properties.

Lemma 2.4 (cf.[4]). Let f(x) ∈ C([0,∞)) and η(x) be a positive and nonincreasing function on
[0,∞). Then (i) [f]h(x) ∈ C2([0,∞));

(ii)

∥∥([f]h(x) − f(x))η(x) ∥∥L∞([0,∞)) � ω2

(
f ;η;

h

2

)
; (2.41)

(iii)

∥∥∥[f]′h(x)η(x)
∥∥∥
L∞([0,∞))

� 4
h
ω1

(
f ;η;

h

2

)
η(x)

η(x + (h/2))
+
1
h
ω1
(
f ;η;h

) η(x)
η(x + h)

; (2.42)
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(iv)

∥∥∥[f]′′h(x)η(x)
∥∥∥
L∞([0,∞))

� 4
h2

[
2ω2

(
f ;η;

h

2

)
+
1
4
ω2
(
f ;η;h

)]
. (2.43)

Proof. (i) For f ∈ C([0,∞)), we have the Steklov functions [f]′h(x) and [f]′′h(x) as follows. We
note

[
f
]
h(x) =

4
h2

∫h/2
0

(∫x+h/2
x

2f(u + t)du −
∫x+h
x

1
2
f(u + 2t)du

)
dt, x � 0, h > 0. (2.44)

Then, we can see from (2.44),

[
f
]′
h(x) =

4
h2

∫h/2
0

[
2
(
f

(
x +

h

2
+ t
)
− f(x + t)

)
− 1
2
(
f(x + h + 2t) − f(x + 2t)

)]
dt

=
4
h2

∫h/2
0

[
2Δ1

h/2f(x + t) − 1
2
Δ1
hf(x + 2t)

]
dt.

(2.45)

Similarly to (2.44), we know

[
f
]′
h(x) =

4
h2

[
2
∫x+h/2
x

(
f

(
u +

h

2

)
− f(u)

)
du − 1

4

∫x+h
x

(
f(u + h) − f(u))du

]
. (2.46)

Therefore, we have from (2.46),

[
f
]′′
h(x) =

4
h2

[
2
(
f(x + h) − 2f

(
x +

h

2

)
+ f(x)

)
− 1
4
(
f(x + 2h) − 2f(x + h) + f(x)

)]

=
4
h2

[
2Δ2

h/2f(x) −
1
4
Δ2
hf(x)

]
.

(2.47)

Therefore, (i) is proved.
(ii)We easily see from (2.44) that

∣∣(f(x) − [f]h(x))η(x)∣∣ =
∣∣∣∣∣ 4h2
∫∫h/2

0
Δ2
s+tf(x)η(x)dsdt

∣∣∣∣∣
� ω2

(
f ;η;

h

2

)
.

(2.48)
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(iii) From (2.46), we have

∣∣∣[f]′h(x)η(x)
∣∣∣ �
∣∣∣∣∣ 4h2
∫h/2
0

2
(
Δ1
h/2f(x + t)η(x + t)

) η(x)
η(x + t)

dt

∣∣∣∣∣
+

∣∣∣∣∣ 4h2
∫h/2
0

1
2

(
Δ1
hf(x + 2t)η(x + 2t)

) η(x)
η(x + 2t)

dt

∣∣∣∣∣
� 4
h
ω1

(
f ;η;

h

2

)
η(x)

η(x + h/2)
+
1
h
ω1
(
f ;η;h

) η(x)
η(x + h)

.

(2.49)

(iv) From (2.47), we have

∣∣∣[f]′′h(x)η(x)
∣∣∣ � 4

h2

[
2ω2

(
f ;η;

h

2

)
+
1
4
ω2
(
f ;η;h

)]
. (2.50)

Proof of Theorem 1.5. We know that for f(x) ∈ Cr([0,∞)),

[
f
](r)
h (x) =

[
f (r)
]
h
(x),

[
f
](r+1)
h (x) =

[
f (r)
]′
h
(x),

[
f
](r+2)
h (x) =

[
f (r)
]′′
h
(x). (2.51)

Then, we have

∥∥∥∥
((

M̃n

[
f
])(r)

(x) − f (r)(x)
)
ψ2β+2(x)

∥∥∥∥
L∞([0,∞))

�
∥∥∥∥(M̃n

[
f − [f]h])(r)(x)ψ2β+2(x)

∥∥∥∥
L∞([0,∞))

+
∥∥∥∥
((

M̃n

[
[f]h

])(r)
(x) − [f (r)]h(x)

)
ψ2β+2(x)

∥∥∥∥
L∞([0,∞))

+
∥∥∥[[f (r)]h(x) − f (r)(x)

]
ψ2β+2(x)

∥∥∥
L∞([0,∞))

.

