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Using a fixed point theorem in a partially ordered set, we give a new proof of the Hahn-Banach theorem in the case where the range

space is a partially ordered vector space.

1. Introduction

The Hahn-Banach theorem is one of the most fundamental
theorems in the functional analysis theory. This theorem is
well known in the case where the range space is the real num-
ber system as follows.

Let p be a sublinear mapping from a vector space X into
the real number system R, Y a subspace of X, and g a linear
mapping from Y into R such that g < p on Y. Then there
exists a linear mapping g from X into R such thatg = gonY
and g < pon X.

It is known that this theorem is established in the case
where the range space is a Dedekind complete Riesz space as
follows [1-3].

Let p be a sublinear mapping from a vector space X into
a Dedekind complete Riesz space E, Y a subspace of X and g
a linear mapping from Y into E such that g < p on Y. Then
there exists a linear mapping g from X into E such that g = g
onYandg < ponX.

On the other hand, Hirano et al. [4] showed the Hahn-
Banach theorem by using the Markov-Kakutani fixed point
theorem [5] in the case where the range space is the real num-
ber system.

In this paper, motivated by Hirano et al. [4], we give
a proof of the Hahn-Banach theorem using a fixed point
theorem. We show the Hahn-Banach theorem in the case

where the range space is a Dedekind complete partially
ordered vector space (Theorem 10). Moreover, we show the
Mazur-Orlicz theorem in a Dedekind complete partially
ordered vector space (Theorem 11).

2. Preliminaries

Let (E, <) be a partially ordered set and F a subset of E. The
set F is called a chain if any two elements are comparable; that
is,x < yory < xforanyx, y € F. An element x € E is called
a lower bound of F if x < y forany y € F. An element x € E
is called the minimum of F if x is a lower bound of F and
x € F. If there exists a lower bound of F, then F is said to
be bounded from below. An element x € E is called an upper
bound of F if y < x for any y € F. An element x € E is called
the maximum of F if x is an upper bound and x € F. If there
exists an upper bound of F, then F is said to be bounded from
above. If the set of all lower bounds of F has the maximum,
then the maximum is called an infimum of F and denoted by
inf F. If the set of all upper bounds of F has the minimum,
then the minimum is called a supremum of F and denoted by
sup F. An element x € F is called a minimal of Fif y < x
and y € F implies y = x. A partially ordered set E is said
to be complete if every nonempty chain of E has an infimum;
E is said to be chain complete if every nonempty chain of E



which is bounded from below has an infimum; E is said to
be Dedekind complete if every nonempty subset of E which is
bounded from below has an infimum. A mapping f from E
into E is said to be decreasing if f(x) < x for any x € E. For
further information of a partially ordered set, see [1, 2, 6-10].

In a complete partially ordered set, the following theorem
is obtained; see [11-14].

Theorem 1 (Bourbaki-Kneser). Let E be a complete partially
ordered set. Let f be a decreasing mapping from E into E. Then
f has a fixed point.

A partially ordered set E is called a partially ordered
vector space if E isa vector spaceand x+z < y+zand ax < oy
hold whenever x, y,z € E, x < y and « is a nonnegative real
number. If a partially ordered vector space E is a lattice, that
is, any two elements in E have a supremum and an infimum,
then E is called a Riesz space.

Let X be a vector space and E a partially ordered vector
space. A mapping f from X into E is said to be concave if
flx+ (1 -1t)y) = tf(x) + (1 —t)f(y) for any x, y € X and
t € [0,1]. A mapping p from X into E is said to be sublinear
if the following conditions are satisfied.

(S1) Forany x, y € X, p(x + y) < p(x) + p(»).

(S2) For any x € X and nonnegative real number «,

plax) = ap(x).

Let EX be the set of mappings from X into E. Throughout
this paper, EX is ordered as follows. For f,g € EX,let f < g
mean that f(x) < g(x) for any x € X. It is easy to check that
E* is also a partially ordered vector space.

