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The Exp-function method combined with F-expansion method is employed to investigate the K (i, n) equation with t-dependent
coeflicients. The solitary wave solutions and periodic wave solutions to the equation are constructed analytically under certain
circumstances. The results presented in this paper improve the previous results.

1. Introduction

The research work of nonlinear evolution equations in
applied mathematics and theoretical physics has been going
on for the past forty years. It is known that many physical
phenomena are often described by nonlinear evolution equ-
ations. Searching for exact traveling wave solutions of non-
linear evolution equations plays an important role in the
study of these nonlinear physical phenomena, for example,
the wave phenomena observed in fluid dynamics, elastic
media, optical fibers, and so forth. By dint of some new
methods for obtaining exact solutions of nonlinear evolution
equations, many new results have been published in this area
for a long time. Here, it is worth to mention that the two
methods, the Exp-function method [1-4] and F-expansion
method [5-8], can be combined to form one method [9-15].

In this paper, by using Exp-function method combined
with F-expansion method, we will study the generalized
K(m, n) equation having t-dependent coeflicients [16]. Con-
sider

(), +28@u' + [oc(t) + B () x] (),
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where «(t) and 5(¢) are functions of the time variable t related
to the linear decay or growth of the wave. The functions y(t)
and §(¢) are the time-dependent nonlinear and dispersion
coeflicients, respectively, with [, m, and »n being integers.
Generally, (1) is not integrable.
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Specially, when! =n =m =1 and §(t) = -3Ay(t) with A
being a constant, (1) degenerates to the following generalized
KdV equation with variable coefficient:

u, + 2B () u+ [a(f) + B (£) x| u,

=3Ay () uu, +y () Uy, = 0,

)

which has been solved by using the Jacobi elliptic function
expansion method and derived some new soliton-like solu-
tions in [17]. Yu and Tian [18] studied the variable coeflicient
KdV equation (2) and obtained some new soliton-like solu-
tions including nonsymmetrical kink solutions, compacton
solutions, solitary pattern solutions, triangular function solu-
tion, and Jacobi and Weierstrass elliptic function solutions
using the auxiliary equation method.

In 2009, by using solitary wave ansatz in the form of sech?
and tanh? functions, respectively, Triki and Wazwaz [16]
obtained exact bright and dark soliton solutions for (1) in the
cases | = nand m > n — 1. Besides, we have recently derived
some exact solutions of (1) by using Exp-function method
combined with F-expansion method in the cases I = n and
m+n—1/[19].

In this paper, we further extend the works made in [16, 19]
by investigating (1). Using Exp-function method combined
with F-expansion method, we establish new solitary wave
solutions and periodic solutions of (1) in the cases m =n -1
and [ # n, which is different from those presented in the pre-
vious works [16, 19]. It is shown that the variable coefficients



a(t), B(t), 8(t) and y(¢) and the exponents [, m, and n are the
main factors to cause the qualitative change in the physical
structures of the solutions.

2. Description of the Method

In this section, we review the combining of the Exp-function
method with F-expansion method [14, 15] at first.

Given a nonlinear partial differential equation, for
instance, in two variables, as follows:

P, thyy thy, Uy gy .. .) = 0, (3)

where P is in general a nonlinear function of its variables,
we firstly use the Exp-function method to obtain new exact
solutions of the following Riccati equation:
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where A and h are arbitrary constants, then using the Riccati
equation (4) as auxiliary equation and its exact solutions,
we obtain exact solutions of the nonlinear partial differential
equation (3).

Seeking for the exact solutions of (4), we introduce a com-
plex variable #, defined by

n=pE+&, (5)

where p is a constant to be determined later, & is an arbitrary
constant, and Riccati equation (4) converts to

p¢ — A—h¢® =0, (6)
where prime denotes the derivative with respect to #.