(2.52)

From (2.51) and (2.41) of Lemma 2.4,

∥∥∥∥(M̃n

[
f − [f]h])(r)(x)ψ2β+2(x)

∥∥∥∥
L∞([0,∞))

�
∥∥∥[f (r)(x) − [f](r)h (x)

]
ψ2β+2(x)

∥∥∥
L∞([0,∞))

=
∥∥∥[f (r)(x) −

[
f (r)
]
h
(x)
]
ψ2β+2(x)

∥∥∥
L∞([0,∞))

� ω2

(
f (r);ψ2β+2;h

)
.

(2.53)
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Here, we suppose 0 < h � 1 and then we know that

ψ(x)
ψ(x + h)

� 2,
ψ(x)

ψ(x + h/2)
� 2. (2.54)

From Theorem 1.4, (2.51), (2.42), and (2.43) of Lemma 2.4, we have

∥∥∥∥
((

M̃n

[[
f
]
h

])(r)
(x) − [f](r)

h (x)
)
ψ2β+2(x)

∥∥∥∥
L∞([0,∞))

� O

(
1
n

)(∥∥∥[f](r+1)h (x)ψ2β+1(x)
∥∥∥
L∞([0,∞))

+
∥∥∥[f](r+2)h (x)ψ2β(x)

∥∥∥
L∞([0,∞))

)

� O

(
1
n

)(
1
h
ω1

(
f (r);ψ2β+1;h

)
+

1
h2
ω2

(
f (r);ψ2β;h

))
.

(2.55)

Therefore, we have

∥∥∥((M̃n[f])
(r)(x) − f (r)(x)

)
ψ2β+2(x)

∥∥∥
L∞([0,∞))

� O

(
1
n

)(
1
h
ω1

(
f (r);ψ2β+1;h

)
+

1
h2
ω2

(
f (r);ψ2β;h

))
+ω2

(
f (r);ψ2β+2;h

)
.

(2.56)

If we let h = 1/
√
n, then

∥∥∥∥
((

M̃n

[
f
])(r)

(x) − f (r)(x)
)
ψ2β+2(x)

∥∥∥∥
L∞([0,∞))

� C

(
1√
n
ω1

(
f (r);ψ2β+1;

1√
n

)
+ω2

(
f (r);ψ2β;

1√
n

))
,

(2.57)

because ω2(f (r);ψ2β+2; 1/
√
n ) � ω2(f (r);ψ2β; 1/

√
n).

From now on, we will prove Theorems 1.7, 1.9, and 1.10, which are the results for the
Szász-Mirakyan operators, analogously to the case of Lupas-type operators.

Lemma 2.5. Let r be a nonnegative integer. Then one has for f ∈ Cr([0,∞)),

(
Qn,β

[
f
])(r)(x) = (n + β

)( n

n + β

)r ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)
f (r)(y)dy, x ∈ [0,∞). (2.58)
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Proof. We know that

S
(r)
n,k(x) =

r∑
i=0

(
r

i

)(e−ny)(r−i)
((
ny
)k)(i)

k!
=

r∑
i=0

(
r

i

)
(−1)r(−1)inrSn,k−i(x),

S
(r)
n,k(x) =

r∑
i=0

(
r

i

) (e−ny)(i)
((
ny
)k)(r−i)

k!
=

r∑
i=0

(
r

i

)
(−1)inrSn,k−r+i(x).

