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It is well known that data envelopment analysis (DEA) models are sensitive to selection of input and output variables. As the
number of variables increases, the ability to discriminate between the decision making units (DMUs) decreases. Thus, to preserve
the discriminatory power of a DEA model, the number of inputs and outputs should be kept at a reasonable level. There are many
cases in which an interval scale output in the sample is derived from the subtraction of nonnegative linear combination of ratio
scale outputs and nonnegative linear combination of ratio scale inputs. There are also cases in which an interval scale input is
derived from the subtraction of nonnegative linear combination of ratio scale inputs and nonnegative linear combination of ratio
scale outputs. Lee and Choi (2010) called such interval scale output and input a cross redundancy. They proved that the addition
or deletion of a cross-redundant output variable does not affect the efficiency estimates yielded by the CCR or BCC models. In
this paper, we present an extension of cross redundancy of interval scale outputs and inputs in DEA models. We prove that the
addition or deletion of a cross-redundant output and input variable does not affect the efficiency estimates yielded by the CCR or

BCC models.

1. Introduction

In many DEA applications, such as income, an interval scale
output in the sample is derived from the subtraction of
nonnegative linear combination of ratio scale outputs and
nonnegative linear combination of ratio scale inputs. There
are also many cases, like cost, in which an interval scale
input is derived from the subtraction of nonnegative linear
combination of ratio scale inputs and nonnegative linear
combination of ratio scale outputs, although the effect of such
dependencies on DEA is not clear. Lee and Choi [1] called
such interval scale output and input a cross redundancy. They
proved that the addition or deletion of a cross-redundant out-
put variable does not affect the efficiency estimates yielded by
the CCR or BCC models. Francisco J. Lopez [2] generalized
the contributions of Lee and Choi by introducing specific
definitions and conducting some additional analysis on the
impact of the presence of other types of linear dependencies

among the inputs and outputs of a DEA model. In this paper,
we deal with cross-redundant output and input variables
simultaneously in DEA models. We prove that the addition
or deletion of a cross-redundant output and input variable
does not affect the efficiency estimates yielded by the CCR or
BCC models. The paper is organized as follows. In Section 2,
we introduce preliminaries of DEA. In Section 3, we present
our main results. In Section 4, we will illustrate that the
addition or deletion of cross-redundant output variable and
input variable does not affect the efficiency estimates yielded
by the CCR or BCC models. Conclusions are summarized in
Section 5.

2. Preliminaries

Suppose that we have n > 2 peer observed DMUs, {DMU; :
j = L2,...,n} which produce multiple outputs y,;, (r =



L,...,s), by utilizing multiple inputs x;;, (i = 1,...,m).
The input and output vectors of DMU, are denoted by
x; and y;, respectively, and we assume that x; and y; are
sem1p051tlve, that is, x; > 0,x;#0 andy; > 0,y;#0 for
i=1,...,n. We use (x y;) to c{ escript DMU; and specially
use (x,,Y,) (0 element of {1,2,...,n}) as the DMU under
evaluation. Throughout this paper, vectors will be denoted by
bold letters.

The input-oriented CCR [3] multiplier model evaluates
the efficiency of each DMU, by solving the following linear
program:

6* _ t
=max uy,,

vx,=1
)
t
st. wy;svx; j=L...n
u=o0,v=o0
Because x; and y; are semipositive for j = 1,...,n, 0" > 0.
Also since u'y, < v'x, and v'x, = 1, we have 6* < 1. Thus

0 < 6" < 1. 0" represents the input-oriented CCR-efficiency
value of DMU,,.

The output-oriented CCR multiplier model evaluates the
efficiency of each DMU, by solving the following linear
program:

¢" = min Vv'x,
u'y, =1
)
s.t vx]>uty], j=L...n
u>0,vx>0
Since u'y, < v'x, and u'y, = 1, we have ¢* > 1.

1/¢" represents the output-oriented CCR-efficiency value of
DMU,. Also 0" = 1/¢" [4].

