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We consider an auxiliary operator, defined in a real Hilbert space in terms of K and F, that is, monotone and Lipschitz mappings
(resp., monotone and bounded mappings). We use an explicit iterative process that converges strongly to a solution of equation of
Hammerstein type. Furthermore, our results improve related results in the literature.

1. Introduction

Let H be a real Hilbert space. A mapping A : D(A)CH —
H is said to be monotone if (Ax — Ay,x — y) > 0 for
every x,y € D(A). A is called maximal monotone if it is
monotone and the R(I + rA) = H, the range of (I + rA),
for each r > 0, where I is the identity mapping on H. A is
said to satisfy the range condition if cI(D(A)) € R(I + rA)
for each r > 0. For monotone mappings, there are many
related equations of evolution. Several problems that arise in
differential equations, for instance, elliptic boundary value
problems whose linear parts possess Green’s function, can be
put in operator form as

u+KFu=0, ¢))

where K and F are monotone mappings. In fact, (1) comes
from the following integral equation of Hammerstein type [1]:

wi)+ [ k(o) fOuONdy=h), @

where dy is a o-finite measure on the measure space ; the
real kernel is defined by Q x Q, f is a real-valued function
defined on QxR and is, in general, nonlinear, and h is a given
function on Q. If we now define an operator K by

Kv(x) = Jok(x,y) v(y)dy, xeQ, (3)

and the so-called superposition or Nemytskii operator by
Fu(y) == f(y,u(y)), then (2) can be put in (1) (without loss
of generality, we may assume that i = 0).

Note that equations of Hammerstein type play a cru-
cial role in the theory of optimal control systems and in
automation and network theory, and several existence and
uniqueness theorems have been proved for equations of the
Hammerstein type. For details, one can refer to [2-7].

In 2005, Chidume and Zegeye [8] constructed an iterative
process as follows:

Uppr = Uy — An (Fun - Vn) - /\nen (un - LU) >
(4)

Varl =V — An (Kvn + un) - /\nen (vn - w) , neN,

where H isareal Hilbert space, F and K: H — H are bounded
monotone mappings satisfying the range condition, w € H,
and {4}, and {0,,},,c are sequences in (0, 1). Chidume and
Zegeye [8] show that this sequence converges strongly to the
solution of (1) under suitable conditions.

In 2011, Chidume and Ofoedu [9] introduced a coupled
explicit iterative process as follows:

Uppp = Uy — An(xn (Fun - Vn) - /\nen (un - ul) >

neklN,
(5)

where E is a uniformly smooth real Banach space, F and K:
E — E are bounded and monotone mappings, and {1},

Vsl =V — /\nan (Kvn + un) - Anen (Vn - vl) >



{0,},.en» and {a,},y are sequences in (0,1). Chidume and
Ofoedu [9] gave a strong convergence theorem for approx-
imation of the solution of (1) under suitable conditions.

In 2012, Chidume and Djitté [10] consider the following
iterative process:

Upyr = Uy — An (Fun - Vn) - Anen (un - ul) > (6)
Vi+1 :Vn_/\n(Kvn-"un)_/\nen(vn_vl)’ neN,
where H is a real Hilbert space, K and F are bounded and
maximal monotone mappings, {A,},,cn and {0,},,n are seq-
uences in (0,1) and Chidume and Djitté [10] show that
this iterative process converges to an approximate solution
of nonlinear equations of Hammerstein type under suitable
conditions.

Motivated by the previous works, in this paper, we con-
sider an auxiliary operator, defined in a real Hilbert space in
terms of K and F, that is monotone and Lipschitz mapping,
or monotone and bounded mappings. We use an explicit
iterative process that converges strongly to a solution of
equation of Hammerstein type. Furthermore, our results
improve related results in the literature.

2. Preliminaries

Throughout this paper, let N be the set of positive integers and
let R be the set of real numbers. Let H be a (real) Hilbert space
with inner product (-,-) and norm || - ||, respectively.

Lemma 1. Let H be a real Hilbert space. One has ||x + y||2 <
llx[1* + 2y, x + y) for all x, y € H.

Lemma 2 (see [11]). Let {a,},cn be a sequence of nonnegative
real numbers, {«,},.cn a sequence of real numbers in [0, 1] with
Yo e, = 00, and {u,},. a sequence of nonnegative real
numbers with | u, < 00, {t,,},.en a sequence of real numbers
withlimsup t,, < 0. Suppose thata,,, < (1-a,)a, +a,t, +u,
for eachn € N. Then, lim,, _, a, = 0.