(2.59)

Therefore, we have

(
Qn,β

[
f
])(r)(x)

=
(
n + β

) ∞∑
k=0

S
(r)
n,k(x)

∫∞

0
Sn+β,k

(
y
)
f
(
y
)
dy

=
(
n + β

) r∑
i=0

∞∑
k=i

(
r

i

)
(−1)r(−1)inrSn,k−i(x)

∫∞

0
Sn+β,k

(
y
)
f
(
y
)
dy

=
(
n + β

)( n

n + β

)r ∞∑
k=0

Sn,k(x)
∫∞

0

r∑
i=0

(
r

i

)
(−1)r(−1)i(n + β

)r
Sn+β,k+i

(
y
)
f
(
y
)
dy

=
(
n + β

)( n

n + β

)r ∞∑
k=0

Sn,k(x)
∫∞

0
(−1)rS(r)

n+β,k+r

(
y
)
f
(
y
)
dy

=
(
n + β

)( n

n + β

)r ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)
f (r)(y)dy.

(2.60)

Lemma 2.6. Let a, b, andm be nonnegative integers.

Rn,m,r(a, b;x) := (n + b)
∞∑
k=0

Sn+a,k(x)
∫∞

0
Sn+b,k+r

(
y
)(
y − x)mdy. (2.61)

Then one has

(i) Rn,0,r(a, b;x) = 1 and Rn,1,r(a, b;x) = ((a − b)x + r + 1)/(n + b);

(ii) Form � 1

(n + b)Rn,m+1,r(a, b;x)

= xR(1)
n,m,r(a, b;x) + ((a − b)x +m + r + 1)Rn,m,r(a, b;x) + 2xmRn,m−1,r(a, b;x);

(2.62)
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(iii)

Rn,m,r(a, b;x) = O
(

1
n[(m+1)/2]

)
gn,m,r(a, b;x), (2.63)

where gn,m,r(a, b;x) is a polynomial of degree � m such that the coefficients of gn,m,r(a,
b;x) are bounded independently of n.

Proof. Let Rn,m,r(x) := Rn,m,r(a, b;x). Then (i)

Rn,0,r(x) = (n + b)
∞∑
k=0

Sn+a,k(x)
∫∞

0
Sn+b,k+r

(
y
)
dy = 1,

Rn,1,r(x) = (n + b)
∞∑
k=0

Sn+a,k(x)
∫∞

0
Sn+b,k+r

(
y
)(
y − x)dy

=
∞∑
k=0

Sn+a,k(x)
k + r + 1
n + b

− x

=
∞∑
k=0

Sn+a,k(x)
k

n + b
+
r + 1
n + b

− x

=
(n + a)x
n + b

+
r + 1
n + b

− x =
(a − b)x + r + 1

n + b
.

(2.64)

(ii) Using xS(1)
n,k(x) = (k − nx)Sn,k(x), we obtain

x
(
R

(1)
n,m,r(x) +mRn,m−1,r(x)

)

= (n + b)
∞∑
k=0

xS
(1)
n+a,k(x)

∫∞

0
Sn+b,k+r

(
y
)(
y − x)mdy

= (n + b)
∞∑
k=0

Sn,k(x)
∫∞

0
(k − (n + a)x)Sn+b,k+r

(
y
)(
y − x)mdy.

(2.65)

Here, we see

(k − (n + a)x)Sn+b,k+r
(
y
)

=
((
k + r − (n + b)y

) − (r + (a − b)x) + (n + b)
(
y − x))Sn+b,k+r(y)

= yS(1)
n+b,k+r

(
y
) − (r + (a − b)x)Sn+b,k+r

(
y
)
+ (n + b)Sn+b,k+r

(
y
)(
y − x).

(2.66)
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Then substituting (2.66) for (2.65), we consider the following;

x
(
R

(1)
n,m,r(x) +mRn,m−1,r(x)

)

= (n + b)
∞∑
k=0

Sn,k(x)
∫∞

0
(yS(1)

n+b,k+r

(
y
) − (r + (a − b)x)Sn+b,k+r

(
y
)

+ (n + b)Sn+b,k+r
(
y
)(
y − x) )(y − x)mdy

:=
∫
1
+
∫
2
+
∫
3
.