The input-oriented BCC [4] multiplier model evaluates
the efficiency of each DMU, by solving the following linear
program:

t
z" = maxu'y, +u,,

vix =1
3)

t t .
st wy;j+u, <vx;, j=1...,n
u>0,v>0, u, is free.

Let (u*, v") be an optimal feasible solution for model (1); then
(u*,v*,u,), where u, = 0, will be a feasible solution of model
(3). Thus z* > 07; therefore, 0 < 2" < 1. z" represents the
input-oriented BCC-efficiency value of DMU,,.

Journal of Applied Mathematics

Finally, the output-oriented BCC multiplier model eval-
uates the efficiency of each DMU, by solving the following
linear program:

* . t
t = minvx,—"v,,
t
uy, =1
(4)
t t .
s.t. vxj—VOZuyj, j=1...,mn,

u>0, v>0, v, is free.

It can be easily confirmed that t* > 1. 1/t" represents the
output-oriented BCC-efliciency value of DMU,,.

3. Main Results

In this section, we prove that the addition or deletion
of a cross-redundant output variable and/or input variable
does not affect the efficiency estimates yielded by the BCC
multiplier model in input- and output-oriented versions.
Similarly, it can be proved that the addition or deletion of
cross-redundant variable does not affect efficiency estimates
yielded by the CCR multiplier model in input- and output-
oriented versions.

Theorem1. Let each DMU have m + 1 inputs and s + 1 outputs,
that is, x; = (xlj,...,x(mﬂ)j) and y; = (ylj,...,y(5+1)j) for
j=L12,...,n Let

m+1 Zﬁz 1] Z“ryry i=1,...,n, (5)

S m
Vis+n)j = Zaryrj - Zbixij; j=L....n, (6)
r=1 i=1

where B; > 0, b, > 0,1 = 1,...
1,...,s.

Then the optimal objective function value of the following
model:

ymye, 2 0,0, 2 0,7 =

s+1

Zpryro * Po>

r=1

p" = max

m+1

Z qiXi, = 1,

i=1

s+1 m+1
s.t Zpryro_ Zqixio_po <0, j: L...,n
r=1 i=1
p,20, g20, r=1,...,s+1,i=1,...,m+1
)

is equal to the optimal objective function value of the following
model (3).
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Proof. Let (py,..., prrysq1s--
tion for model (7); then we have

s+1

DY SRS X
r=1

m+1

Zqi*xio = 1’
i=1

s+1 m+1

Zp:yro - Zq:xio - P; <0.
r=1 i=1

By (6) and (9), it follows that

Z +ps+1 Yro ~ Zps+1bxlo+Po.

i=1

Also, by (5) and (9) it concludes that

Z (qz + qm+1ﬁ io quJrlaryro =

Now, let

. (@ + i) P” | Pinby
AB A
- (p; +pina,) P* (@pie,) p
u, = +
AB B
ao — pop ,
AB

*

where
s
A= Z (pr + ps+lar) Vro + po
r=1

s
B=1+ zq:wrl(xrym'

r=1

Then, by (7), we have

Also, by (12) and (13), we obtain

m p* m
Vixio = = ) a7 + 4 i) xi
; i”vio ABi:1 i m+1 o
1 o« p*(B) 1 .
+ Z;‘ (pi1b) xio = AB + a (A-p") =

, fori=1,...,

, fori=1,...

<> Q1> Py) be an optimal solu-

(8)

)

(10)

(1)

(12)

m,

> M,

(13)

(14)

(15)

(16)

In addition,

*

s P* s
2 Z_ryro __o = A_Z

r=1 r=1

_ P J * * _ *
- AB (; (pr +ps+1ar)yro po) + B

_ A

*
r + ps+1ar) Yro

* S

Z Dm+1 r) - pa

- 17)

*

p*(B-1)

A)+ ——=p.
BN T3 P

Also

m S
Z"ixij - Z”r)’rj U,
i=1 r=1

Zp (q1 +qm+1ﬁ ZPHI 1 1]

