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A four-dimensional recurrent neural network with two delays is considered. The main result is given in terms of local stability and
Hopf bifurcation. Sufficient conditions for local stability of the zero equilibrium and existence of the Hopf bifurcation with respect
to both delays are obtained by analyzing the distribution of the roots of the associated characteristic equation. In particular, explicit
formulae for determining the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions are established
by using the normal form theory and center manifold theory. Some numerical examples are also presented to verify the theoretical
analysis.

1. Introduction the neurons. The three-node network of system (1) in the
feedback configuration, with u(t) = y(¢), has been studied

in [12, 18, 19]; that is
% (0) = =x, (6) + f (%, (1),
% (1) = —x, () + f (x5 (1)) ()
%3 (6) = — x5 (1) +w f (x, (1) +w, f (%, (1)).

It is well known that time delays can play a complicated
role on neural networks. They can be the source of instabil-
ities and bifurcation in neural networks. Based on this fact,
Hajihosseini et al. [11] considered system (2) with distributed
delays and f(:) = tanh(:). It is shown that a Hopf bifurcation
takes place in the delayed system as the mean delay passes a
critical value where a family of periodic solutions bifurcate
from the equilibrium. The existence and stability of such
solutions are determined by the Hopf bifurcation theorem in
the frequency domain and the generalized Nyquist stability
criterion.

As far as we know, there are some papers on the bifurca-

In recent years, neural networks have attracted many scholars’
attention all over the world and have been applied in different
areas such as signal processing [1], pattern recognition [2-4],
optimization [5], and automatic control [6-8]. In particular,
the appearance of a cycle bifurcating from an equilibrium
of an ordinary or a delayed neural network with a single
parameter has been widely investigated [9-17]. In [18], Ruiz
et al. studied the following recurrent neural network for the
first time:

X, ) = —X1 () + f (xz (f)) >

Xy = =Xy (8) +u(t), ey
Xy = =x, () + W f (0 () + -+ w_y f (5,1 (1))

y(®) = f(x, (),

where x(t) € R" is the state, w; € R, i = 1,...,n -1
are the network parameters or weights, u(t) is the input,
y(t) is the output, and f(-) is the transfer function of

tions of neural network with two or multiple delays [20-22].
Motivated by the work in [11, 20-22] and considering that
when the number of neurons is large, the simplified model



can reflect the really large neural networks more closely,
we consider the following four-dimensional recurrent neural
network with two discrete delays that occur in the interaction
between the neurons:

(1) = —x O+ f (% (t-7)),
%)= —x 1)+ f (x5 (- 7)),
%)= —x; O+ f (% (t-7)), 3)
%y (1) = —x, () +w, f (%, (- 1))
twy f (% (t = 1)) + w3 f (x5 (t - 1)),

where 7, > 0, 7, > 0 are time delays that occur in the
interaction between the neurons.

This paper is organized as follows. In Section 2, the
stability of the zero equilibrium of system (3) and the
existence of local Hopf bifurcation with respect to possible
combinations of the two delays are investigated. In Section 3,
the properties of the Hopf bifurcation such as the direction
and the stability are determined by using the normal form
theory and center manifold theory. Some numerical simula-
tions are also included in Section 4 to illustrate the validity of
the main results.

2. Stability of the Zero Equilibrium and
Local Hopf Bifurcation

Throughout this paper we make the following assumption on
the transfer function f(-):

(H) f € C*(R), f(0) = 0,and f'(0)#0.

Clearly, E; = (0, 0,0, 0)" is the zero equilibrium of system
(3). Linearization of system (3) at the zero equilibrium is

()= -x O+ f 0)x,(t-7),
%)= —x O+ f 0)x(-1),
k()= —x3 (0 + 1 (0)x, (¢ -7y), (4)
2 (1) = = x, () +w 1 (0)x, (£ - 1,)
+w, 1 (0)x, (t—7,) +wy f (0) x5 (£ -1,).
The characteristic equation of the linearized system (4) is

A+ D'+ A+ 1)2e M) L B(L 4 1) e M)
(5)

+ Ce—/\(3rl+‘rz) =0,
where

B=-w,f?(0), C=-wf"*(0).
(6)
In order to study the local stability of the zero equilibrium

of system (3), we investigate the distribution of the roots of (5)
in the following.

