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Water shortage is one of themain factors limiting urban construction and development. Scientific forecasting of water consumption
is an important approach for the rational allocation of water resources. Taking the hospitals in Wuhan City as an example and
basing the analysis on the characteristics of actual water consumption, we proposed a modified grey GM (0, 1|sin) model of
oscillation sequence. Using the grey theory, the variable weight-strengthening buffer operator (VWSBO) was introduced into this
model to weaken the interference of the disturbance term on the data sequence. The actual quarterly total water consumption
data for hospitals in Wuhan City during the period from 2010 to 2012 were used to verify the effectiveness and practicality of this
modified grey GM (0, 1|sin) model in predicting water consumption. In terms of themodel’s fitting performance, themean absolute
percentage error (MAPE) of the modified model was 3.77%, indicating a higher prediction accuracy than the traditional grey GM
(0, 1|sin) model of oscillation sequences. Therefore, the modified grey GM (0, 1|sin) model we established in this study can provide
a scientific reference for administrative departments to forecast water consumption.

1. Introduction

Water is one of the most important natural resources for pro-
ductive activities in human society. The total water resources
in China are abundant. However, the per capita amount of
water is low, and pollution is a serious concern, leading to a
large imbalance between water supply and demand that has
greatly hindered the development of the social economy. To
solve the problem of water shortages, the rational allocation
of water resources is an important goal. Predicting water
demand can provide a reference to plan for the rational
allocation and management of water resources, and it has
important practical significance in the conservation and
effective use of water.

Currently, there are a variety of methods and models for
forecasting water consumption, including regression analysis
[1], the exponential smoothing method [2], and backpropa-
gation (BP) of an artificial neural network [3, 4]. The grey
system theory was proposed by a Chinese scholar, Professor
Deng Julong, in 1982. Due to its unique advantages in

studying problems with insufficient data, poor information,
and uncertainty, this theory has been widely applied in many
fields such as industry [5], electric power [6], agriculture [7],
geology [8], healthcare [9, 10], economy [11, 12], education
[13], andmunicipal water conservation [14–16]. Although the
classic GM (1, 1) model can achieve relatively satisfactory per-
formance, its application is limited in analyzing data that have
minimal discreteness and show only a monotonic changing
trend; thus, this classic model cannot be used to analyze the
regularity of fluctuations in periodic-oscillation sequences.
The grey GM (0, 1|sin) model of oscillation sequences [17]
integrates the two mathematical methods of the grey system
andFourier transformation to overcome the limitations of the
classic GM (1, 1) prediction model. This grey GM (0, 1|sin)
model of oscillation sequences can effectively identify the
impact of an internal disturbance factor on the development
of a system and analyze the regularity of the fluctuations in
the system, as validated by the experiments using measured
data for short-term traffic flow. However, the grey GM (0,
1|sin) model of oscillation sequences does not take into
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account the distortion of the system behavioral data caused
by the interference of certain disturbance items within the
system itself. In the forecasting process, disturbances always
invalidate the forecasting model; however, the invalidation
arises from the distortion of the system’s behavioral data
caused by disturbances rather than the selection of model
[18]. Liu investigated the characteristics and axiom system
of buffer operators and constructed two types of buffer
operators [19]. In recent years, buffer operators have been
widely applied in various fields; however, traditional buffer
operators cannot achieve the fine-tuning of function strength,
resulting in a buffer that is either too strong or too weak.
To solve this problem, previous studies [20, 21] introduced
a type of variable-weight buffer operator and investigated the
relationship between the adjusting degree of a buffer operator
and the variable weight. The superiority and effectiveness
of variable-weight buffer operators have been verified using
real-life examples.