I & .
—E;P(P

* *
r + ps+1ar) yrj

——Zp (@319, 2,y + =i (18)

r 1

b*
/-~
3

Zqi*xij - ZP:)’U + P, )
i r=1

i=1
+ P* (Zq:nﬂﬁixij - Zps*ﬂaryrj >
i=1 r=1

+szs+lbxl] AP Z(qmﬂ(x )yr]:|

i=1

So that by (10) we have
Zvixij - Zﬁryrj + 1,
i=1 r=1

2 E [P* <r_zl(p:+lar + q:nH“,,) yrj

- Z (q:n+lﬁi + ps*+1bz) xij)

i=1



m s
+ P* (Zq:n+1ﬁixij - Zps*ﬂaryrj >
i=1 r=1

+szs+11 z] AP Z(qmﬂa ))’,J]

P Y dra®, i = P Y Prabix;
r=1 i=1
m N
+ szsﬂbixij - Ap Z (@) yrj]
i=1 r=1

= E (B - P*) Zp:+1bixij + P* (1-4) Zq:n+1“ryrj:| .

i=1 r=1

(19)

Therefore,
Z‘_’ixij - Zﬁryrj + 1,
i=1 r=1
1 * - %
> 1B (B-p") Zpsﬂbixij (20)

P (1= A) Y @,y | 20

r=1

Consequently, (u,V,u,), where u = (u;,...,u,) and v =
(¥1>...,V,,), is a feasible solution for model (1), which for.

+P5+1a )yro

r=1 (21)
p"(B-1)

_ P_* > * * _ *
- AB (; (pr +Ps+1ar)yra po) + B

z p*(B-1)
= — A _— .
AB( ) + B P

Now, let (u*,v",u,) be an optimal solution for model
(1); then (p,q,p,), where p = (fl,...,j_ﬁﬂ) and q =
(ql"“’qm-f-l) Wlth pr - ur’ r = 1 - S ps+1 0 @
Vi, i=1,...,m; q,,, =0; p, = uo,lsafeasnble solution for

model (2), wh1ch for0* =Y u'y -u; = Z?i PrY,o~Po <
p”*. Thus 6" = p~. O

Theorem 2. Let each DMU have m + 1 inputs and s + 1
outputs with conditions (5) and (6).
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Then the optimal objective function value of the following
model:

s+1

* .
w = min Zqi'xio ~ 9o

r=1

s+1
zpryrozl
r=1
m+1 s+1
s.t Zqixio - Zpryro 4o >0, j= L...n,
i=1 =
p,=20, =20, r=1,...,s+1,i=1,...,m+1
(22)

is equal to the optimal objective function value of the following
model (4).

Proof. Let (py,..., Pii1>41>---»Gms1»9,) be an optimal solu-
tion for model (22); then we have

m+1
w" = Zqz‘*xio - q: (23)
i=1
s+1
Yy =1 (24)
r=1
m+1
Zq, Xij ZPr =4, =0. (25)

r=1

By (6) and (15), it follows that

3

s
W' = Z(% +qm+1ﬁ) Xio q; - Zq:nﬂtxryro' (26)

— r=1

Also, by (5) and (16) it concludes that

Z (p: + ps*+1ar) Yro — Zps*ﬂbixio =1 (27)

r=1 i=1

Now, let
vql  BIw wrpl b
Vi _ (qz quﬁ,) + Ps+1 1) fOI‘ i= 1’_._)m)
AB B
4ot a)w o
ﬁr _ (pr ps+1 r) + (qm+1 r)) for r = 1,...,s,
AB A
*w*
v, = 9 X
AB
(28)
where

A=

™Mz

Il
—

(4 + dpiiB) Xio — 4>
(29)

s
B=1+ Zq:nﬂ‘xryro'

r=1
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Then, by (7), we have

v; 20, i=1,...,m,
(30)
>0, r=1,...,s
Also, by (26) and (27), we obtain
S w* m
Zlaryru - AB; ( ps+1‘x )yro
WS, w' (B)  (A-w)
+ ; (qm+1“r) Yro = AB + A =1
(31)
In addition
m N
zvixij - Zaryrj ~
i=1 r=1
1 m
= 1B i:lw (@ +qpaiB) Xij
w* m
+ _ZP5+1bixij
B 3
- ABL ; +ps*+1ar)yrj
(32)