The following lemmas are useful for the proof of our
main results.

Lemma2. Let X be a vector space, E a chain complete partially
ordered vector space, and Z a nonempty chain of EX which is
bounded from below. Then there exists inf{h(x) | h € Z} for
any x € X. Moreover, if p € EXis defined by p(x) = inf{h(x) |
h € Z} for any x € X, then p = inf Z; that is, EX is chain
complete.

Proof. Let x € X be fixed. Since Z is a nonempty chain, so is
{h(x) | h € Z}. Let f be alower bound of Z. Since f(x) <
h(x) for any h € Z, {h(x) | h € Z} is bounded from below.
Therefore, since E is chain complete, there exists inf{h(x) |
heZz}.

Define p € EX by p(x) = inf{h(x) | h € Z} forany x € X.
Then it is clear that p < h for any h € Z; that is, p is a lower
bound of Z. Let g be alower bound of Z. Since g(x) < h(x) for
any x € X and h € Z, q(x) is alower bound of {h(x) | h € Z}
for any x € X. Therefore, q(x) < inf{h(x) | h € Z} = p(x) for
any x € X and thus p = inf Z. O

Lemma 3. Let X be a vector space, E a Dedekind complete
partially ordered vector space, and Z a nonempty subset in
EX which is bounded from below. Then there exists inf{h(x) |
h € Z} for any x € X. Moreover, if p € E* is defined by
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p(x) = inf{h(x) | h € Z} for any x € X, then p = inf Z; that
is, EX is Dedekind complete.
Proof. The proof is similar to that of Lemma 2. O

Lemma4. Let X, E, EX, Z, and p be the same as in Lemma 2.
Suppose that

Q) foranyh € Z, x € X and o > 0, there exists i’ € Z
such that h(ax) = ah' (x);

(2) p(0) = 0;

(3) for any hy,h, € Z and x,y € X, there exists h € Z
such that h(x + y) < hy(x) + hy(y).

Then p is sublinear.

Proof. Let x € X and & > 0 be fixed. It is clear from (1) that
{h(ax) | h € Z} c {ah'(x) | W' € Z}. Since ax € X and
1/a > 0, by (1), for any h' € Z there exists h € Z such that

ah (x) = ah' (iocx) = (xéh (ax) = h(ax) 1)

and hence {ah'(x) | b’ € Z} ¢ {h(ax) | h € Z}. Therefore, we
conclude that {h(ax) | h € Z} = {ah'(x) | W' € Z}. Thus we
obtain that

p(ax) =inf {h(ax) | he Z}=inf {ah' (x) |h' e Z}
()
=ainf {0 (x)| h' € Z} = ap(x).
Moreover, (2) shows that p(0x) = p(0) = 0 = 0p(x).
Therefore, (S2) holds.
Let x,y € X be fixed. By (3), for any hy,h, € Z,

there exists h € Z such that h(x + y) < hy(x) + hy(y). Thus
we have

p(x+y)<h (x)+h,(y) (3)

for any hy,h, € Z. This shows that p(x + y) — h,(y) is a
lower bound of {h(x) | h € Z} for any h, € Z and hence

we have

plx+y)-h(y)<px) (4)

foranyh, € Z.This shows that p(x+y)—p(x) is alower bound
of {h(y) | h € Z} and hence we have p(x + y) — p(x) < p(y)
Therefore, (S1) holds. This completes the proof.

Lemma 5. Let X, E, EX, Z, and p be the same as in Lemma 3.
Suppose that

(1) foranyh € Z, x € X and & > 0, there exists ' € Z
such that h(ax) = ah' (x);

(2) p(0) = 0;

(3) for any hy,h, € Z and x,y € X, there exists h € Z
such that h(x + y) < hy(x) + hy(y).

Then p is sublinear.

Proof. The proof is similar to that of Lemma 4. O
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3. Main Results

To obtain our main results, we need the following.