(2.67)

Then, we have

∫
1
= (n + b)

∞∑
k=0

Sn,k(x)
∫∞

0
yS

(1)
n+b,k+r

(
y
)(
y − x)mdy

= (n + b)
∞∑
k=0

Sn+a,k(x)
∫∞

0
S
(1)
n+b,k+r

(
y
)(
y − x)m+1

dy

+ x(n + b)
∞∑
k=0

Sn+a,k(x)
∫∞

0
S
(1)
n+b,k+r

(
y
)(
y − x)mdy

= −(m + 1)Rn,m,r(x) − xmRn,m−1,r(x).

(2.68)

Here the last equation follows by parts of integration. Furthermore, we have

∫
1
+
∫
2
= −(r + (a − b)x)Rn,m,r(x) + (n + b)Rn,m+1,r(x). (2.69)

Therefore, we have

(n + b)Rn,m+1,r(x) = xR
(1)
n,m,r(x) + ((a − b)x +m + r + 1)Rn,m,r(x) + 2xmRn,m−1,r(x). (2.70)

(iii) It is proved by the same method as the proof of Lemma 2.1 (iv).

Proof of Theorem 1.7. Let |y − x| � 1. By the second inequality in (1.30),

∣∣∣f (r)(y) − f (r)(x)
∣∣∣ = ∣∣y − x∣∣∣∣∣f (r+1)(ξ)

∣∣∣
� C
∣∣y − x∣∣∣∣∣eβξξα+2∣∣∣ � C

∣∣y − x∣∣eβx(x + 1)α+2.
(2.71)
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Let ε = n−γ , 0 < γ < 1,

∣∣∣∣
(
n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

∣∣∣∣
=

∣∣∣∣∣(n + β
) ∞∑
k=0

Sn,k(x)

(∫
|y−x|<ε

Sn+β,k+r
(
y
)∣∣∣f (r)(y) − f (r)(x)

∣∣∣dy

+
∫
|y−x|�ε

Sn+β,k+r
(
y
)∣∣∣f (r)(y) − f (r)(x)

∣∣∣dy
)∣∣∣∣∣

=: A + B.

(2.72)

First, we see that by (2.71) and Lemma 2.6(i),

A � C
(
n + β

) ∞∑
k=0

Sn,k(x)
∫
|y−x|<ε

Sn+β,k+r
(
y
)∣∣y − x∣∣dy eβx(x + 1)α+2

� Cεeβx(x + 1)α+2 � O

(
1
nγ

)
eβx(x + 1)α+2.

(2.73)

Next, to estimate B, we split it into two parts:

B =

∣∣∣∣∣(n + β
) ∞∑
k=0

Sn,k(x)
∫
|y−x|�ε

Sn+β,k+r
(
y
)∣∣∣f (r)(y) − f (r)(x)

∣∣∣dy
∣∣∣∣∣

�
(
n + β

) ∞∑
k=0

Sn,k(x)
∫
|y−x|�ε

Sn+β,k+r
(
y
)(∣∣∣f (r)(y)∣∣∣ + ∣∣∣f (r)(x)

∣∣∣)dy

�
(
n + β

) ∞∑
k=0

Sn,k(x)
∫
|y−x|�ε

Sn+β,k+r
(
y
)(
eβy
(
y + 1

)α + eβx(x + 1)α
)
dy

=: B1 + B2.

(2.74)

First, we estimate

B1 =
(
n + β

) ∞∑
k=0

Sn,k(x)
∫
|y−x|>ε

Sn+β,k+r
(
y
)
eβy
(
y + 1

)α
dy. (2.75)

Then, using the following facts:

Sn+β,k+r
(
y
)
eβy = Sn,k+r

(
y
)(n + β

n

)k+r
, (2.76)
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(
n + β
n

)k+r
Sn,k(x) =

(
n + β
n

)r
Sn+β,k(x)eβx, (2.77)

(
y + 1

)α =
((
y − x) + x + 1

)α =
α∑
i=0

(
α

i

)(
y − x)i(x + 1)α−i, (2.78)

we have

B1 � Ceβx
(
n + β

)(n + β
n

)r ∞∑
k=0

Sn+β,k(x)
∫
|y−x|>ε

Sn,k+r
(
y
)(
y + 1

)α
dy

= Ceβxn
(
n + β
n

)r+1 ∞∑
k=0

Sn+β,k(x)

×
∫
|y−x|>ε

Sn,k+r
(
y
) α∑
i=1

(
α

i

)(
y − x

)i(x + 1)α−idy

+ Ceβxn
(
n + β
n

)r ∞∑
k=0

Sn+β,k(x)
∫
|y−x|>ε

Sn,k+r
(
y
)
(x + 1)αdy

=: Ceβx(B11 + B12).