1y * |
- Z; (qm+1ar) yr] - quw

_1
~ AB

m s
w* <Zq:xlj - zp:yr] - q:)
i=1 r=1
w’ <Zq;+1/3ixij - Zp:‘rlaryrf)
i=1 r=1

m s
+ Aw* Zps*ﬂbixij _BZ (q:n+1(xr) yrj:| .
i=1 r=1

So that by (14), we have

m S

Zvixij - Zaryrj Y

i=1 r=1

1 : .
A_ Z ps+1ar + qm+l(xr) yrj
m
- Z (@1 B; + Pir b)) xij)
i=1
w’ <Zq:n+lﬁixij - Zps*ﬂaryrj )

i=1 r=1

+ Aw” me X BZ (@i, )J’U]

i=1

= AB TZIQmH“ Yrj—Ww zps+lb'x1}
m S
+ Aw Zpsﬂbixij - BZ (qm+1(xr) yrj:|
i=1 r=1
AB w” (A- I)ZPHI iXij
S
+ (w - B) qu+l“ryrj] .
r=1
(33)
Therefore,
m S
Z‘_’ixij - Zaryrj ~ Y
i=1 r=1
1
2 E w” (A-1) Zl:pﬁl iVij (34)
1=
S
+ (W = B) Y &,y | 2 0.
r=1
Consequently, (u,V,v,), where u = (u;,...,u,) and v =
(¥15...,V,,), is a feasible solution for model (4), which for
F <YV, = Y,
i=1
w* m
= EZ (qz + qm+lﬁr) Xio
i=1
(35)
w* s q(”:w
?; Ps+1bi)xio - AB
* * B-1 .
= w (A) + u —w .
AB B

Now let (u*,v*,v)) be an optimal solution for model (4),
and then (p,q,p,), where p = @1"~’I__’s+1) and q =
(ql""’qm+1) Wlth pr - ur’ r = 1 - S ps+1 0 ql

v, i=1,...,m g, , =0, p, = O,1s a feasible solution for

model (22), which forw > Y Py Py = S Uy, -
u, =z". Thusz" = w". O

Theorem 3. Let each DMU have m+1 inputs and s+1 outputs
with conditions (5) and (6).



Then, the optimal objective function value of the following
model:

s+1

ﬁ = max Zpryro’

r=1

m+1

Zqixiozl

i=1 (36)
s+1 m+1

s.t Zp,yrj—Zq,»x,-jSO, j=1...,n
r=1 i=1
p,=20, g20, r=1,...,s+1,i=1,...,m+1

is equal to the optimal objective function value of the following
model (1).

Proof. This proof is similar to the proof of Theorem 1. O

Theorem 4. Let each DMU have m+1 inputs and s+1 outputs
with conditions (5) and (6).

Then, the optimal objective function value of the following
model:

s+1

Zqixio’
r=1

s+1

Zpryro =1
r=1

w = min

(37)

m+1 s+1

st Zqixij - Zpryrj >0, j=1...,n
i=1 r=1

p,20, =20, r=1,...,s+1,i=1,....m+1
is equal to the optimal objective function value of the following

model (2).

Proof. This proof is similar to the proof of Theorem 2. O

4. Illustrative Example

In this section, we use the data recorded in Table 1to illustrate
that the addition or deletion of a cross-redundant output vari-
able and input variable does not affect the efficiency estimates
yielded by the CCR or BCC models. These correspond to 20
DMUgs, whose efficiency is assessed using four inputs and four
outputs where

i = (04 x4 2x3)

Xy
—(0.5y,; +05y,; +0.5y5)) 5
ji=1...,n, (38)
ya; = (0.5, +0.5y,; +0.5y;,) = 0.5x;;

j=1L...,n
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TABLE 1: Dataset.