Lemma 6. Let g be a sublinear mapping from a vector space
X into a chain complete partially ordered vector space E and
y € X. Let ¢ be a mapping from X into E defined by

¢ (x) =inf{g(x+ty)-g(ty)| t =0} (5)

forany x € X. Then ¢ is sublinear and g* < ¢ < gon X, where
g~ is a mapping from X into E defined by g (x) = —g(-x) for
x € X.

Proof. Forany x € X andt > 0, put 7,(x) = g(x +ty) — g(ty).
Then Z = {1, | t > 0} is a nonempty chain and bounded from
below in EX. Indeed, since g = 7, € Z, Z is nonempty. If
s < t, then

T, (%) -1, (x) = g(x +sy) —g(sy) - (g (x +ty) - g (ty))

+(g(ty) —g(sy)) —g(x+1ty)
+(t-5)g(y)—g(x+ty)

X+ sy

13

)
)
¥)
)

x+sy)+g(t-s)y)—g(x+ty)

>

(
g(
g(x+
g(
gx+sy+(t-s)y)—g(x+ty)=0

(6)

for any x € X. Thus Z is a chain in EX. Since

,(x)=g(x+ty)-g(ty) 2 g(ty) o)
—g9(=x)-g(ty) =—g(x)=g" (x)

forany x € X andt > 0, g* is a lower bound of Z. Hence
Z is bounded from below in EX. Lemma 2 shows that d(x) =
inf Z is well defined.

We next check (1), (2), and (3) in Lemma 4. Let t > 0,
x € X,and a > 0. We have

7, (ax) = g (ax +ty) — g (ty)

(ol D) all) o

= ATy, ().
Clearly, 7,,, € Z and hence (1) in Lemma 4 holds. Since

¢(0) = inf {0 | £ = 0} = 0, (2) in Lemma 4 holds. Let¢,,£, > 0
and x,, x, € X. Since we have

Ty, (00 +2) = g (3 + 2, + (8 +1,) y)
—g((ti+1)y) <g(x +ty)
+g(x+ty) = (H +1)g(y)

=g(x +ty)-g(ty)
+9(x,+1,y) - g (ty)

=T (x;) + 7, (%)

(3) in Lemma 4 holds. Therefore, Lemma 4 implies that ¢ is
sublinear.

Finally, it is clear that ¢ < g. This inequality and (7) imply
that g* < ¢ < gon X. O

By Theorem 1and Lemma 6, we obtain the following. For
the case that E is a Dedekind complete Riesz space, see [2].

Theorem 7. Let f be a sublinear mapping from a vector space
X into a chain complete partially ordered vector space E. Then
there exists a linear mapping g from X into E such that g < f
on X.

Proof. Let Y be a subset of EX defined by
Y={heE*| h is sublinear, f*<h<f}, (10

where f* is defined by f*(x) = — f(-x) for any x € X. Then
it is clear that f € Y and hence Y is nonempty. Moreover Y
is complete. In fact, let Z ¢ Y be a nonempty chain. Since
forany h € Z, f* < h, Z is bounded from below. It follows
from Lemma 2 that there exists inf Z € EX. By Lemma 4,
inf Z is sublinear. Since f* < h < f for any h € Z, we have
f* <infZ < f. Thusinf Z € Y and hence Y is complete.
Furthermore Y has a minimal. In fact, we suppose that Y does
not have a minimal element. Then, for any / € Y, there exists
h € Y such that i < h and h#h. We define a mapping T
from Y into Y by Th = h. Since the mapping T is decreasing,
there exists h, € Y satisfying Th, = h, by Theorem 1. This is
a contradiction.