A=-w,f?(0),
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Case 1 (t; = T, = 0). Equation (5) reduces to

M rd N +dyA* +dA+d, =0, ?)
where
d, =4, d,=A+6, dy=2A+B+4,
(8)
dy=B+C+1.

Obviously, D, = d; > 0. Therefore, by the Routh-Hurwitz
criterion, the zero equilibrium E(0,0,0,0)” of system (3) is

locally asymptotically stable if the following condition (H,)
holds:

g1 d 1 0
_ 1 —
D2—<d3 d2>>o, D, = d, dzj >0,

—

0 d, ds
d 1 0 0 ©)
_d3d2d11
D=\ a0
00 0d

4

Case 2 (1, > 0, T, = 0). On substituting 7, = 0, (5) becomes

A+D*+ AL +1) e+ B A+1) e ML ce 2,
(10)

Multiplying e*™ on both sides of (10), it is easy to obtain

AL+ 12+ A+ D)%™ +BA+1)e ™ +Ce®m = 0.

(1)
Let A = iw, (w; > 0) be aroot of (11). Then, we can get
AjcosTiw; + A sinTiw; + A=Ay,
(12)
A,y cosTyw; + Ay sinTiw, + Ay = Ay,
where
4 2 3
A =w -6w; +B-1, Ay, = 4w] + Bw, - 4w,
2
A13=A(1—w1), Ay =-Ccos2nw,
(13)

A, = Bw; + 4w, —4wi, A, :w‘f—6wf—B+ 1,

A,y =2Aw,, A,, = Csin21w;.
Squaring both sides of the two equations in (12) and adding
them up we obtain

: 2
(A, cosTyw; + Ap,sinTyw; + Ays)
(14)
+(Ay cosTyw; + Ay, sin T, + Ay)' = C
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According to sin 7;w, = +1/1 — cos?T,w;, we consider the two

cases.

(D if sintyjw, = +/1-cos’tjw,, then (14) takes the

following form:

2
N 2
(A11 cosTyw; + A\l — cos*Tyw; + A13>
2 2
+ <A21 cos Tyw; + A1 — cos’tyw, + A23> =C",

(15)
which is equivalent to
P1cos T, + P,cOS T W, + P3cOs T W,
+ pycosTiw; + ps =0, 1o
where
= (A211 + A221 - A212 - Azzz)2 +4(A A, + A21A22)2’
p,=4 (A211 + A221 - A212 - Azzz) (A A+ Ay Ay)
+8 (A A + Ay Ayp) (ApA + ApAy),
ps=4(Ap A+ AzlAz3)2 +4(ApAg+ 1‘\221‘\23)2
~4(A A+ A21A22)2+ 2 (A211 + A221 - A212 - A222)
x (A%, + AL + A%, + AL, - C),
pi=4(A A5+ A, A) (A212 + A213 + A222 + A223 - Cz)
—8(A A+ AyAy) (ApA + ApAy),
Ps = (A212 + A213 + A222 + A223 - C2>2

2
—(ApA+ApAy).

(17)
Let r = cos T,w;, and denote that
Pr3, P32 Py D5
N=r+ 27+ 8,2 2, 5 18
/ P Py pr P (18)
Thus,
f' (r)=4r3+&r2+2ﬁr+&. (19)
P b1 )2
Let
4y P22 2P P (20)
P J2! J2!
Let y = v + (p,/4p,). Then, (20) becomes
Yy +n=0 (21)
where
2 3
" Py 3P , Py _P2Ps | Ps (22)

S 2p, l6pP C32p) 8pl  4p,

Define
(1), A e

Then, we can get

Y2 = i/—% + \ﬁfo’z + (/—% - \ﬁﬁz, (24)
V3 = {j—% + \/EEZ + \3/—% - \/Eﬁz

Then, we can get the expression of cos 7,w; and we denote
filw;) = cosTw,. Substituting f,(w;) = cosT;w,; into
(12), we can get the expression of sin 7w, and we denote
fr(w,) = sinTjw,. Thus, a function with respect to w; can
be established by

fi (@) + f5 () = 1. (25)

We assume that (H,,), (25), has finite positive roots, which
are denoted by w;,. .., wy;. For every fixed w; (1 < i < k),
the corresponding critical value of time delay is

i 1 2jm
Tff) = —arccos f; (wy;) + /iy
(] Wy (26)
i=1,2...,k j=012....
Then, +w,; are a pair of purely imaginary roots of (11) with
T, = Tff). Let
: ()
Tjp = min {TI{ }’ Wyp = Wy
(27)
i=1,2...,k j=012....