Let £°° be the Banach space of bounded sequences with
the supremum norm. A linear functional g on £ is called
amean if p(e) = ||u|| =1, wheree=(1,1,1,...). For x = (x,,
X,, X3, ..), the value p(x) is also denoted by y,,(x,,). A mean p
on ¢ is called a Banach limit if it satisfies p,,(x,,) = t,(%,41)-

If pisa Banach limit on £, then for x = (x, x5, x3,...) € €%,
liminfx, < u, (x,) < lir{ILs;pxn. @)
In particular, if x = (x;, x5, X3,...) € £ andlim, _, x, =

a € R, then we have p(x) = u,(x,) = a. For details, we can
refer to [12].

Lemma 3 (see [13]). Let « be a real number and (x, x,,...) €
€% such that p,x, < « for all Banach limit yu on €. If
limsup,, _, (%, — x,,) <0, then, limsup, ,  x, <«.

Lemma 4 (see [14]). Let C be a nonempty closed convex subset
of a Hilbert space H, let {x,},cn be a bounded sequence in H,
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and let y be a Banach limit on €. Let g : C — R be defined
by g(z) = p,llx, — z|? for each z € C. Then there exists a
unique z, € C such that g(z,) = min{g(z) : z € C}.

Lemma 5 (see [15]). Let H be a Hilbert space, let {x,},,c be a
bounded sequence in H, and let y be a mean on €*°. Then, there
exists a unique point z, € H such that u,(x,, y) = (zy, y) for
each y € H. Indeed, z, € co{x, : n € N}.

Let H be a real Hilbert space. Let W := H x H with norm

1/2
Izl = (lul® + IvI*) ", where z = (u,v) e W.  (8)

Hence, W is a real Hilbert space with inner product (w;,
wy) = Uy, uy) + (vy, vy forall wy, = (u, vy), w, = (u,,v,) €
W [8].

Lemma 6. Let H be a real Hilbert space, and let W := H x H.
Let F, K : H — H be two mappings, and let A: W — W be
defined by

Aw := (Fu-v,Kv+u) foreachw = (u,v) e W. (9)

(i) If F and K are monotone mappings, then A is a
monotone mapping [8, Lemma 3.1].

(ii) IfF and K are bounded mappings, then A is a bounded
mapping [8, Lemma 3.1].

(iii) If F and K are Lipschitz mappings with Lipschitz con-
stants L, and L,, respectively, then A is a Lipschitz
mapping. Indeed, the Lipschitz constant of A is 2(L+1),
where L := max{L,, L,} [16, Remark 13.6].

3. Main Results (I)

Let H be a real Hilbert space. Let F, K : H — H be two
mappings, andlet A : Hx H — H x H be defined by Aw =
(Fu — v,Kv + u) for each w = (u,v) € H x H. Then, we
observe that u € H is a solution of u + KFu = 0 if and only if
w = (u,v) is a solution of Aw = 0in H x H for v = Fu.

Theorem 7. Let H be a real Hilbert space. Let F, K : H — H
be Lipschitz and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {A,},n be a sequence in (0,1). Let
{a,}heny and {0,},cn be sequences in (0,1]. Let {u,},n and
{V,huen be sequences in H defined iteratively from arbitrary u,,
v, € Hby

Upp1 = Uy — )tn(xn (Fun - Vn) - /\nen (un - ul) >

n e N.
(10)

Vel =V — /\nan (Kvn + un) - Anen (Vn - Vl) >
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Suppose that one of the following conditions holds:

2

<%ﬂ&(%>iﬂah%=&

(if) lim_ <%> =0; (11)

n
o
T %\ _ o
<mhw&<%>
Then, the sequences {U,},eny (Vitnens 1FUptneny and {KV,}en

are bounded.

Proof. Since F and K are Lipschitz mappings, we may assume
that the Lipschitz constants of F and K are L, and L,, res-
pectively. Let

L=max{L,,L,}, Ty (12)

32(L+1)%
Let W := H x H with the norm |[w|| := (||ul® + [|v|[*)"/
for each w = (u,v) € H x H. Take any u € H such that u is
solution of u + KFu = 0, and let u be fixed. Let v = Fu and
w = (u,v). We observe that u = —Kv. For each n € N, let
w, = (U, v,)-
For each n € N, it follows from Lemma 1 that

et
=1 = 1,6,) (w, - @) +A,, (6, o, Fu, +a,v,~0,)|
< (1-1,6,)u, -4’
+2A, (0,u, — o, Fu, + v, — 0,0, u,,, — u)
< (1-1,8,) Ju, - 7’

+ 21, (0,u, — &, Fu, + a,v, — 0,1, u,,; — 1) .