According to the Exp-function method, we assume that
the solution of (6) can be expressed in the following form:

a,explen) + -+ +a_gexp(-d
o) = p(en) ~aexp(-dn) )
by exp(gn) + -+ + b_g exp(~f)
where e, d, g, and f are positive integers which are given
by the homogeneous balance principle, a,, ..., a_g,b,, ..., b_
are unknown constants to be determined. To determine the
values of e and g, we usually balance the linear term of the
highest-order in (6) with the highest-order nonlinear term.
Similarly, we can determine d and f by balancing the linear
term of the lowest-order in (6) with the lowest-order nonlin-
ear term we obtain e = g, d = f. For simplicity, we set
e=g=1andd = f = 1; then (7) becomes

_ @ exp(n) +a +a, exp ()
by exp (1) + by + b_, exp (-n)

¢ () (8)

Substituting (8) into (6), equating to zero the coefficients of all
powers of exp(nn) (n = -2,-1,0, 1, 2) yields a set of algebraic
equations for a,, a,, a_, by, by, b_, and p. Solving the system
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of algebraic equations by using Maple, we obtain the new
exact solution of (4), which is read as follows:

b= (b exp(mf-2e 5, )

+a_, exp(—h\]—%g - f()))

A ®)
X (b1 exp(h _EE + EO)
a A B
(B s))
V-A/h P h 0
where a_;, and b, are free parameters.
Consider
(hay + Ab}) A
= | ———exp| 2h\[-=&+ +a
¢2 (4]’[\/T/hbl P( h£ EO) 0
A A
+\j—zb_1 exp(—zh\/—zf - fo))
(10)

§ <(ha§ + Abg)

A
24D exp(Zh —Ef + EO) + b,

+b_lexp<—2h —%E—E())) ,

where a,, by and b_, are free parameters.

By choosing properly values of a,, a_;, by, b_,, we find
many kinds of hyperbolic function solutions and triangular
periodic solutions of (4), which are listed as follows.

(i) When &, = 0,b, = 1,a_, = +v/-A/h, A/h < 0, and
solution (9) becomes

¢ = —\/%tanh(h —%E) ,

A A
(/5 =- —z COth(h\/—EE> )

(ii) When &y = 0, b, = i,a_, = ¥VA/h, A/h > 0, and
solution (9) becomes

)
b~

(iil) When &, = 0,5, =0,b_, = 1,0y = +2+/-A/h, A/h <
0, and solution (10) becomes

= -2 [eon(2im -2 ) s csen( a2 )|

(13)

(1)

(12)
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(iv) When &, = 0,4, =0, b, =i,a, = +2+/-A/h, A/h <
0, and solution (10) becomes

¢=- _% [tanh(Zh —%5) iisech(Zh —%f)]~
(14)

(v) Whené&, =0,b,=0,b_, =1,a, = +2+/A/h, A/h > 0,
and solution (10) becomes

T [tan(Zh\/éﬁ) : sec(Zh\/%f)]. (15

(vi) When &, = 0,5, =0,b_ =1i,ay = +2\/A/h, A/h > 0,
and solution (10) becomes

4= _E [w(zh\/%g) . csc(Zh\/%f)]. (16)

For simplicity, in the rest of the paper, we consider &, = 0.

3. Application to the K(m,n) Equation with
t-Dependent Coefficients

Balancing the order of the nonlinear term (uh . with the term
(U") xxx in (1), we obtain

IP+1=nP+3, 17)

so that
J—— (18)
I-n

To get a closed-form solution, it is natural to use the transfor-
mation

u=v"", 19)
and when m = n — 1, (1) becomes

201 -n)viv, +2(-n)’B 1)V
+ 200 —n)? [a(t) + B(t) x] viv, +2(1 - n)*S (t) vV,
+y (1) [20Gn—1) (4n - 21) (v,)’
+6n(Bn-0(1-n)wyv,,

+2n(l-n)* Vv,

|=o.
(20)

This means that all the evolution terms that satisfy the
condition m = n — 1 contribute to the soliton formation.

In order to obtain new exact travelling wave solutions for
(20), we use

vix,t) =v(&), E=k(t)x+w(t), (21)

where k(t) and w(t) are functions of t to be determined later,
and substituting the (21) into (20), we obtain

201 - n) vy, +2(L-n)’B) v
+20(1 - n)*k (t) [ (t) + B (2) x] v*Y
+2(1-n)’8 () k (1) V'V
, @
+y () [zn (3n - 1) (4n - 2D k(0 (+')

+6n(3n-10)(-n) k@®)>’*wn'y'

+2n(l — n)zk(t)3v2v’"] =0.