Let g be a minimal in Y. Let x € X. Let ¢ be a mapping
from X into E defined by

¢(z)=inf{g(z+tx)—g(tx)| t >0} 1)

for any z € X, then ¢ is sublinear and g* < ¢ < g on X by
Lemma 6. Moreover ¢ € Y. In fact,since g < f and f* < g%,
we have [* < g" < ¢ < g < fflorany f € Z. This shows that
¢ €Y. Since g is minimal, ¢ = g. Then we have

g(=x) = ¢(-x)
=inf{g(-x+tx) - g(tx) | t >0}
(12)
<g(=x+x)—g(x)
=g(0)-g(x)=-g(x).

Since g is sublinear and 0 = g(0) < g(x + z) + g(—x — z), we
have

-gx+z)<g(-x-2)
<g(=x)+g(-2) (13)
<-g(x)-g(2).

Thus g(x) + g(z) < g(x+z). Since g is sublinear, we also have
g(x +z) < g(x) + g(z) for any x, z € X. Then we obtain that
forany x,z € X, g(x+z) = g(x)+ g(z). Letx € Xand « > 0.
Since

0=g(ax—ax)=ag(x)+g(-ax), (14)



we have g(-ax) = —ag(x). Then for any real number «, we
have g(ax) = ag(x). Thus g is linear. Therefore, g is a linear
mapping from X into E such that g < f on X. O

Since Dedekind completeness implies chain complete-
ness, we obtain the following.

Corollary 8. Let f be a sublinear mapping from a vector space
X into a Dedekind complete partially ordered vector space E.
Then there exists a linear mapping g from X into E such that
g< fonX.

To give the Hahn-Banach Theorem in the case where the
range space is a Dedekind complete partially ordered vector
space, we need the following.

Lemma 9. Let p be a sublinear mapping from a vector space
X into a Dedekind complete partially ordered vector space E, K
a nonempty convex subset of X, and q a concave mapping from
K into E such that q < p on K. For any x € X, let

¢(x)=inf{p(x+ty)-tq(y)t =0, y € K}. (15)
Then ¢ is a sublinear mapping such that ¢ < p on X. Moreover,
if g is a linear mapping from X into E, then g < ¢ on X is
equivalentto g < pon X and q < g on K.

Proof. First, we show that ¢ is well defined and ¢(x) =

—p(=x) forany x € X.Let Z = {r, , | t > 0 and y € K},
where

Ty () = p(x+ty) —tq(y) (16)
forany x € Xandt > 0.Forany 7, , € Zand x € X,
7y (X) = p(x +ty) —1q(y)
2 p(ty) - p(-x) - tq(y) 2 —p (-x),

17)

and thus ¢(x) > —p(—x) and Z is bounded from below in EX.
Since E is Dedekind complete, ¢ is well defined by Lemma 3.
We next check (1), (2), and (3) in Lemma 5.

(1) Lett, , € Z. Forany x € X and a > 0, we have
7, (ax) = p(ax +ty) —tq(y)
t t
=a (p (x + —y) - —q(y)> (18)
o o
=0Ty (x).

(2) By the definition of ¢, ¢(x) < p(x) for any x € X.
Therefore ¢(0) < p(0) = 0. Since p > q on K, we have

¢(0) =inf{p(ty) ~tq(y) =0, y € K}
=inf{tp(y)-tq(y)t >0, y € K >0}.

(19)

Hence we have ¢(0) = 0.
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() Lett, ,,7y,,, € Zsatistyingt,+1, #0. Let x;, x; € X.
Since K is convex and g is concave, we have

Ttl,yl (xl) + th,yz ('xZ)
= p(x; +t1y1) =119 (y1) + p (%, + 1,05) = 6,9 (y,)
> p(x; +x,+ (t; + 1) w) = (¢ +1t,) g (w)

= Th+tw (%) + %),
(20)

where w = (1/(t, +1,))(t, ¥, +1t,,) € K. Since p is sublinear,
we have

To (X1 + %) = p(x; +x,) < p(x1) + p () an
=T, (%1) + 7oy, (x2) -

Therefore, for any x,,x, € X and f;,£, > 0, we have
T, (xq) + Tt, (xy) = 1't1+t2’w(x1 + x,).