(13)
Similarly, we have
T
< (1-2,0) Iy, - (1)

+21,(0,v, —a,Kv, — ou, — 0,10, v, — V).
For each n € N, by (13) and (14), we know that
2
w1 — 0]
2
<(1-1,6,)|w, -
+21, (6w, - a,Aw, - 0,w,w,,, — W)
2 _ _
=(1-1,0,) |lw, - | + 21,6, (w, - w,w,,, - w)

- 2/\n(xn <Awn’ Wy — w) .
(15)

For each n € N, since A is monotone and Aw = 0, we know
that

(Aw,, w,,; —w)
= <Awn> w, - /\n“nAwn - Anen (wn - wl) - w)
= <Awn’ wy, — w> + <Awn’ _/\n‘anwn_/\nen (wn - w1)>

> (Aw,, -\,0,Aw, — 1,0, (w, —w,)) .
(16)

Hence, for each n € N, it follows from (15) and (16) that
T

< (1= 1,6,) |lw, @] + 24,6, (w, - B w,,, - W)
- 22,0, (Aw,, w,,, - )

< (L-1,0) o, ~ B + 21,6, (@, - B2, - D)
20,0, (Aw, A0, Aw, + 1, 6,0, ~ A, 0,u,)

< (1-1,6,) |w, - E"2 + 21,0, (W, - W, w,,, - W)
+ 24,0, [ Aw, |- (e, | Aw, | + 2,6, [w, - wy)

< (1-1,8,) |lw, - | + 24,8, (w, - W,w,,, - )
+40,a, (L+1) |w, - o]
- (A, (L+1) |lw, - @] + 4,6, [w, - w,])

(- 1,8,) lw, - T + 2,8, (w, - B, - D)

2 2
+ 84«

n

(L +1)*|w, - 7|

+ 4/\flocn9n (L+1) ||wn - E" . ||wn -w || .
(17)

For conditions (i)-(iii), we only need to consider one
case since the proof is similar. Now, we assume that
lim, _, ,(A,/6,) = 0. Then, there exists n, € N such that A,/
0, <r, for each n > n,. Choose >0 such that w, € B(w,r/4)
and Wy, € B(w,r/4). Let B := B(w, r).

Now, we want to show thatw,, € Bforeachn > n,. Clearly,
w, € B(w,r). Suppose that w, € B for some n > n,. Then,
w,,, € B.Indeed, if not, then we have

|w, - <7 < ||Jwp, - @] (18)
Hence, by (17) and (18), we get
||wn+1 - m"2 < (1 - Anen) ||wn+1 _w“z
+21,0, |w;, - 0| - |w,ey - ]
+ 80202 (L+ 1) |lw, - 0] - [|w,y — D

+ 4Aiocn6n (L+1) ||w,,Jrl - E” . ||wn -w, || .
(19)



By (19), we have
A, w1 — 0]
< 21,0, |w, - w| + 8\ (L + 1) |w, - |
+4X20,0, (L +1) |w, - w,|
<210, i + 8 (L+ 1)’r + 41200, (L + 1)
(w, = @] + [, - @)

5
<21,0,- g +8A202(L + 1)%r + 420,60, (L + 1) - Zr'

(20)
This implies that
r < [wy, - w]
2
1 51,0
< 5" + 8/\,,%(L +1)%r + —”ea" “(L+1)r
n n (21)
8\ 8\
< %r+ 9—:(L+ 1)°r + en" (L+1r
<r.

This leads to a contradiction. So, w,,; € B. Hence, by math-
ematical induction, we know that {w,},., < B. Therefore,
{u,},en and {v,},cn are bounded sequences. Furthermore,
{Fu,},en and {Kv,},cn are bounded sequences since F and K
are Lipschitz mappings. For conditions (ii) and (iii), the proof
is similar. Therefore, the proof is completed. O

Remark 8. (i) Theorem 7 improves the conditions of [17,
Theorem 3.1] if the space E in [17] is reduced to a real Hilbert
space. Indeed, [17, Theorem 3.1] assumes that lim,, _, A, =
lim, _, oo, = lim, _, (A,/0,) = lim,,_, («,/6,) = 0.