(I) If sintyw; = —4/1—cos’tjw,, then (14) can be

transformed into the following form:

2

(A11 cosTyw; — A1 - cos’ryw; + A13>
SR
+ <A21 cos Tyw; — Ayl — cos’ryw; + A23> =C".

(28)

Thus, similar as the process in case (I), we can get the
expression of cos 7w, and sin 7;w, . Let

fix (@) = cos Ty, Jau =sinTiw;. (29)

Therefore,

fio (@) + f5, (@) = 1. (30)

Then, we can get the critical value of time delay corre-
sponding to every fixed positive root w;; of (30):
o _ 1 1y, 2m
Tlf = —-arccos f (wli) + =,
Wy Wy (31)
i=1,2,...,k j=0,1,2....



Let

. Gy /
T)o = min {TI{ }, Wy = Wy »
(32)
i=1,2,...,k, j=0,1,2,....

Next, we verify the transversality. Taking the derivative of A
with respect to 7; in (11), we obtain

]
dr,
B 2A(A+1)+Be™ +4() + 1)°eM T
A{(A+ D' —B(A+ 1) e —2Ce2n] A
(33)
Thus,
dA]" PQp+P,
Re [_] _ BQut POy (34)
dr 1, -, Qr +Qp
where
Py = (4 - 12wf0 + B) COS T1yWy
- (3w10 - wfo) sin 7w, + 24,
P, = (4- 120}, - B) sinTjgw;,
+ (3w10 - wfo) COS T} oWy + 2Aw,
Qg = (4w‘110 + BwfO - 4wf0) €08 T1oW;0 5)

3 5 o
- (Bco10 + Wy — 6wy, — wlo) sin 7;,w;,
—2Cw; sin 27, yw;,
_ 4 2 2\ o
Q= (4“’10 ~ Bwy, - 4“)10) SIN T1pW1o
3 5
+ (wm — Bw,y — 6w;, — “’10) COS T} (W)
—2Cw; €os 2T, yw) -

Obviously, if the condition (H,,): PrQg + P;Q; # 0 holds,
then Re[d)t/d‘rl];ll: 0 F 0 Namely, if the condition (H,,)
holds, then the transversality condition is satisfied. By the
discussion above and the Hopf bifurcation theorem in [23],
it is easy to obtain the following results.

Theorem 1. If the condition (H,,) means that (25) has finite
positive roots and (H,,) means that PyQr+P;Q; # 0 holds, then
the zero equilibrium E, of system (3) is asymptotically stable
for T, € [0,71,,), system (3) undergoes a Hopf bifurcation at E,
when 1, = Ty, and a branch of periodic solutions bifurcates
from the zero equilibrium near T, = Ty.

Case 3 (t, > 0, 7, = 0). When 7; = 0, (5) becomes the
following form:

(A+1)4+[AA2+(2A+B)A+A+B+C]e_MZ =0. (36)
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Let A = iw, (w, > 0) be aroot of (36). Substituting it into (36)
and separating the real and imaginary parts, we obtain

(2A + B) w, sin,w, + (A +B+C- Awg) COSW,T,

2 4
=6w, —w, — 1,

(37)
(2A + B) w, cos T,w, — (A +B+C - Awg) sinw, T,
= 4w§’ - 4w,.
It follows that
wg + %wg + ozwi +qw, +¢ =0, (38)
where
6=1-(A+B+C)’, ¢ =6-A% G =4
(39)
¢, =2A(A+B+C)—(2A+B)’ +4.
Let w§ = z, then (38) can be transformed into
2 462+t +qz+¢ =0. (40)

Next, we make the following assumption.

(Hs;) means that (40) has at least one positive root.

Without loss of generality, we assume that (40) has four
positive roots, which are denoted by z,, z,, z5, and z,. Thus,
(38) has four positive roots wy, = +/zp, k = 1,2,3,4. The
corresponding critical value of time delay is

i 1
ng - w—karccos ( (Aa)gk +(A+3B-0) wgk
2

+(2B+6C - A)wy, — (A+B+C))
X ((ZA + B)ngk
+(A+B+C-Awd)

2\7! 2jm

x (6w; —w4k—1 )+—,

(su~ai 1)) )+ 2L
k=1,2,3,4, j=0,1,2....