Now, we assume that the solution of (22) can be expressed
in the following form:

N . N .
v=v(@®=)a )¢ E+Dbn¢7E, (23)
j=0 j=1

where N is a positive integer that is given by the homogeneous
balance principle, and ¢(&) is a solution of (4). Balancing v
term with v*v""’ term in (22) gives N = 1. Therefore, we obtain

by (t)
¢ ()

v=ag () +ay (t)$ () + : (24)

Substituting (24) into (22) and using the Riccati equation
(4), collecting the coefficients of ¢(&), we have

L1Co®+CO$E) +C () ©) +---
D
(25)

+Cy ()¢ (©)+CrM) ¢ ©)] =0.

Because the expresses to these coefficients D, Cy(t), C,(t),
Cy (1), C5(t), Cy(t), ..., C1 (), Cp(t) of ¢(&) in (25) are too
lengthiness, so we omit them; setting the coefficients to zero
yields a set of algebraic equations as follows:

Cy(t) =0, C, (1) =0,C,(t) =0, Cs (£) =0,
(26)
Cy(t)=0,...,Cyy () =0, Cpy (£) = 0.

Solving the algebraic equations obtained above, we can have
the following three sets of solutions.



Case 1. Consider

a(®)=0,  ay(t)=2eIIEON,

by (t) = pe P [ eyt k(t) = Ke™ [ Byt

w(t) = - J [Me«zmmm f poyar
8Antu
+a (t) ] Ke_fﬁ(t)dtdt, (27)

MI=n)*8 (&) o[ pwyar
n=2"1000 :
v () 1613 uK2h? ¢

U
A="h,
A

where A, ¢ and K are arbitrary nonzero constants.

m=n-1,

Case 2. Consider

a, (t) = Che™ W B a, (1) = Ae @ J oyt

b (t) =0, k@) = Ke‘]ﬁ(t)dt’

B —(Bwar . K&@) 73 [ pyar
W(t) = —J |:K06 (t)e J' + me '[ dt,
S (t)

- 2ezjﬁ(t)dt
nC*h?K ’

y() =

A=-Ch, m=n-1, I =-3n,
(28)

where C, A and K are arbitrary nonzero constants.
Case 3. Consider

ay (1) = A2 TPO% g (1) =,

by (t) = CAe2TPO% () = ke [P0,

wt) =~ [ [Ka@e 1] ar, (29)
o (1)

T AnC K22 el po,
1

y(t) =

A=-C*h, m=n-1, l=-n,

where A, C and K are arbitrary nonzero constants.

Thus from (24), (27), (28), and (29) we obtain families of
exact solutions to (22) as follows:

1
p = A DI [0ty oy (oD | B0 ,
pE) i NG

v = Cre W [ B0 | Ae—(4/3)Jﬁ(t)dt¢ @), (30)

_ _ 1
v=e? [ Bt Che2 [ Bt)dt i
¢ (&)
where ¢(&) is a solution of (4).

Journal of Applied Mathematics

Substituting new solutions (9) and (10) of Riccati equation
into solutions (30), using the transformation (19), we have the
following several families of solutions to (1).

Family 1. Consider

ul (x’ t)

+ pe D [ Bty [(b1 exp(h —%5)

a, A
=y exp(—h\/—zf))

X (—\/—%bl exp(h\j—%i)
19 4 2/(-n)
+a_, exp(—h —%f)) ]} ,

(31)

where & = Ke [ POdty, I[((S(t)l + 8(t)n)/8An*u)
e((21—2n)/l) [ Bt)dt +a(t)Ke | Btydt d,

_ M=) 5 poar
v = 1613 uK2h? ¢ ’ (32)

U
A= —h,
A

Ifwesetb, = 1,a_; = \-A/h,and A/h < 0in (31), we
obtain

Uy (x, t) = {Ae((”—l)/l)Iﬁ(t)dt \/_% tanh(h\/_%g)

m=n-1.