(ii) Furthermore, we know that it is impossible to assume
thatwa,, = 6, = 1in [17, Theorem 3.1]. However, we can choose
«, = 0, = 1in our result. Indeed, if «, = 0, = 1 and
A,, = B, then we have the following result as a special case of
Theorem 7.

Corollary9. Let H be a real Hilbert space. Let F, K : H — H
be Lipschitz and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {f3,},.cn be a sequence in (0, 1). Let
{u,},en and {v,},cn be sequences in H defined iteratively from
arbitrary u,, v; € H by

Uy = Uy _ﬁn (Fun _vn) _ﬁn(un _ul)’
Vsl = Vn _ﬁn (Kvn +un) _ﬁn (Vn - Vl)’

If lim, , B, = O, then the sequences {,},cny (Vyhnens
{Fu,},en» and {Kv,},.cn are bounded.

(22)
neN.

In fact, following the same argument as the proof of
Theorem 7, we can get the following result.
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Theorem10. Let H be a real Hilbert space. Let F,K : H — H
be Lipschitz and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {,},n and {0,,},,en be sequences
in (0,1]. Let {u,},en and {v,},cn be sequences in H defined
iteratively from arbitrary u,, v; € H by

Uppp = Uy — &y (Fun_vn) _Gn (un_ul)’

(23)
Va1 :Vn_(xn(KVn+un)_9n(Vn_vl)’ neN.
Suppose that one of the following conditions holds:
o
%&f&(g—”) = i, o, = 0
’ (24)

(n)Jg}(%) - 0.

Then, the sequences {u,},eny 1Vdneny 1FU ) neny and {KV,}en
are bounded.

Remark 11. Corollary 9 is also a special case of Theorem 10.

Theorem12. Let H be a real Hilbert space. Let F, K : H — H
be Lipschitz and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {A,},cn be a sequence in (0, 1). Let
{a,}heny and {0,},cn be sequences in (0,1]. Let {u,},cn and
{V,huen be sequences in H defined iteratively from arbitrary u,,
v, € Hby

Upp1 = Uy — )‘n(xn (Fun - Vn) - /\nen (un - ul) >

neN.
(25)

Va1 = Vn — /\n(xn (Kvn + un) - Anen (Vn - 1/1) >

Assume that

(i) Y2y A0, = co; lim, |, A« = lim, A6, =0;

(ii) one of the following conditions holds:

2
@,im, ()0

) Jim (52) =0, 26)

o
li L) =0
(c) lim < 0, >
(iii) one of the following conditions holds:

(d) Z)Liocfl < 00;
n=1

) A0
(e) lim 5 ) =0.

n

(27)

Then, there exists a subset K ;. of H x H such that if (u,v) €
Koin With v = Fu, then the sequence {u,} converges strongly
fo u.
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Proof. Let B and n; be the same as the proof of Theorem 7.
Let y be a Banach limit on £°. Let {x,,},, be a sequence with
x; = wyandx, = w, ., foreachn > 2. Clearly, {x,},n € B.
By Lemma 4, there is a unique x € B such that

n“xn - x”Z = min/’{n"xn - y"2 (28)
H yEB

Let K,;;, = {x}, and we assume that w = (4,v) € K_;,. Let

t € [0, 1]. Then, tw, + (1 —t)w € B. Hence, for each t € (0, 1),
it follows from Lemma 1 that

Aun"xn - EHZ £ .Mn”xn —tw, - (1 -t) w"2
—112
< %, - @]

—2tp, (w, - W, x, — tw, — (1 - 1) W)
(29)

By Lemma 5, there exists z, € H such that y,,(x,,, y) = (2, )
for each y € H. By (29), for each t € (0, 1),

(w) —w, zy — tw, — (1 — )W)

(30)
tw, - (1-t)w) <0.

= Uy <w1 _w’xn -

In (30), letting t — 0, we get

p {w; — W, x,, —w) = (w, —w,zy —w) <0. (31

Clearly,
lim sup ({w, - W, x,,,; - w) — (w; - W, x, —w)) <0.

(32)

By (31), (32), and Lemma 3, we know that lim sup,,_, . (w; —
w,x, —w) <0.

Hence,

lim sup (w, - w,w, —w) <0. (33)
n— oo

By (17), (33), and Lemma 2, we know thatlim,, _, . ||w,,—wl|
0. Therefore, {u,} converges strongly to u.