(2.79)

Then, using (2.18) and Lemma 2.6, we have

B11 = n
∞∑
k=0

Sn+β,k(x)
∫
|y−x|>ε

Sn,k+r
(
y
) α∑
i=1

(
α

i

)(
y − x)i(x + 1)α−idy

� n
∞∑
k=0

Sn+β,k(x)
∫
|y−x|>ε

Sn,k+r
(
y
) α∑
i=1

(
α

i

)(
y − x)i∣∣∣∣y − x

ε

∣∣∣∣
〈i〉
(x + 1)α−idy

� n
∞∑
k=0

Sn+β,k(x)
∫
|y−x|>ε

Sn,k+r
(
y
) α∑
i=1

(
α

i

)(
y − x)i+〈i〉(1

ε

)〈i〉
(x + 1)α−idy

�
α∑
i=1

(
α

i

)
Rn,i+〈i〉r

(
β, 0;x

)(1
ε

)〈i〉
(x + 1)α−i

=
α∑
i=1

(
α

i

)
O

( 〈i〉
n[(i+〈i〉+1)/2]

)
qn,i+〈i〉,r

(
β, 0;x

)
(x + 1)α−i.

(2.80)

Then by (2.21) we have

B11 � O

(
1

n1−γ

)
(x + 1)α+1. (2.81)
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For B12, we have

B12 = n
∞∑
k=0

Sn+β,k(x)
∫
|y−x|>ε

Sn,k+r
(
y
)
(x + 1)αdy

� n
∞∑
k=0

Sn+β,k(x)
∫
|y−x|>ε

Sn,k+r
(
y
)(y − x

ε

)2

dy(x + 1)α

� Rn,2,r
(
β, 0;x

)(1
ε

)2

(x + 1)α = O

(
n2γ

n[3/2]

)
qn,2,r

(
β, 0;x

)
(x + 1)α

= O
(

1
n1−2γ

)
(x + 1)α+2.

(2.82)

From (2.81), (2.82) and (2.79), we have

B1 � O

(
1

n1−γ

)
eβx(x + 1)α+2. (2.83)

We estimate

B2 =
(
n + β

) ∞∑
k=0

Sn,k(x)
∫
|y−x|>ε

Sn+β,k+r
(
y
)
eβx(x + 1)αdy. (2.84)

Then we can estimate B2 by the same method as B12,

B2 =
(
n + β

) ∞∑
k=0

Sn,k(x)
∫
|y−x|>ε

Sn+β,k+r
(
y
)
eβx(x + 1)αdy

�
(
n + β

) ∞∑
k=0

Sn,k(x)
∫
|y−x|>ε

Sn+β,k+r
(
y
)(y − x

ε

)2

dy eβx(x + 1)α

� Rn,2,r
(
0, β;x

)(1
ε

)2

eβx(x + 1)α,

(2.85)

so we have

B2 � O

(
n2γ

n[3/2]

)
qn,2,r

(
0, β;x

)
eβx(x + 1)α � O

(
1

n1−2γ

)
eβx(x + 1)α+2. (2.86)

Consequently, we obtain from (2.83) and (2.86),

B �
(
O

(
1

n1−γ

)
+O
(

1
n1−2γ

))
eβx(x + 1)α+2 � O

(
1

n1−2γ

)
eβx(x + 1)α+2. (2.87)
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Therefore, from (2.73) and (2.87), we have uniformly on n,

∣∣∣∣
(
n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

∣∣∣∣ � O

(
1
nγ

)
eβxxα+2 +O

(
1

n1−2γ

)
eβxxα+2. (2.88)

Here, if we let γ = 1/3, then we have

∣∣∣∣
(
n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

∣∣∣∣ = O
(

1
n1/3

)
eβxxα+2, (2.89)

that is, (1.31) is proved. So, we also have a norm convergence (1.32).