M ()}
V-A/h h '
(33)
Setting b, = i,a_, = —\/A/h,and A/h > 0 in (31), we get
i (5, 8) = {26 [ Byt \/E anl h \/é :
h h
(34)

((n=D/D) | p(eydt
IR )
\A/h h
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Family 2. Consider

u, (x,t)
_ 1y @-nm [ Bodr (h“o + Abz A
= qAe 2h\|-=¢ |+a,
4h+-A/hb_, h
A A
+\/—zb_1 exp(—Zh —ZE)>
(hay + Aby) \/—A
X <Tb_l exp(Zh —ZE) +b()
A\
+b_, exp (—2}1\/——5)) :|
h
+ ”e((n—l)/l) | Bt)dt

2 2
X [(W exp(Zh —%f)+b0
+b_, exp(—zh\/—%f))
< (hao + Abz) ( A£
exp -=&|+aq
4h~-A/hb_, h )

— ) _1q4 2/U-n)
+\/_zb—1 exp(—2h _ZE)> ”’ ,

Ke 103 _ (601 + 8(t)n)/8An*w)
G FOd | gy Ke TFO%Gr, y(t) = (A1 -n)?8(t)/
16n3yK2h2)e2Jﬁ(t)dt, and A = (u/A)h,m=n-1.

Ifwesethy =0,b_ =1,a, = +2+/-A/h,and A/h < 0 in
(35), we obtain

(35)

where & =

Uy1) (x,1)

— 12D/ [ pyat \/E
h
X [coth<2h —%E) + csch (Zh —%E)]

+ ( pelD | ﬁ(t)dt)
><< %[coth(ﬂz %{)
_A -1
icsch<2h —ﬁg)]> }

(36)

2/(1-n)

Setting b, = 0,b_, =i,ay = +2
we get

—A/h,and A/h < 01in (35),

uZ(Z) (.x, t)

_ ]y oom fpwar | A
fusamtson
A , A
% [tanh(zh _Ef> + 1sech<2h\/—zg>]

n ( pelDD I ﬁ(ﬂdt) (37)
X (\/% [tanh<2h %f)
iisech<2h\/gf)j| >_ }

Setting by = 0,b_; = 1, a;, = +2+/A/h, and A/h > 0 in (35),

we have

2/(1-n)

3) (x, t)

2

_ ((n=D)/1) [ B(t)dt E

= {Ae \/h

x [tan(zh\/%€> + sec<2h\/éf)]

ye((”_l)ﬂ) | Byt

2/(1-n)
+ \/A_/h [tan(Zh\/A_/hE)i sec(thf)] } '

(38)

Setting b, = 0,b_, =i,a, = £2/A/h,and A/h > 0in (35), we
have

Uy (%, 1)

:2 { 1D/ [ B® \F
folofE) (o0

el D/ [ Bo)de

2/(l-n)
W[cot(zhmﬁ)+csc(2hmg)]} .

(39)

Family 3. Consider

us (x,t)

{C/\ z;/a)j;;(t)alt_”L —(4/3) [ p(t)dt

(e



=

+a_, exp(—h ; ))
X (bl exp(h\/—%f)

. — \\ 2/(1-n)

e -n5e)) ” ’

(40)

where & = Ke™ 1 PO x _ [[Ka(t)e™ I POU 4 (K(t)/4nC?)?)

ORI TBOM gL (1) = —(8(t)/nCP R K FO% and A =
Chym=n-1,1=-3n

Ifwesetb, = 1,a_, = +\-A/h,and A/h < 0 in (40), we
obtain

Uy (%, 1) = «ICAe‘(‘*/ 3) [ poyar

e~ @) [ Byt \/% tanh(h\j

sy (x,1) = {C)Le(m) Jpwa

- 2/(l-n)
Ae~ 4/ [ Byt \/_% coth<h - %5 ) } :

— \ ) /0
b

=

(41)
Family 4. Consider
uy (x,1)
= {C)Le(4/3) [B®dt | ,~(4/3) [ Be)t
(42)