Taking into account the multiple characteristics of quar-
terly water consumption data in hospitals of Wuhan City
such as uncertainty, periodic oscillations, and uneven growth,
we conducted a qualitative analysis of the changing trends
in water consumption and a quantitative analysis of the
function of the variable-weight-strengthening buffer oper-
ator (VWSBO). By introducing the VWSBO to fine-tune
the disturbed data sequence, we modified the previous grey
GM (0, 1|sin) model of oscillation sequences to improve its
performance in simulating the characteristics of the water
consumption in the hospitals ofWuhanCity to achieve higher
prediction accuracy.

2. Materials and Methods

2.1. Grey GM (0, 1|sin) Model of Oscillation Sequences. The
data sequence of the quarterly water consumption in hos-
pitals shows obvious oscillation and periodicity similar to
the annual growth rate. The annulus development coefficient
fluctuates above and below a certain value, showing obvious
features of a sine or cosine curve; thus, sine and cosine curves
were superpositioned to fit the fluctuation of the data.

The modeling procedure of the grey GM (0, 1|sin) model
of oscillation sequences is as follows [17].

(1) Given an original nonnegative sequence

𝑥
(0)

= (𝑥 (1) , 𝑥 (2) , . . . , 𝑥 (𝑛)) 𝑛 ∈ 𝑁
+
, (1)

the annulus development coefficient is

𝑎 (𝑘) = ln 𝑥 (𝑘)

𝑥 (𝑘 − 1)
. (2)

(2) The whitening equation of the model is

𝑑𝑥
(0)

𝑑𝑡
+ 𝑎 sin (𝜔𝑡 − 𝑝) 𝑥

(0)
= 𝑏𝑥
(0)
, (3)

where the parameter 𝑏 of the oscillation grey model roughly
determines the trend of the sequence. When 𝑏 > 0, the trend
is ascending, and when 𝑏 < 0, the trend is descending. The
parameter 𝜔 describes the ascending or descending variation

of the sequence and determines its oscillation cycle. The
parameter 𝑎 determines the amplitude of the oscillation, 𝑡
denotes time variable, and 𝑝 denotes phase.

(3) When 𝑎 sin(𝜔𝑡 − 𝑝) = 𝑎1 sin(𝜔𝑡) + 𝑎2 cos(𝜔𝑡), the
differential equation (3) is solved to be

ln 𝑥
(0)

=
𝑎1 cos (𝜔𝑡) − 𝑎2 sin (𝜔𝑡)

𝜔
+ 𝑏𝑡 + 𝑐. (4)

Thus,

𝑥
(0)

(𝑡) = 𝐶 exp(𝑎1 cos (𝜔𝑡) − 𝑎2 sin (𝜔𝑡)
𝜔

+ 𝑏𝑡) ; (5)

an initial value of 𝑥
(0)
(1) is substituted to obtain 𝐶 =

𝑥
(0)
(1) exp((−𝑎1 cos(𝜔)+𝑎2 sin(𝜔))/𝜔−𝑏); the resulting time-

corresponding sequence of the GM (0, 1|sin) model is

𝑥
(0)

(𝑡) = 𝑥
(0)

(1) exp(
𝑎1 cos (𝜔𝑡) − 𝑎2 sin (𝜔𝑡)

𝜔
+ 𝑏 (𝑡 − 1)

+
−𝑎1 cos (𝜔) + 𝑎2 sin (𝜔)

𝜔
) .

(6)

(4) Fourier transform is applied to solve the periodic
parameters.

The annulus development coefficient 𝑎(𝑘) fluctuates
above and below the value of 0 in a sine or cosine manner,
so a finite discrete Fourier transform is conducted for 𝑎(𝑘), to
seek𝑚 frequencies with the greater amplitude:

𝐹 (𝑚Ω) =

𝑛−1

∑
𝑘=0

𝑎 (𝑘) 𝑒
−𝑗𝑚Ω𝑘

, 𝑚 = 0, 1, 2, . . . , 𝑛 − 1. (7)