(41)

Then, +iw,, are a pair of purely imaginary roots of (36)
with 7, = T;{(). Let

Tyo = Min {Téz)} v k=1,2,3,4,  wy = wy,. (42)

Taking the derivative of A with respect to 7, in (36), we can
get

[@]1__ 40+ 1207 + 121 + 4
dr,]  A(M+403+ 602+ 41 +1)
. 2AAM+2A+B T
A[AAM + (2A+B)A+A+B+C] A’
(43)
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Then, we can get

4wy + 125 + 1203 + 4

-1
Re [ d)t]

dr, Wb, + 4w, + 6wk + 4wl + 1
- (24%03, + (2A+B)* -2A(A+B+C))
x (A’wyy + [2A+ B -2A(A+B+C)]
X w§0 +(A+B+ C)Z)_l.
(44)
From (38), we have
w§0 + 4w§0 + 6w§o + 4w§0 +1
= A’wyy + [QA+B)’ -2A(A+B+0)]w;, (45)
+(A+B+ C)Z.
Thus,

re| A1 g (z)
€l 7 =73 3 1 7 >
dr, rep,  Who T 4W5) + 6wy, + 4w, + 1

(46)

where

9@) =2" + 62 + g2 +qz + ¢ Zy = wgo. (47)
Therefore, if the condition (Hj;,): g'(zo)qﬁo, then
Re[d/\/drz];irm #0. From the analysis above and by the
Hopf bifurcation theorem in [23], we have the following
results.

Theorem 2. Ifthe condition (H,,) means that (40) has at least
one positive root and (H,,) means that g'(z,) #0 holds, then
the zero equilibrium E,, of system (3) is asymptotically stable
for T, € [0,1,), system (3) undergoes a Hopf bifurcation at E,,
when T, = Ty, and a branch of periodic solutions bifurcates
from the zero equilibrium near T, = Ty,

Case4 (t; =17, =7 >0). Forty =1, = 7 > 0, (5) can be
transformed into the following form:

A+ D'+ AQ+ D)2 +BA+ 1) e+ Ce™ = 0.
(48)

Multiplying e* on both sides of (48), we obtain

AL+ D>+ (M + 1)462’” +Ce M+ B A+1) e M=o,
(49)

Let A = iw be a root of (49); then we have
ZH €OS$ 2T w; — ZIZ sin 27, w; + KB = ZM,

. . L (50)
A, sin2Tyw; + Ay, €O 2T W) + Ay = Ay,

where

3

lezw4—6w2+C+1, A, = 4w -,

—_ 5 — )
A =A-Aw", A, = Bcos tw — Bwsin Tw,

(51)
3

ZZI:w4—6w2—C+1, A, = 4w -,

Kzs =2Aw, KM = BcosTtw + Bw sin Tw.

Then, we get

_ — — \2
(A11 cos 2T w; — A, sin 21w, + A13)

+ (221 §in 27,w; + Ay, c0s 2T,w, + 223)2 =B (1 + wz).

(52)

Similar as in Case 2, we can obtain the expression of
cos 27w and sin 27w, which is denoted as g;(w) and g,(w),
respectively. Further we can get a function with respect to w

gf (w) + gg (w) =1. (53)

Next, we make the following assumption. (H,, ): Equation
(53) has finite positive real roots, which are denoted by
wy, ..., wy, respectively. For every fixed positive root of (53),
the corresponding critical value of time delay is

1 2jm
= —arccos g; (w;) + =—,
Z(Ui Z(Ui (54)

i=1,...,k j=01,2,....

o)

i

Then, +iw; are a pair of purely imaginary roots of (49) with
T= Ti(]). Let
T, = min {Ti(j)}, Wy = w;
(55)
i=1,2...,k j=01,2,...