[

=

Remark 13. (i) The conclusion of Theorem 12 is still true i
Yol A0, = oo, lim (¢2/6,) = 0, and lim,, _, A, =
lim, , A,0, =0.

(ii) The conclusion of Theorem12 is still true if
Yoo A0, = 00, lim (,/6,) = 0,and lim,, _, A, = 0.

n— 00

n— 00

Remark 14. Following the same argument as in Remark 8,
we know that Theorem 12 improves the conditions of [17,
Theorem 3.2] if the space E is reduced to a real Hilbert space.

In Theorem 12, if &, =0, = 1 and A, = 3, for each n € N,
then we have the following result.

Corollary 15. Let H be a real Hilbert space. Let F, K : H —
H be Lipschitz and monotone mappings. Suppose that u +
KFu = 0 has a solution u in H. Let {f3,},cn be a sequence

in (0,1). Let {u,},en and {v,},cn be sequences in H defined
iteratively from arbitrary u,, v, € H by

Upp = Uy _ﬁn (Fun - vn) - ﬁn (un - ul)’
Vel = Vo — ﬁn (Kvn + un) - ﬁn (Vn - vl)’

Assume that lim,, _, 8, = 0 and ¥,°, B, = co. Then there
exists a subset K ;, of H x H such that if (u,v) € K, with

v = Fu, then the sequence {u,} converges strongly to u.

(34)
neN.

In Theorem 12, if &, = 1 for each n € N, then we have the
following result.

Corollary16. Let H be a real Hilbert space. Let F,K : H - H
be Lipschitz and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {A,},n be a sequence in (0, 1). Let
{0,},en be a sequence in (0,1]. Let {u,},en and {v,},en be
sequences in H defined iteratively from arbitrary u,, v, € H

by
Uppr = Uy — /\n (Fun - Vn) - Anen (un - ul) >
Vat1 :Vn_/\n(KVn+un)_/\n9n(Vn_V1)’ neN.
(35)

Assume that Y2 1,0, oo, lim,_, A0, = 0, and
lim, _, (A,/6,) = 0. Then, there exists a subset K .,;, of Hx H
such that if (u,v) € K, withv = Fu, then the sequence {u,,}

converges strongly to u.

In fact, following the same argument as the proof of
Theorem 12, we get the following result.

Theorem17. Let H be areal Hilbert space. Let F, K : H — H
be Lipschitz and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {«,},n and {0, },cn be sequences
in (0,1]. Let {u,},en and {v,},cn be sequences in H defined
iteratively from arbitrary u,, v, € H by

Uppr = Uy — &y (Fun - Vn) _6n (un - ul)’
(36)

v, n e N.

el = Vn T Gy (Kvn + un) - en (Vn - vl)’
Assume that Y22 6, = 0o, lim,,_, .0, = 0, and lim,, _, . (a’/
0,) = 0. Then, there exists a subset K ; of H x H such that
if (U, v) € K, with v = Fu, then the sequence {u,} converges
strongly to u.

Remark 18. Corollary 15 is also a special case of Theorem 17.

4. Main Results (IT)

In this section, we consider that F and K are bounded
mappings.

Theorem19. Let H be a real Hilbert space. Let F, K : H — H
be bounded and monotone mappings. Suppose that u+KFu = 0
has a solution in H. Let {A,},n be a sequence in (0,1). Let
{a,}heny and {0,},cn be sequences in (0,1]. Let {u,},cn and



{Vhen be sequences in H defined iteratively from arbitrary u,,
v, € Hby

Uppp = Uy — Anan (Fun - Vn) - Anen (un - ul) >
Vsl =V — Aot (Kv, +1,) = A0, (v, —v,), neN.
(37)
Suppose that one of the following conditions holds:
2
(i) nli—>n<1>o <%> - nllngoA"“” =0
A
(11)nh%nc1>O (9_n> =0;
(38)

i) i (57 = lim o, =

e ()
(iv) nleréo <6_n> =0.
Then, the sequences {u,},eny 1Vitnens 1F U neny and KV}, en

are bounded.

Proof. Since F and K are bounded, we know that A is
bounded. Hence, ||A]| < co. From the proof of Theorem 7,
we know that

[
< (1= 1,8,) Jw, @] + 24,6, (w, - B, w,,, - )
+ 24,0, [Aw, | - (A, [|Aw, | + 2,6, [w, - w )
< (1-1,8,) [w, - " + 21,6, (w, - B, w,, - )
+ 20| AIR - fw, |* +2250,0, 1AL - |, | - w, = w |

(39)

for eachn € N.