Lemma 2.7. Letm and b be nonnegative integers. Let

Un,m,r(b;x) := (n + b)
∞∑
k=0

Sn,k(x)
∫∞

0
Sn+b,k+r

(
y
)(
y − x)mebydy. (2.90)

Then one has

Un,m,r(b;x) =
(
n + b
n

)r+1
ebxRn,m,r(b, 0;x). (2.91)

Proof. From (2.76) and (2.77)we have

Sn+b,k+r(x)ebx = Sn,k+r(x)
(
n + b
n

)k+r
, (2.92)

(
n + b
n

)k+r
Sn,k(x) =

(
n + b
n

)r
Sn+b,k(x)ebx. (2.93)

We have from (2.92), (2.93), and noting (2.61),

Un,m,r(b;x) = (n + b)
∞∑
k=0

Sn,k(x)
∫∞

0
Sn+b,k+r

(
y
)(
y − x)mebydy

= (n + b)
∞∑
k=0

(
n + b
n

)k+r
Sn,k(x)

∫∞

0
Sn,k+r

(
y
)(
y − x)mdy

= (n + b)
(
n + b
n

)r
ebx

∞∑
k=0

Sn+b,k(x)
∫∞

0
Sn,k+r

(
y
)(
y − x)mdy

=
(
n + b
n

)r+1
ebxRn,m,r(b, 0;x).

(2.94)
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Proof of Theorem 1.9. We prove this theorem, similarly to the proof of Theorem 1.4. Using
(2.93) and (2.27), we have for f ∈ C(r+2)([0,∞)),

(
n + β
n

)r(
Qn,β

[
f
])(r)(x)

=
(
n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)
f (r)(y)dy

= f (r)(x) + f (r+1)(x)
(
n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)(
y − x)dy

+
(
n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)(∫y

x

(
y − u)f (r+2)(u)du

)
dy

= f (r)(x) + f (r+1)(x)Rn,1,r
(
0, β;x

)
+
(
n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)(∫y

x

(
y − u)f (r+2)(u)du

)
dy.

(2.95)

We estimate the last term. We note the given condition:

∥∥∥f (r+2)(x)e−βxψ2γ(x)
∥∥∥
L∞([0,∞))

<∞. (2.96)

Using the inequality (1 + t)2γ � C((1 + x)2γ + (t − x)2γ) and Lemma 2.7, we have

∑
:=
(
n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)(
eβyψ−2γ(y) + eβxψ−2γ(x)

)(
y − x)2dy

� C
(
n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)

× (eβyψ−2γ(x) + eβy
((
y − x)2γ + eβxψ−2γ(x)

)(
y − x)2dy

� C
(
ψ−2γ(x)Un,2,r

(
β;x
)
+Un,2γ+2,r

(
β;x
)
+ eβxψ−2γ(x)Rn,2,r

(
0, β;x

))

� C

(
eβxψ−2γ(x)Rn,2,r

(
β, 0;x

)(n + β
n

)r+1

+ eβxRn,2γ+2,r
(
β, 0;x

)(n + β
n

)r+1
+ eβxψ−2γ(x)Rn,2,r

(
0, β;x

))
.

(2.97)

Then, we can estimate as follows:

∣∣∣∣∣(n + β
) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)(∫y

x

(
y − u)f (r+2)(u)du

)
dy

∣∣∣∣∣
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�
∥∥∥f (r+2)(x)e−βxψ2γ(x)

∥∥∥
L∞([0,∞))

∑

� C
∥∥∥f (r+2)(x)e−βxψ2γ(x)

∥∥∥
L∞([0,∞))

eβx

×
(
ψ−2γ(x)Rn,2,r

(
β, 0;x

)(n + β
n

)r+1
+ Rn,2γ+2,r

(
β, 0;x

)(n + β
n

)r+1

+ψ−2γ(x)Rn,2,r
(
0, β;x

))
.