The equation can be reorganized as 𝐹(𝑚Ω) = 𝑅𝑚 + 𝑗𝐼𝑚,

𝑅𝑚 = 𝑎 (0) cos(2𝜋
𝑛
𝑚 ⋅ 0) + 𝑎 (1) cos(2𝜋

𝑛
𝑚 ⋅ 1)

+ ⋅ ⋅ ⋅ + 𝑎 (𝑛 − 1) cos(2𝜋
𝑛
𝑚 ⋅ (𝑛 − 1)) ,

𝐼𝑚 = − [𝑎 (0) sin(2𝜋
𝑛
𝑚 ⋅ 0) + 𝑎 (1) sin(2𝜋

𝑛
𝑚 ⋅ 1)

+ ⋅ ⋅ ⋅ + 𝑎 (𝑛 − 1) sin(2𝜋
𝑛
𝑚 ⋅ (𝑛 − 1))] .

(8)

The Fourier transform coefficient 𝐹(𝑚Ω) can be
obtained from (7). The frequency corresponding to the large
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|𝐹(𝑚Ω)|
2
= 𝑅𝑚

2
+ 𝐼𝑚
2 serves as the whitening value of the

grey frequency.
(5) The parameters of the GM (0, 1|sin) model are solved

with the least squares method.

The response sequence parameter was estimated based on
the whitening equation with the minimum variance of the
annulus development coefficient: u = (BTB)−1BTY.

B, Y, and u can be obtained from (4):

Y =

[
[
[
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,
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...

...
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]
]
]
]
]
]

]

,

(9)

where B is a matrix of the independent variables, Y is the
vector of a dependent variable, and u is the vector of a
coefficient.

2.2. Introducing the VWSBO to Improve the Oscillation Grey
Model. Before obtaining the equation for trend prediction,
the growth trend and the oscillating trend of the sequence
need to be strengthened. With the introduction of the
VWSBO, a strengthened buffer sequence can be obtained:

𝑥
(0)
𝐷 = (𝑥 (1) 𝑑, 𝑥 (2) 𝑑, . . . , 𝑥 (𝑛) 𝑑) 𝑛 ∈ 𝑁

+
, (10)

where

𝑥 (𝑘) 𝑑 = 𝑥 (𝑘) (
𝑥 (𝑘)

𝜆 min (𝑥(0)) + (1 − 𝜆) 𝑥 (𝑘)
)

𝛾

, (11)

𝜆 is the variable weight, and 0 < 𝜆 < 1.
Because 𝑥(𝑘) > 𝜆 min(𝑥(0)) + (1 − 𝜆)𝑥(𝑘), when

𝛾 > 0, whether 𝑥(0) is a monotonic ascending sequence, a
monotonic descending sequence, or an oscillation sequence,
𝐷 is the strengthening buffer operator.

2.3. The Function Strength of the VWSBO. Let 𝑟(𝑘) be the
average rate of the change from 𝑥(𝑘) to min(𝑥(0)) in the
data sequence 𝑥

(0); thus, 𝐷 is the VWSBO on 𝑥
(0). After

proceeding 𝑥
(0) with the VWSBO 𝐷, the resulting data

sequence is presented in (10), and thus

𝛿 (𝑘) =


𝑟 (𝑘) − 𝑟 (𝑘) 𝑑

𝑟 (𝑘)


. (12)

It is the adjusting degree of the VWSBO𝐷 at point 𝑘 that
indicates that 𝛿(𝑘) is the functioning-strength value of the
VWSBO.

According to (10) and (12),

𝑟 (𝑘) − 𝑟 (𝑘) 𝑑 =
min (𝑥(0)) − 𝑥 (𝑘) 𝑑

𝑛 − 𝑘 + 1
−
min (𝑥(0)) − 𝑥 (𝑘)

𝑛 − 𝑘 + 1

=
𝑥 (𝑘)

𝑛 − 𝑘 + 1

× [1 − (
𝑥 (𝑘)

𝜆min (𝑥(0)) + (1 − 𝜆) 𝑥 (𝑘)
)

𝛾

] .