Thus by Lemma 5, ¢ is sublinear. Moreover, by the defini-
tion of ¢, we have ¢ < p on X.

Let g be a linear mapping from X into E. Suppose that
g < ¢onX.Since¢p < pon X, wehave g < pon X. Moreover,

since for any y € K,

-9(»)=9(»)<¢(-y)
<p(-y+y)-a(y)=-q(»),

(22)

we have g > g on K. To prove the converse, suppose that
g<ponXandg<gonK.Foranyx € X,y € Kandt >0,
we have

g =g(x+ty)-tg(y) <plx+ty)-tq(y). (23)
This implies that g < ¢ on X. O

By Corollary 8 and Lemma 9, we have the Hahn-Banach
theorem in the case where the range space is a Dedekind
complete partially ordered vector space. For the case that E
is a Dedekind complete Riesz space, see [2].

Theorem 10. Let p be a sublinear mapping from a vector space
X into a Dedekind complete partially ordered vector space E, Y
a subspace of X, and q a linear mapping from Y into E such
that g < p on'Y. Then there exists a linear mapping g from X
intoY such thatg=qonY and g < p on X.

Proof. Let ¢ be a mapping from X into E defined by

¢(x)=inf{p(x+ty)-tq(y)t >0, y € K} (24)

for any x € X. By Lemma 9, ¢ is a sublinear mapping such
that ¢ < p on X. By Corollary 8, there exists a linear mapping
g such that g < ¢ on X. Then putting K = Y in Lemma 9, we
have g < pon X and g < gonY. Since Y is a subspace, for
any y € Y, wehave —y € Y. Then g(—y) < g(-y). Since gand
g are linear, we have —g(y) < —g(y). Then g < gon Y. Thus
g=qonY. O
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Moreover, by Corollary 8, we obtain the Mazur-Orlicz
theorem in a Dedekind complete partially ordered vector
space. For the case that E is a Dedekind complete Riesz space,
see [1,15].

Theorem 11. Let p be a sublinear mapping from a vector space
X into a Dedekind complete partially ordered vector space E.
Let {x; | j € J} be a family of elements of X and {y; | j € J}
a family of elements of E. Then the following (1) and (2) are
equivalent.

(1) There exists a linear mapping g from X into E such that
g<ponXandy;<g(x;)forany je].

(2) For any natural number n, nonnegative real numbers
A, 0y,. .., 0, 2 0and ji, jy, ..., j, €], one has

Z“iyji <p (Zocixji> . (25)
i=1 i=1

Proof. Leta, «,,...,, > 0and j,, j,,...
number n. By (1), we have

n n
D%y < ) g (in)
i=1 i=1

=9 (Z(Xixji) s p (Zaixji> :
i=1 i=1

Thus (2) is established.
Next by (2), for any x € X, we have

i“iyji <p <i“ixji> =p (x + iocixji - x>
i=1 i=1 i=1

<p <x + i%;) +p(x), 27)

» jn € J for anatural

(26)

—p(=x)<p <x + Z“i"%) DX
i=1 i=1

for any natural number n, «;, «,, . ..
Jn € J. Put

Do (%)

= inf {p(x + Zocixji> —Zociyji |neN,
i=1 i=1

0, > 0and jj, j,,...,

(28)

o =20,j;,€],i= 1,2,...,n}

for x € X, where N is the set of all natural numbers. By
Lemma 3, p, is well defined. Since p is sublinear, p, is also
sublinear. Thus by Corollary 8, there exists a linear mapping
g from X into E such that g < p, on X. Since py(-x;) <
p(=x;+x;) = y; = —y;, we have

yi < =po(=x;) <=9 (%)) = 9 (x;). (29)
Since py(x) < p(x) for any x € X, we have g(x) < p(x)
for any x € X. Thus (1) is established. L]
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