Choose r, > 0 such that max{||w, ||, [[w||} < r,/8. For
conditions (i)-(iv), we only need to consider one case since
the proof is similar. Now, we assume that lim, _, .,(4,/0,) =
0. Then, there exists n, € N such that

& < max {L ! ]» (40)
0, 81IA%" 10| A

for each n > n,. Choose r > 1 such that r, < r and [lw, I <
r/8.Let B := B(w, r). Clearly, [|w, —wl|| <r/4.

Now, we want to show thatw,, € Bforeachn > n,. Clearly,
w,, € B(w,r). Suppose that w, € B for some n > n,. Then,
w,,; € B.Indeed, if not, then we have

||wn - E" <r< ||wnJrl - E” . (41)
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Clearly, |lw,|| < llw, —w|| + |[w|| < 9r/8. Hence, by (39) and
(41), we get

s - @)
< (1-1,8,) |w, - @] + 21,0, |w, - @] - |w,,, - T
+ 2022 NAIR - Jw, |’ + 220,60, 1Al - [w, | - |w, — w
<(1-1,0,)r+ zh,ﬂn;z Newpr -]

2 2 2 81 5 2 10 ,
+2A500 | A]” - ar +2A,x,0, [|A]l - Er

— r —
< (1 - /\nen) ||wn+1 - w"2 + Anenz : "wn+1 - w"

81 5
+ A2 Al - 5# + A2a,0, 1A - Erz.

(42)
This implies that
2 T . 81 A« ) 2
e = 5 5o =+ 33+ S22
(43)
5 A0
+ 2. nann"A".rZ‘
2 0,
Furthermore, we get
o 81AA 5 A0
r<lw.,—w|<-+—="2N AP r+ 22 Al
s = < 5+ 35 520N 7 5 - 22 Al
8141 5 A
<Ta S ZAR S 2 AL
2 320, 29,
<r
(44)

This leads to a contradiction. So, w,,; € B. Hence, by math-
ematical induction, we know that {w,},,, < B. Therefore,
{u,}hen and {v,},cn are bounded sequences. Furthermore,
{Fu,},en and {Kv,},cn are bounded sequences since F and
K are bounded mappings. O

Remark 20. (i) Theorem 19 improves the conditions of [9,
Theorem 3.1] if the space E is reduced to a real Hilbert space.
Indeed, [9, Theorem 3.1] assumes that lim,_, (A, /0,) =
lim, , («,/0,) = 0.

(ii) Furthermore, we know that it is impossible to assume
that«,, = 0, = L in [9, Theorem 3.1]. However, we can choose
«, = 0, = 1in our result. Indeed, if «, = 6, = 1 and
A,, = B, then we have the following result as special case of
Theorem 19.

Corollary 21. Let H be a real Hilbert space. Let F, K : H—H
be bounded and monotone mappings. Suppose that u + KFu =
0 has a solution in H. Let {B,},n be a sequence in (0,1).
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Let {u,)},,cn and {v,},cn be sequences in H defined iteratively
from arbitrary u,, v, € H by

Uper = Uy — ﬁn (Fun - Vn) _ﬁn (un _ul)’

Vsl =V — ﬁn (Kvn + un) - ﬂn (vn - Vl) >

If im, _, B, = 0O, then the sequences {u,},en> {Vplneno
{Fu,},en and {Kv,}, oy are bounded.

(45)
n e N.

Following the same argument as the proof of Theorem 19,
we get the following result. Note that Corollary 21 is also a
special case of the following result.

Theorem 22. Let H be a real Hilbert space. Let F, K : H — H
be bounded and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {a,},cny and {0,,},,en be sequences
in (0,1]. Let {u,},en and {v,},en be sequences in H defined
iteratively from arbitrary u,, v, € H by

Uppp = Uy — &y (Fun - Vn) - Gn (un - ul) >
(46)
Vir1 :Vn_(xn(Kvn"'un)_en (Vn_vl)’ neN.
Suppose that one of the following conditions holds:
o
(i) nh—»ngo (9—”) - nh—{réo“” =0
’ (47)

(ii)nlingo<%> - 0.

Then, the sequences {U,},eny (Vitnens 1FUptneny and {KV,},en
are bounded.