Inpl Inp2 Inp3 Inp4 Outl Outl Out3 Out4

Unit 1 7 1 4 12.75 1 2.5 3 1.25
Unit2 3 7 4 14.75 2.5 1 3 1.25
Unit3 6 6 3 14.25 2.5 2 3 2.25
Unit4 3 1 3 1.75 4 55 7 6.75
Unit5 6 0.5 3 5.25 5 3.5 6 5.75
Unit6 4 0.5 3 3.5 2 6 6 5.5
Unit7 1.5 2.5 3 1.5 6 4 7 7
Unit8 0.5 4 4 625 15 5 6 4.25
Unit9 2.75 1.75 4 4 8 3 6 6.5
Unit10 1 3 3 1 3 7 7.5
Unitll 2 2 3 125 55 5 7 7.25
Unit12 2.5 1.5 3 2 7 3 6 6.5
Unit13 4.5 1.5 6 13 2 4 2
Unit14 2 4 7 16.25 1.5 2 4 0.25
Unitl5 4 3 6 12.25 6.5 3.5 3.5 3.75
Unitle 2 5 4 8.75 5 3.5 4 4.25
Unit17 1.5 6 4 8.5 4.5 4.5 5 5
Unit18 0.5 4 3 3 3.5 5.5 6 6
Unit19 3.5 0.75 3 2.5 7.5 2.5 6 6.5
Unit20 6 3.5 4 11 3.5 3.5 6 4.5
TABLE 2: Example results.
0" F pe >

Unit 1 0.3461538 0.3461538 0.7500000 0.7500000
Unit 2 0.3214286 0.3214286 0.7500000 0.7500000
Unit 3 0.4285714 0.4285714 1.0000000 1.0000000
Unit 4 1.0000000 1.0000000 1.0000000 1.0000000
Unit 5 1.0000000 1.0000000 1.0000000 1.0000000
Unit 6 1.0000000 1.0000000 1.0000000 1.0000000
Unit 7 1.0000000 1.0000000 1.0000000 1.0000000
Unit 8 1.0000000 1.0000000 1.0000000 1.0000000
Unit 9 0.9973190 0.9973190 1.0000000 1.0000000
Unit 10 1.0000000 1.0000000 1.0000000 1.0000000
Unit 11 1.0000000 1.0000000 1.0000000 1.0000000
Unit 12 1.0000000 1.0000000 1.0000000 1.0000000
Unit13  0.4444444 0.4444444 0.6666667 0.6666667
Unit14  0.3809524 0.3809524 0.6666667 0.6666667
Unit15  0.5607702 0.5607702 0.5714286 0.5594240
Unitl6  0.6052279 0.6052279 0.7500000 0.7500000
Unitl7  0.6847156 0.6847156 0.7500000 0.7500000
Unit 18 1.0000000 1.0000000 1.0000000 1.0000000
Unit 19 1.0000000 1.0000000 1.0000000 1.0000000
Unit20  0.6428571 0.6428571 0.7500000 0.7500000

In other words, the forth input and the forth output are cross-
redundant variables. In Table 2, 0%, Z, p*, and p, respectively,
record the efficiency measure provided by model (1), model
(3), model (7), and model (36). It is evident from Table 2 that
the addition or deletion of cross-redundant output variable
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and/or input variable does not affect the efficiency estimates
yielded by the input-oriented CCR or BCC multiplier models.

5. Conclusions

In this paper, we have studied the effect of the cross redun-
dancy between interval scale input and output variables
on the efficiency estimates yielded by the CCR multiplier
model in input- and output-oriented versions and the BCC
multiplier model in input- and output-oriented versions. We
proved that the addition or deletion of a cross-redundant
output variable and input variable does not affect the effi-
ciency estimates yielded by the input-oriented BCC multi-
plier model and the output-oriented BCC multiplier model.
Similarly, it can be proved that the addition or deletion of
cross-redundant variable does not affect efficiency estimates
yielded by the CCR multiplier model in input- and output-
oriented versions.
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