Differentiating both sides of (49) with respect to t, we can
obtain

H
dr
B 2A0+ 1) +4(A + 122 4+ Be™ T
BA(A+1)e™? +2CAe 27 —20(A + 1)*e2M A
(56)
Thus,
dA -1 PI QI + PIQI
Re|:d—‘[2:| B =W; (57)



where
P}'2 = (1 - 3(03) Cos 2Tyw, — (3«)0 - wg) sin 27yw,
+ Bcostywy + 24,
PI' = (1 - 3a)§) sin 27w, + (3w0 - a)g) COS 2Tyw,
— Bcos tyw, + 2Aw,,

r_ . 2
Qg = Bw, sin 1ywy — Bw,, cos Tyw,

5 . (58)
+ (a)o +(1+2C) wy - 6(00) sin 27w,

4 2
-8 (“’o - wo) €OS 27w,
'_B Baw? si
Q; = Bw, cos yw, + Bwj, sin 1yw,

- (wg +(1+2C)w, — 6wg) €08 274w,

42
-8 (wo - wo) sin 27w.

Obviously, if the condition (H,,): P};Q; + P'Q; # 0 holds,
then Re[dA/de] , #0. Namely, if the condition (H,,)
holds, the transversahty condition is satisfied. Thus, by the
Hopf bifurcation theorem in [23] we have the following
results.

Theorem 3. If the condition (H,,) means that (53) has finite
positive real roots and (H,,) means that P{QQ;+PI' Q} +0 holds,
then the zero equilibrium E, of system (3) is asymptotically
stable for T € [0,1,), system (3) undergoes a Hopf bifurcation
at Ey when T = 1, and a branch of periodic solutions bifurcates
from the zero equilibrium near T = 1,.

Case 5 (r; > 0 and 7, > 0). We consider (5) with 7; in its
stable interval and 7, is considered as a parameter. Without
loss of generality, we consider (5) under Case 2.

Let A = iw,, (w,, > 0) be aroot of (5). Then, we can get

w® +40° + 60" + 40” + 1+ 2B (Aw3 + Cw) sin T, w
- 2B(A+C)cosTw + 2AC (w2 - 1) oS 27w (59)
+2ACwsin 21w = 0.

Suppose that (Hs;) means that (59) has finite positive real
roots, which are denoted as w,;,,®,,,,...,wy,. For every

positive real root w,;, (i = 1,2,...,k), their exists a sequence
{ 21* | j = 0,1,2,...}, such that (59) has a pair of purely
imaginary roots tiw,;, when 7, = T;{i

Lett, = min{rzli | j=0,1,2,...},and when 7, = 7; (59)
has a pair of purely imaginary roots +iw;. In the following,
we make the following assumption.

(Hsy) : Re[dM/dr,), _,. #0.

Through the analysis above and by the Hopf bifurcation
theorem in [23], we have the following results.
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Theorem 4. If the condition (Hs,) means that (59) has finite
positive real roots and (Hs,) means that Re[d/\/drz];;:T; +0
holds, and 7, € (0,1y), then the zero equilibrium E, of
system (3) is asymptotically stable for T, € [0,7;), system (3)
undergoes a Hopf bifurcation at Ey when t, = ,, and a branch
of periodic solutions bifurcates from the zero equilibrium near
T, =1T,.

3. Stability of Bifurcated Periodic Solutions

In this section, the formulae for determining the direction
of Hopf bifurcation and the stability of bifurcating periodic
solutions of system (3) with respect to 7, for 7; € (0, 7,,) are
derived by using the normal form method and center man-
ifold theorem introduced by Hassard et al. [23]. Throughout
this section, it is considered that system (3) undergoes Hopf
bifurcation at 7, = 7, and 7, € (0,7),). Without loss of
generality, we assume that 7, < 7, where 7, € (0, 7).

For convenience, let t = s7,, u;(t) = u;(nyt), (i =
1,2,3,4). Drop the bars for simplification of notations. Then
system (3) becomes

u(t) =Ly, +F (1), (60)

where u(t) = (u(t), uy(t), u3(t),u4(t))T € C =C([-1,0],RY
andL,:C — R* F:RxC — R*are given, respectively, by

Lip= (55 +) (460 + B9 - 2)+C¢< ). o

" T
F(u¢) = (7, +u) (F, B, F; Fy)

with

$(0) = (¢, (9).,(0),¢5(0),¢, )" € C([-1,0], R*),

-1 0 0 0
[ 0 -10 0
A=10 0-10 |

0 0 0 -1

0 f'(0 o0 0
g0 0 o o

0 0 o f' |’

0 0 0 0

0 0 0 0

) 0 0 0 0
C = 0 0 o o)

w, £ (0) w, f (0) wsf' (0) 0

m *

2 3T
_(/52 - +oee,

T Tz
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o ERC) S )