(13)

Thus,

𝛿 (𝑘) =


𝑟 (𝑘) − 𝑟 (𝑘) 𝑑

𝑟 (𝑘)



=
𝑥 (𝑘)

min (𝑥(0)) − 𝑥 (𝑘)

× [1 − (
𝑥 (𝑘)

𝜆min (𝑥(0)) + (1 − 𝜆) 𝑥 (𝑘)
)

𝛾

] > 0,

(14)

where min(𝑥(0)) ̸= 𝑥(𝑘), 𝑘 = 1, 2, . . . , 𝑛.
Thus,

𝑑𝛿

𝑑𝜆
= 𝛾(

𝑥 (𝑘)

𝜆 min (𝑥(0)) + (1 − 𝜆) 𝑥 (𝑘)
)

𝛾+1

> 0

𝑑𝛿

𝑑𝛾
=

𝑥 (𝑘)

min (𝑥(0)) − 𝑥 (𝑘)
(

𝑥 (𝑘)

𝜆min (𝑥(0)) + (1 − 𝜆) 𝑥 (𝑘)
)

𝛾

× ln( 𝑥 (𝑘)

𝜆min (𝑥(0)) + (1 − 𝜆) 𝑥 (𝑘)
) > 0.

(15)
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This result shows that the adjusting degree 𝛿(𝑘) of the
VWSBO 𝐷 on a sequence changes in the same direction as
the variable weight 𝜆 and the index 𝛾.

The qualitative analysis was carried out for the changing
trend of the quarterly water consumption in the hospitals,
and the quantitative analysis was carried out for the function
strength of the VWSBO. This study introduced a VWSBO
to fine-tune the original system’s behavioral data sequence
and then constructed a modified grey GM (0, 1|sin) model of
oscillation sequences following the procedure of Section 2.1,
which can be applied in forecasting the water consumption
and planning guidance for the hospitals of Wuhan City.

2.4. The Degree of Grey Incidence Analysis. According to the
grey system theory, first we set the original sequence 𝑥(0) as
reference, so the compared sequences are 𝑋𝑖(𝑘) = {𝑥𝑖(𝑘) |

𝑘 = 1, 2, . . . , 𝑛} (𝑖 = 1, 2, . . . , 𝑁). Then, we initialize based
on 𝑥𝑖

(𝑘) = 𝑥𝑖(𝑘)/𝑥𝑖(1); 𝑥

(0)
(𝑘) = 𝑥

(0)
(𝑘)/𝑥
(0)

(1) in order
to keep the data dimension consistent between the reference
sequence and compared sequence. The maximum absolute
difference Δmax and the minimum absolute difference Δmin
can be obtained by using Δ 𝑖 = |𝑥

(0)
(𝑘) − 𝑥𝑖(𝑘)| to compute

the difference sequence. Then the degree of grey incidence 𝛽
can be calculated by

𝛽 (𝑥
(0)
, 𝑥𝑖) =

1

𝑛

𝑛

∑
𝑘=1

𝜉 (𝑥
(0)

(𝑘) , 𝑥𝑖 (𝑘)) , (16)

where

𝜉 (𝑥
(0)

(𝑘) , 𝑥𝑖 (𝑘))

=
min𝑖min𝑘


𝑥
(0)

(𝑘) − 𝑥𝑖 (𝑘)

+ 𝜌max𝑖max𝑘


𝑥
(0)

(𝑘) − 𝑥𝑖 (𝑘)



𝑥
(0)

(𝑘) − 𝑥𝑖 (𝑘)

+ 𝜌max𝑖max𝑘


𝑥
(0)

(𝑘) − 𝑥𝑖 (𝑘)


.