(2.98)

Then, we have by (iv) of Lemma 2.6,

∣∣∣∣
(
n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

∣∣∣∣e−βxψ2γ+2(x)

�
∥∥∥f (r+2)(x)e−βxψ2γ(x)

∥∥∥
L∞([0,∞))

×
(
O

(
1
n

)
ψ2(x)gn,2,r

(
β, 0;x

)
+O
(

1
nγ

)
gn,2γ+2,r

(
β, 0;x

)
ψ2γ+2(x)

+O
(
1
n

)
ψ2(x)gn,2,r

(
0, β;x

))

+O
(
1
n

)∣∣∣f (r+1)(x)e−βxψ2γ+1(x)gn,1,r
(
0, β;x

)
ψ(x)

∣∣∣.

(2.99)

Consequently, we have

∣∣∣∣
[(

n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

]
e−βxψ2γ+2(x)

∣∣∣∣
� O

(
1
n

)(∥∥∥f (r+1)(x)e−βxψ2γ+1(x)
∥∥∥
L∞([0,∞))

+
∥∥∥f (r+2)(x)e−βxψ2γ(x)

∥∥∥
L∞([0,∞))

)
,

(2.100)

since we know that |gn,2,r(β, 0;x)ψ2(x)|, |gn,2,r(0, β;x)ψ2(x)|, |gn,2γ+2,r(β, 0;x)ψ2γ+2(x)|, and
|gn,1,r(0, β;x)ψ(x)| are uniformly bounded on [0,∞).

Theorem 2.8. Let β and γ be nonnegative integers and r > 0 be a positive integer. Then one has uni-
formly for n, f and x ∈ [0,∞),

∣∣∣[(Qn,β

[
f
])(r)(x)]e−βxψ2γ(x)

∣∣∣ � C
n + β
n

∥∥∥f (r)(x)e−βxψ2γ(x)
∥∥∥
L∞([0,∞))

. (2.101)
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Proof. Using (1 + y)2γ � C((1 + x)2γ + (y − x)2γ), we have

∣∣∣∣∣(n + β
) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)
eβy
(
1 + y

)2γ
dy

∣∣∣∣∣
�
∣∣∣∣∣(n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)
eβy
(
(1 + x)2γ +

(
y − x)2γ)dy

∣∣∣∣∣
� C
(
Un,0,r

(
β;x
)
ψ−2γ(x) +Un,2γ,r

(
β;x
))
.

(2.102)

By Lemma 2.7 and (i) of Lemma 2.6, we know

Un,0,r
(
β;x
)
=
(
n + β
n

)r+1
eβxRn,0,r

(
β, 0;x

)
=
(
n + β
n

)r+1
eβx,

Un,2γ,r
(
β;x
)
=
(
n + β
n

)r+1
eβxRn,2γ,r

(
β, 2γ ;x

)

= O
(

1
nγ

)(
n + β
n

)r+1
eβxgn,2γ,r

(
β, 2γ ;x

)
.

(2.103)

Therefore, we have

∣∣∣∣∣(n + β
) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)
eβy
(
1 + y

)2γ
dy

∣∣∣∣∣
� C

(
n + β
n

)r+1
eβx
(
ψ−2γ(x) +O

(
1
nγ

)
gn,2γ,r

(
β, 2γ ;x

))
.

(2.104)

Since |gn,2γ,r(β, 2γ ;x)ψ2γ (x)| is uniformly bounded on [0,∞), we have

∣∣∣∣
(
n + β
n

)r(
Qn,β

[
f
])(r)(x)e−βxψ2γ(x)

∣∣∣∣
�
∣∣∣∣∣(n + β

) ∞∑
k=0

Sn,k(x)
∫∞

0
Sn+β,k+r

(
y
)
eβy
(
1 + y

)2γ
dy

∣∣∣∣∣e−βxψ2γ(x)

×
∥∥∥f (r)(x)e−βxψ2γ(x)

∥∥∥
L∞([0,∞))

� C

(
n + β
n

)r+1(
1 +O

(
1
nγ

))∥∥∥f (r)(x)e−βxψ2γ(x)
∥∥∥
L∞([0,∞))

.