7, (T
F3:?¢4 T +?¢4 Tt

7 =

a:wJWm%(D J”(%ﬂl)
%f%m% J”wwﬂl
cof (O)¢>l( D+ w3f (0)</>3( 1+

(62)

Therefore, according to the Riesz representation theorem,
there exists a 4 x 4 matrix function #(6, u) : [-1,0] — R*
whose elements are of bounded variation such that

L= [ dn@uo@, pec(LoLr). ©)
In fact, we choose
n(6, )
(73 +u) (A" +B +C'),
(r; +u) (B'+C'), e [—i,o), (64)
(73 +u)C,

0, 6=-1.

For ¢ € C([-1,0], RY), we define

d¢ (0)
do °

0
| an@.mso. oo,

Rlk)é = {%(PMP)’

Then system (60) can be transformed into the following
operator equation:

i (t) = A(u)u, + R(p)uy, (66)

where u, = u(t + 0) for 0 € [-1,0].

For ¢ € C'([0,1],(R")"), where (R*)* is the 4-
dimensional space of row vector, we define the adjoint
operator A of A:

-1<6<0,
A(u)¢ =
(65)

-1<60<0,

_de(s)
ds

0
J dnT (5,00¢(-s), s=0,
-1

> 0<s<l1,

A (g)= (©7)

7
and a bilinear inner product
(9 (s),9(0))
0 0 (68)
5090~ [ sE-0me¢@d
——1 Je=o
where #(0) = (0, 0).

Then A(0) and A*(0) are adjoint operators. From
the discussion above, we know that +iw, 7, are eigenval-
ues of A(0) and they are also eigenvalues of A*(0). Let
90 = (1,495 9, ¢“>™% be the eigenvector of A(0)
corresponding to the eigenvalue +iw,7,, and let g*(s) =
D(1,45,45,q;)e>™° be the eigenvector of A*(0) corre-
sponding to the eigenvalue —iw; 7, . Then, we have

L ow ok
1w, T,

* k%

—iw,7,q (0).
(69)

A(0)g(0) =iw;1,q(0), A" (0)q" (0) =

By a simple computation, we can obtain

q iw, +1 g = q
2" T PT0) et — s’

fl (0) e~y T

_ f’ (0) (w; + w,q, + wsqs)

U (iw; + 1)@ ’
x 1 —iw, L, €Ty wyq,e win
— = 0),
1= w; f'(0) ez 1 1 —iw; SO
. BECT v wygpet
0
q; = 1 iw} f(0)
(70)
and (q*,q) = 1,(q",q) = 0.
From (68), we can get
D= [1 + @8, + 9395 + 944,
+ Tl*f’ (0)(q + 9,95 +q594) e n (71)

-l
7 f’ (0)qy (w; + w,q, + wygqs) e ™ ]

Following the algorithms given in [23] and using similar
computation process in [24], we can get the coefficients which
can be used to determine direction of the Hopf bifurcation
and stability of the bifurcating periodic solutions:

gn = f OD [ (G + @0 + T )
+é§§e_2"“’;’; (wl + wzqg + wa‘ﬁ)] >
g1 = f” (0)D (429, + 3,959 + 93 9444

+q, (w; + w,q,9, + w395G5)] »



g = £ OD [ (§ + 53, +333)

+?1262i“’;15 (wl + Wy, + wﬁg)] )
_ Bl @ T\, e
g =D | f7(0) 2Wy T ) de
2

T s
(-2
2
i fm (0) qzqze—iw;rl"

T* L s s
(0 (i ()
2

ﬁ”m¢QJWﬂ
7 (w " © (2w (-1 e
+W (-1) eiwé‘fz*)
+w, f"(0)e "
rw, £ (0) (2W (-1) gpe
AW (-1) e )
+w,f" (0) q;éze’i“’; n
+w, " (0) (2W1(13) (-1) q3e*fw5‘f§
+W2(3) (—1)q3eiwz*fz">
s £ (0) g5gse " )] ,
(72)
with

Wy, (6) = M G50, 1904O) iwze B, 20,

w5 T, 3wyt
W]l (6) _ _ lgl 1*‘1 EO) eiw; 7,0 + lgl l*q EO) e—iw; 7,0 n Ez;
W, T, W, T, 73
73
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where E, and E, can be computed by the following equations,
respectively:

2iw; +1 oy, 0 0
0 2iw, +1 0
0 0

78] Xy K3

o E,
2iw, +1 oy

2iwy +1

(74)
1 ~£'(0) 0 0

0 1 -f'(0) 0
0 0 1 -£'(0)
_wlf’ (0) —wzf’ (0) —wsf’ (0) 1

>

with

Ay = 03 = 03y = —f (0) e BT
Oy = — wlf’ (0) eiziw;Tz*,
! —2iw,; T,

= —w,f (0)e 727,

A= —wsf (0) e He,
Eﬁl) — f” (0) q;e_Ziw;Tl*,
E§2) _ fll (O) q?e—Ziw;Tf’

(75)

E§3) _ fll (0) qie—ziw;r{‘)
EY = £ 0) (w; + wpd; + wygy) e

(1) " _
E;" = f7(0) 9,9,

2) _ 1 —
E; = f7(0) 9395

3) _ g1 —
Ey" = f7(0)q49,

E;4) = f” (0) (w; + w459, + W3q5q;) -
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FIGURE 1: The trajectory of x,, x,, x5, and x, when 7, = 1.3 <
1.4022 = 7.

x5(t)

- 0.06
0.04

-0.027Z9,02 O

FIGURE 2: The phase plot of x,, x,, and x; when 7, = 1.3 < 1.4022 =
Ty

Therefore, we can calculate the following values:

. 2
i g
C,(0) = pynoes (911920 - 2|911|2 - %) + %7
272
- Re {C, (0)}
L ReV ()} (76)

B, =2Re {Cl (0)}’
~ Im{C, ()} + g Im {A' (z;)}

5 =

* *
)Ty

Based on the discussion above, we can obtain the follow-
ing results.

0.5 T T
S WM
2
—-0.5 L L
0 500 1000 1500
@)
0.5 T T
=z 0 W
]
-0.5 L L
0 500 1000 1500
(b)
0.5
= 0
®
—-0.5 L L
0 500 1000 1500
(©
0.5
= 0
]
-0.5 I '
500 1000 1500
Time t
(d)
FIGURE 3: The trajectory of x,, x,, x5, and x, when 7, = 1.5 >
1.4022 = 1.
0.4
024. -
= 0
<
-0.2

-05>0.5

FIGURE 4: The phase plot of x;, x,, and x; when 7, = 1.5 > 1.4022 =
Ty

Theorem 5. For system (3),

(i) u, determines the direction of the Hopf bifurcation.
If u, > 0(u, < 0); then the Hopf bifurcation is
supercritical (subcritical);

(ii) B, determines the stability of the bifurcating periodic
solutions. If 3, < 0(B, > 0); then the bifurcating
periodic solutions are stable (unstable);

(iil) T, determines the period of the bifurcating periodic
solutions. If T, > 0(T, < 0); then the period of the
bifurcating periodic solutions increases (decreases).
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¥ |
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0.5

0
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0
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FIGURE 5: The trajectory of x,, x,, x5, and x, when 7, = 2.75 <
3.1610 = 7.

0.4 <

0.2

x5(t)
o

0.2 :
0.1

0

: 0
L 02 -0

. .1 N
-0.4 203 -0.2 %\U

FIGURE 6: The phase plot of x,, x,, and x; when 7, = 2.75 < 3.1610 =
Tyg.

4. Numerical Simulation

In this section, we present some numerical simulations to
support the theoretical analysis in Sections 2 and 3. As an
example, we consider the following special case of system
(3) with the parameters w;, = 1, w, = -1, w3 = -1, and
f(x) = tanh(x). Then f(0) = 0, f'(O) = 1, and system (3)

becomes
%, () = —x; (t) + tanh (x, (t — 17)),
%, () = —x, (t) + tanh (x5 (t — 17)),

%5 (t) = — x5 (t) + tanh (x, (t — 17)),

Journal of Applied Mathematics

0.5 . .
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FIGURE 7: The trajectory of x,, x,, x5, and x, when 7, = 3.5 >
3.1610 = 7oy,

x5(t)

-0.4 —0.4 : )C\Kﬂ

FIGURE 8: The phase plot of x|, x,, and x; when 7, = 3.5 > 3.1610 =
Tyg.