(17)

In (17), 𝜉(𝑥(0)(𝑘), 𝑥𝑖(𝑘)) is the grey incidence coefficient
of sequences 𝑥(0)(𝑘) and 𝑥𝑖(𝑘) at point 𝑘. 𝜌 denotes distin-
guished coefficient and 𝜌 ∈ [0, 1]. Generally, 𝜌 ≤ 0.5463

would be considered satisfactory for analysis. Empirically,
when 𝜌 = 0.5 and the degree of grey incidence 𝛽 > 0.6, the
model is considered to have good precision. A greater degree
of grey incidence indicates less deviation of the compared
sequence from the reference sequence, which means greater
influence on the reference sequence.

3. Results and Discussion

3.1. Data Sources. To verify the superiority of the modified
grey model of oscillation sequences after the introduction
of the VWSBO, this study used the quarterly total water
consumption data for nearly 75 hospitals in Wuhan City
between 2010 and 2012 as an example. Water consumption
data has high volatility and uncertainty, and it is difficult to
sum up the regularity from the monthly data, so the paper
have chosen quarterly data to lower the volatility as well as
the influence caused by uncertainty. Combined with the fact
that water consumption of hospital industry in Wuhan has

Table 1: The quarterly total water consumption by the hospitals in
Wuhan City in 2010–2012 (×104 tons).

Year\quarter The first
quarter

The second
quarter

The third
quarter

The fourth
quarter

2010 264.3 327.1 317.6 286.2
2011 292.2 300.5 324.4 300.1
2012 360.0 328.5 368.9 307.6

0.2

0.0

−0.2

1 2 3 4 5 6 7 8 9 10 11

ID

a
(k
)

Figure 1: Line graph of the annulus development coefficient.

seasonality effect, the study decided to use quarterly data
rather than monthly data. Then, the predicted results using
the model before and after the modification were analyzed
and compared.

The experimental data are shown in Table 1.

3.2. Calculation of the Annulus Development Coefficient. The
raw data sequence of the quarterly water consumption is as
follows.

Based on (2), the line graph of the annulus development
coefficient 𝑎(𝑘) can be obtained, as shown in Figure 1.

Figure 1 demonstrates that the annulus development
coefficient 𝑎(𝑘) fluctuates above and below the value 0 in
a sine or cosine curve; thus, the superposition of sine and
cosine can be used to fit the fluctuation of the annulus
development coefficient.

3.3. The Modified Grey GM (0, 1|sin) Model of Oscillation
Sequences. The introduction of the VWSBO improved the
grey GM (0, 1|sin) model of oscillation sequences based
primarily on the analysis of the following two aspects.

The qualitative analysis of the development of hospitals
in Wuhan City in recent years showed that, since 2009,
while the number of hospitals increased slightly, the total
number of hospital beds in Wuhan City increased at an
average annual growth rate of 8.7% and the average number of
hospitalizations increased at an annual rate of 15.2%.With the
rapid development of urban construction inWuhan City, the
development of hospitals in Wuhan City will continue at an
accelerating rate, which will inevitably lead to an increase in
water consumption. Although the implementation of water-
management plans inWuhanCity has achieved initial success
in recent years, the increase in water consumption due to the
development of industry could not be offset.
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Figure 2: The trend of the function strength of the VWSBO with different indexes: (a) different indexes; (b) 𝛾 = 4, 𝜆 = 0.06; (c) 𝛾 = 3,
𝜆 = 0.08; (d) 𝛾 = 2, 𝜆 = 0.12; (e) 𝛾 = 1, 𝜆 = 0.24.

Quantitatively, this study analyzed the trend of the func-
tion strength of the VWSBO based on the criterion of error
minimization under different circumstances. The results are
shown in Figure 2.

Therefore, to accurately control the future water demand
of the hospitals in Wuhan City, this study applied a
strong function strength in the quarterly water consumption
sequence with 𝛾 = 3 and 𝜆 = 0.08.

The data sequence after processing with the VWSBO is

𝑥𝐷 = (264.3, 342.6, 330.7, 291.5, 299.0, 309.4, 339.3, 308.9,

384.0, 344.4, 395.2, 318.2) .