+ —%b_lexp( -2h ——E)

(hao + Ab2
X
4Ab_1

(ha§+Ab§) A
x[(mex ( EE>+%

exp(Zh ——8 +b

— ! 2/(1-n)
+b_, exp<—2h _ZE)) :|} ,

where & = Ke™ 1 F0%x _ [[Ka(t)e™ I POU 4 (K(t)/4nC?)?)

eCITFOI g y(1) = —(0()nC*HPK?)e PO and A =
C*hym=n-1,1=-3n
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Ifwesethy =0,b_, =1,a, = £2+/-A/h,and A/h < 0 in
(42), we obtain

Uy (x, 1)

_ {C)Le_(4/3) | Bat

— 2/(I-n)
X [coth(Zh —%E) + csch(Zh\/—%f)”» .

(43)

e [ Bt \/E
h

Setting by = 0, b_, = i,a, = +2+/-A/h,and A/h < 0 in
(42), we get

Uy(z) (X, 1)

_ {C Ae @3 [Bwadr _ 5

— — 2/(I-n)
X [tanh(Zh —%f)iisech(Zh —%f)]} .

(44)

o~ @/3) [ Bt \/z
h

Family 5. Consider

us (x, 1)

_ { Ae 2 B0t |~y 2] Bt

X [ <b1 exp(h —%f)
a, A (45)
+ = exp(—h\/—ﬁ§>)

X (—\/%bl exp(h\/—%ﬁ)
1 2/U-n)
+a_, exp(—h —%f)) ]} ,

where & = Ke™ [P0 _ [[Ka(t)e TP at, y(t) = -(6(t)/

anC’ KW PO% A = _Chym=n—1,and] = -n.
Ifwesetb =1,a_, = t-A/h,and A/h < 0 in (45), we
obtain

sy (x,£) = «l/\ezjﬁ(t)dt

Cre2] Pt )\
T L (e T
VA h
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Us(y) (%, 1) = { Ae 2] BBt

Che? B0 A\
_—tanh(h ——5) |
\V=A/h h

(46)
Family 6. Consider
ug (x,1)
_ { Ae2 [ Btydt + Che? [ Bt)dt
(hay + Ab}) A
X [(Tbl exp<2h —zE> + b()
+b_, exp<—2h\/—éf))
h
(hag + Abg) A
X | ————exp| 2h\[-—¢& | + a
<4h\/—A/hb1 P ( h 5) ’
= 2\
+\/—zb_1 exp(—Zh —EE)) :|} 5
(47)

where £ = Ke™ 1 F0%x — [[Ka(t)e [P dt, y(t) = ~(6(1)/

4nC2K2h2)eZIﬁ(t)’ﬁ, A=-Chym=n-1,and] = -n.
Ifwesethy =0,b_, =1,a, = +2+/-A/h,and A/h < 0 in
(47), we obtain

Ug(1y (X 1)

_ {/\e—2 [ Bt)at

_ (C/\e_z | ﬁ(t)dt)

(Fillon )
R

Setting b, = 0,b_; = i,a, = +2+/-A/h,and A/h < 0 in
(47), we get

(48)

2/(I-n)

Ug(2) (x,1)

_ {)Le_z | Bt)dt

_ (Cle_z | ﬁ(t)dt)

X(\/%[tanh<2h %E)
iisech(zh ‘%’f)DI}

2/(I-n)

(49)

4. Conclusions

The Exp-function method combined with F-expansion
method is used to investigate the K(m,n) equation with ¢-
dependent coeflicients. We acquire the exact solutions of Exp-
function type of (1) in the cases m = n — 1 and [ # n. The soli-
tary wave solutions and periodic wave solutions of the equa-
tion are obtained under different circumstances. It is shown
that many solutions in this work are different from those pre-
sented in [16, 19]. These solutions may be useful to explain
some physical phenomena in genuinely nonlinear dynamical
systems that are described by the K(m, n)-type models. The
approach applied may be employed in further works to find
new solutions for other types of nonlinear partial differential
equations.
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