X4 (t) = —x4(t) + tanh (x; (t - 75))

—tanh (x, (t - 1,)) — tanh (x; (t — 1,)) .

(77)

Obviously, E;(0, 0,0, 0) is the equilibrium of system (77).
By a simple computation, we get D, = 21 > 0, D; = 131 > 0,
and D, = 131 > 0. That is, the condition (H;) holds.

For 7; > 0, 7, = 0. We can obtain w;, = 1.7216, 7}, =
1.4022 by some complicated computations. From Theorem 1,
we know that E (0, 0, 0, 0) is asymptotically stable when 7, <
T} as illustrated by Figures 1 and 2. When 7, passes through,
the critical value 75, E,(0,0,0,0) becomes unstable and a
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FIGURE 9: The trajectory of x|, x,, x5, and x, when 7 = 0.7 <

0.7915 = 7.
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FIGURE 10: The phase plot of x,, x,, and x; when 7 = 0.7 < 0.7915 =
7.

Hopf bifurcation occurs and a branch of periodic solutions
bifurcate from E;(0, 0,0, 0), which can be seen from Figures
3 and 4. Similarly, we have w,, = 0.5194, 1, = 3.1610 for
7, = 0, 7, > 0. The corresponding waveforms and the phase
plots are shown in Figures 5, 6, 7, and 8.

For 7, = 7, = 7 > 0, we obtain w, = 2.0967, 7, = 0.7915.
From Theorem 3, when 7 increases from zero to the critical
value 7,, E;(0, 0, 0, 0) is asymptotically stable, then it will lose
its stability and a Hopf bifurcation occurs once 7 > 7,. These
properties can be shown in Figures 9, 10, 11, and 12.

Lastly, for 7, > 0 and 7,7 = 0.35 € (0,7y,), we get
w; = 1.3743, 7, = 1.7488. By Theorem 4, E(0,0,0,0) is
asymptotically stable when 7, € [0,7;), and E((0,0,0,0) is

1
0.2 T T
®
-0.2 L L
0 500 1000 1500
@
0.2 MWW"WWWWWWMWWW
= Mﬂm&.—mﬂﬂﬂmm_
0 500 1000 1500
(b)
0.5 r T
= owmmmmmmw
®
—-0.5 L L
0 500 1000 1500
(©
0.5
= 0
®
_0.5 L L
500 1000 1500

Time t
(d)

FIGURE 11: The trajectory of x;, x,, x5, and x, when 7 = 0.85 >
0.7915 = 1,.

0.4

0.2 |

x5(t)
)

0.2

-027=02 Mm

FIGURE 12: The phase plot of x|, x,, and x; when 7 = 0.85 > 0.7915 =
.

unstable when 7, > 7, and a Hopf bifurcation occurs, which
can be illustrated by Figures 13, 14, 15, and 16.

5. Conclusion

In this paper, we have investigated a four-dimensional recur-
rent neural network with two discrete delays. Compared with
the literature [11], we consider the neural network model
which can reflect the really large neural networks more
closely. By regarding the possible combinations of the two
delays as the bifurcation parameter, sufficient conditions for
the local stability of the zero equilibrium and the existence of
Hopf bifurcation are obtained. If the conditions are satisfied,
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FIGURE 13: The trajectory of x,, x,, x5, and x, when 7, = 1.65 <
1.7488 = 7, and 7, = 0.35.
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FIGURE 14: The phase plot of x;, x,, and x5 when 7, = 1.65 <

1.7488 = 7, and 7, = 0.35.

then there exists a critical value of the time delay below which
the system is stable and above which the system is unstable.
The results have shown that the two delays can play a compli-
cated role on the model. And from the numerical simulations,
we find that 7; is marked in the model because the critical
value of 7, is much smaller than that of 7, when we only
consider them, respectively. Furthermore, the direction of the
Hopf bifurcation and the stability of the bifurcating periodic
solutions are discussed by the normal form theory and center
manifold theory. Finally, some numerical simulations are also
presented to support the theoretical analysis.
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FIGURE 15: The trajectory of x|, x,, x5, and x, when 7, = 1.85 >
1.7488 = 7, and 7, = 0.35.
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FIGURE 16: The phase plot of x,, x,, and x; when 7, = 1.85 >
1.7488 = 7, and 7, = 0.35.
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