(18)

The sequence (18) was applied to establish amodified grey
GM (0, 1|sin) model of oscillation sequences:

𝑥
(0)

(𝑡)

= 227.4067

× exp(0.2479 cos ((11𝜋/12) 𝑡) + 0.1189 sin ((11𝜋/12) 𝑡)
𝜋

+0.0180𝑡) 𝑡 = 1, 2, 3, . . . .

(19)
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Table 2: The predicted values by different models and their relative error.

Time ID Actual value GM (0, 1|sin) model Modified GM (0, 1|sin) model
Predicted values Relative error (%) Predicted values Relative error (%)

1 264.3 264.3 0.00 264.3 0.00
2 327.1 295.4 −9.69 302.1 −7.64
3 317.6 280.8 −11.59 284.4 −10.45
4 286.2 293.6 2.59 300.1 4.86
5 292.2 300.4 2.81 308.5 5.58
6 300.5 291.4 −3.03 297.6 −0.97
7 324.4 320.1 −1.33 333.1 2.68
8 300.1 291.6 −2.83 298.0 −0.70
9 360.0 336.8 −6.44 354.3 −1.58
10 328.5 296.6 −9.71 304.4 −7.34
11 368.9 347.8 −5.72 368.5 −0.11
12 307.6 307.6 0.00 318.2 3.45

MAPE (%) 4.64 3.77
𝛽 0.63 0.68
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Figure 3: The fitting trend using the two models.

The results obtained according to (19) are shown in
Table 2.

The comparison of the actual value and the fitting value
using the grey GM (0, 1|sin) model of oscillation sequences
before and after the modification (Figure 3) intuitively dis-
plays the fitting effectiveness.

As shown in Table 2, both the GM (0, 1|sin) oscillation
model and the modified GM (0, 1|sin) oscillation model with
the VWSBO have satisfactory modeling accuracy. The pre-
dictive effect of the modified GM (0, 1|sin) oscillation model
is relatively superior, with a MAPE of 3.77% for the fitting.
And the comparison between 𝛽1 and 𝛽2 ((𝛽1 = 0.63) < (𝛽2 =

0.68)) further indicates that the improved model fits better to
the original sequence. In addition, except for the data point
of the third quarter of 2010 (which is abnormal with a large
fitting error), the MAPE of this modified model is controlled
within 8% for all of the data, which is superior to the grey
GM(0, 1|sin)model of oscillation sequences.Themain reason
for this superiority is that the modified grey GM (0, 1|sin)

model of oscillation sequences was improved by considering
the impact of the growth or decay rate of the system data
sequence, which is absent from the traditional model.

4. Conclusions

For forecasting problems involving a small sample size,
uncertainty, and periodic fluctuation, the grey GM (0, 1|sin)
model of oscillation sequences has unique advantages. How-
ever, the system’s behavioral data are often susceptible to
interference by the affecting system and distorted. The grey
GM (0, 1|sin) model of oscillation sequences often ignores
the data distortion caused by an interfering disturbance. For
the problem of uneven changes in water consumption in
hospitals, this study introduced the VWSBO to weaken the
interfering disturbance on the data sequence and to establish
a grey GM (0, 1|sin) model of oscillation sequences with the
VWSBO. Based on the real-life data, the MAPE of the fitting
using our modified model is 3.77%, which is significantly
superior to the traditional grey GM (0, 1|sin) model of
oscillation sequences. This model provides a new approach
to predict water consumption for these hospitals.

In future studies, the model can be further optimized
and applied to other industries. Moreover, a visual decision-
support system for water resource management can be
constructed in combination with geographic information
system (GIS) technology to improve the efficiency and level
of water resource management and planning. In addition,
we have been trying to use Monte Carlo method to study
the uncertainty in water resources prediction in a reduced
time scale and construct a dynamic model of water quotas
in the hospital industry by using the principles of partial least
squares (PLS).
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