Following the similar argument as the proof of
Theorem 12, we get the following result.

Theorem 23. Let H be a real Hilbert space. Let F,K : H — H
be bounded and monotone mappings. Suppose that u+KFu = 0
has a solution in H. Let {A,},n be a sequence in (0,1). Let
{a,}heny and {0,},cn be sequences in (0,1]. Let {u,},n and
{Viluen be sequences in H defined iteratively from arbitrary u,,
v, € Hby

Uppp = Uy — Anocn (Fun - Vn) - Anen (un - ul) >

A0, (v,—v;), neN.

(48)

Vel = Vi — Anan (Kvn + un) -

Assume that
(i) Y21 A0, = co;lim, _, A, = lim, A6, =0;
(ii) one of the following conditions holds:
@ tim (%) = o
im | —|=0;
a n—oo\ @

n

) Jim (52) -0, (49)

n

© Jim, (5) =0

7
(iii) one of the following conditions holds:
(d) Z/\floci < 00; Zlianen < 00;
n=1 n=1
(e) Z/\iocn < 003 (50)
n=1

A 2
(f) lim_ ( ;"‘”) -0,

n

Then, there exists a subset K ;. of H x H such that if (u,v) €

Knin with v = Fu, then the sequence {u,,} converges strongly to

u.

Remark 24. (i) The conclusion of Theorem 23 is still true if
Y2 A0, = 00, lim «’2/6,) = 0, and lim Ao, =

n—>oo( n—00""'n"'n

lim, _, 7,0, =0.Furthermore, the conclusion of Theorem 23
is still true if Y2, 1,0, = oo, lim,_, . (e,/6,) = 0, and
lim,_, A, =0.

(ii) Theorem 23 improves the conditions of [9, Theorem
3.2] if the space E is reduced to a real Hilbert space.
Indeed, [9, Theorem 3.2] assumes that lim,,_, ,(4,/6,) =
lim, , («,/8,) = 0.

The following is a special case of Theorem 23.

Corollary 25. Let H be a real Hilbert space. Let F, K
H — H be bounded and monotone mappings. Suppose that
u + KFu = 0 has a solution in H. Let {f,},cn be a sequence
in (0,1). Let {u,},cn and {v,},cn be sequences in H defined
iteratively from arbitrary u,, v, € H by

Upi1 = un_/jn(Fun_Vn)_ﬁn(un_ul)>

Vn+1:Vn_ﬁn(KVn+un)_ﬂn(Vn_V1)’ neN.

(51)

Assume that Y 2, B, = oo and lim,,_, 3, = 0. Then, there
exists a subset K, of H x H such that if (u,v) € K, with

v = Fu, then the sequence {u, } converges strongly to u.
The following is also a special case of Theorem 23.

Corollary 26. Let H be a real Hilbert space. Let F, K : H—H
be bounded and monotone mappings. Suppose that u+KFu = 0
has a solution in H. Let {A,},n be a sequence in (0,1). Let
{0,},.en be a sequence in (0,1]. Let {u,},en and {v,},en be
sequences in H defined iteratively from arbitrary u,, v; € H

by

Upp1 = Uy — )‘n(xn (Fun - Vn) - Anen (un - ul) >

Vyer =V — Ayet, (Kv, +1,) = A0, (v, —v;), neN.
(52)
Assume that y> 1,0, = oo, lim, A0, = 0, and
lim, _, ,(A,/6,) = 0. Then, there exists a subset K ,;, of Hx H

such that if (u,v) € K, withv = Fu, then the sequence {u,,}
converges strongly to u.



Furthermore, we get the following result. Note that
Corollary 25 is also a special case of the following result.

Theorem 27. Let H be a real Hilbert space. Let F, K : H — H
be bounded and monotone mappings. Suppose that u+ KFu =
0 has a solution in H. Let {a,},cny and {0,,},en be sequences
in (0,1]. Let {u,},en and {v,},en be sequences in H defined
iteratively from arbitrary u,, v, € H by

Uppp = Uy — &y (Fun - Vn) _en (un _ul)’
(53)
Vel =V — &y (Kvn+un)_0n (Vn_vl)> neN.
Assume that Y2 6, = 0o, lim,,_, .0, = 0, and lim,, _, . (a’/
0,) = 0. Then, there exists a subset K ;, of H x H such that
if (u,v) € K with v = Fu, then the sequence {u,} converges
strongly to u.
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