(2.105)

Therefore, we have the result.
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Proof of Theorem 1.10. We will prove this theorem by the same method as the proof of
Theorem 1.5. First, we split it as follows:

∥∥∥∥
[(

n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

]
e−βxψ2γ+2(x)

∥∥∥∥
L∞([0,∞))

�
∥∥∥∥
(
n + β
n

)r(
Qn,β

[
f − [f]h])(r)(x)e−βxψ2γ+2(x)

∥∥∥∥
L∞([0,∞))

+
∥∥∥∥
[(

n + β
n

)r(
Qn,β

[[
f
]
h

])(r)(x) − [f](r)h (x)
]
e−βxψ2γ+2(x)

∥∥∥∥
L∞([0,∞))

+
∥∥∥[[f](r)h (x) − f (r)(x)

]
e−βxψ2γ+2(x)

∥∥∥
L∞([0,∞))

.

(2.106)

Then for the first term, we have, using Theorem 2.8 and (2.41),

∥∥∥(Qn,β[f − [f]h])
(r)(x)e−βxψ2γ+2(x)

∥∥∥
L∞([0,∞))

� C
n + β
n

∥∥∥[f (r)(x) − [f (r)]h(x)
]
e−βxψ2γ+2(x)

∥∥∥
L∞([0,∞))

� Cω2

(
f (r); e−βxψ2γ+2(x);h

)
.

(2.107)

For the second term, we have from Theorem 1.9,

∥∥∥∥
[(

n + β
n

)r(
Qn,β

[
fh
])(r)(x) − f (r)

h (x)
]
e−βxψ2γ+2(x)

∥∥∥∥
L∞([0,∞))

� O

(
1
n

)(∥∥∥f (r+1)
h (x)e−βxψ2γ+1(x)

∥∥∥
L∞([0,∞))

+
∥∥∥f (r+2)

h (x)e−βxψ2γ(x)
∥∥∥
L∞([0,∞))

)
.

(2.108)

Here, we suppose 0 < h � 1 and then we know that (e−βxψ(x))/(e−β(x+h)ψ(x + h)) and
e−βx/e−β(x+h) are uniformly bounded on [0,∞). Therefore, we have from (2.42) and (2.43)
of Lemma 2.4,

∥∥∥f (r+1)
h (x)e−βxψ2γ+1(x)

∥∥∥
L∞([0,∞))

� C
1
h
ω1

(
f ; e−βxψ2γ+1(x);h

)
,

∥∥∥f (r+2)
h

(x)e−βxψ2γ(x)
∥∥∥
L∞([0,∞))

� C
1
h2
ω2
(
f ; e−βxψ2γ(x);h

)
.

(2.109)

Therefore, we have

∥∥∥∥
[(

n + β
n

)r(
Qn,β

[
fh
])(r)(x) − f (r)

h (x)
]
e−βxψ2(x)

∥∥∥∥
L∞([0,∞))

� O

(
1
n

)(
1
h
ω1

(
f ; e−βxψ2+1(x);h

)
+

1
h2
ω2

(
f ; e−βxψ2γ(x);h

))
.

(2.110)
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Consequently, we have

∥∥∥∥
[(

n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

]
e−βxψ2γ+2(x)

∥∥∥∥
� O

(
1
n

)(
1
h
ω1

(
f ; e−βxψ2γ+1(x);h

)
+

1
h2
ω2

(
f ; e−βxψ2γ(x);h

))

+ Cω2

(
f (r); e−βxψ2γ+2(x)(x);h

)
.

(2.111)

If we let h = 1/
√
n, then

∥∥∥∥
[(

n + β
n

)r(
Qn,β

[
f
])(r)(x) − f (r)(x)

]
e−βxψ2γ+2(x)

∥∥∥∥
� C

(
1√
n
ω1

(
f ; e−βxψ2γ+1(x);

1√
n

)
+ω2

(
f ; e−βxψ2γ(x);

1√
n

))
,

(2.112)

since ω2(f (r); e−βxψ2γ+2(x); 1/
√
n) � ω2(f ; e−βxψ2γ(x); 1/

√
n).

3. Conclusion

In this paper, Lupas-type operators and Szász-Mirakyan-type operators are treated and the
various weighted norm convergence on [0,∞) of these operators are investigated. Moreover,
this paper proves theorems on degree of approximation of f ∈ Cr([0,∞)) by these operators
using the modulus of smoothness of f .
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