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We consider hyperbolic rotation (G,), hyperbolic translation (G,), and horocyclic rotation (G,) groups in H?, which is called
Minkowski model of hyperbolic space. Then, we investigate extrinsic differential geometry of invariant surfaces under subgroups of
G, in H. Also, we give explicit parametrization of these invariant surfaces with respect to constant hyperbolic curvature of profile
curves. Finally, we obtain some corollaries for flat and minimal invariant surfaces which are associated with de Sitter and hyperbolic

shape operator in H’.

1. Introduction

Hyperbolic space has five analytic models, which are isomet-
rically equivalent to each other [1, 2]. In this study, we choose
Minkowski model of hyperbolic space which is denoted by
H’. In a different point of view, we may consider invariant
surface as rotational surface. In this sense, rotational surfaces
in different ambient spaces were studied by many authors. For
instance, in [3], Carmo and Dajczer define rotational hyper-
surfaces with constant mean curvature (cmc) in hyperbolic
n-space. They also give a local parametrization of this surface
in terms of the cmc under some special conditions. In [4],
Mori studied elliptic, spherical, and parabolic type rotational
surfaces with cme in H?. In [5], the total classification of the
timelike and spacelike hyperbolic rotation surfaces is given
in terms of cmc in 3-dimensional de Sitter space S;. As a
general form, explicit parametrizations of rotational surfaces
with cmc are given in Minkowski n-space by [6].

This paper is organized as follows. In Section 2, we give
briefly the notions of H-point, H-line, H-plane, and H-
distance in hyperbolic geometry of H. Throughout this work,
the prefix “H-" is used is the sense of belonging to hyperbolic
space. It is well known that H-isometry is a map which is
preserved H-distance in H®. The set of H-isometries is a

group which is identified with restriction of isometries of
Minkowski 4-space IR‘I1 to H’. Let the group of H-isometries
be denoted by G in H*. We consider subgroups G,, G,, and
G, of G with respect to leaving fixed timelike, spacelike,
and lightlike planes of R}, respectively. Then, we give the
notions of H-rotation, H-translation, and horocyclic rotation
which are one-parameter actions of G in H*. Moreover, we
obtain some properties of H-isometries. There exist three
kinds of totally umbilical surfaces which are called H-sphere,
equidistant surface, and horosphere in H?. We obtain a
classification of H-isometries by the subgroups G, G, and G,
with respect to leaving fixed equidistant surfaces, H-spheres,
and horospheres in H°, respectively. In Section 3, we give
the basic theory of extrinsic differential geometry of curves
and surfaces in H>. In Section 4, we investigate surfaces
which are invariant under a subgroup of H-translations in
H’. Moreover, in the sense of de Sitter and hyperbolic shape
operator in H, we study extrinsic differential geometry of
these invariant surfaces by using notations in [7, 8]. We give
a relation between one of the principal curvatures of the
invariant surface and hyperbolic curvature of profile curve of
the invariant surface in H>. In a different viewpoint, we obtain
explicit parametrization of some invariant surfaces in terms



of constant hyperbolic curvature of profile curve. Moreover,
we give some geometric results with respect to constant
hyperbolic curvature of profile curve for flat and minimal
invariant surfaces in H’. Finally, we give a classification
theorem for the totally umbilical invariant surfaces in H>.

2. Isometries of H*

In [9], Reynold give a brief introduction to hyperbolic
geometry of hyperbolic plane H*. Also, he described explicit
descriptions of the hyperbolic metric and the isometries of
the hyperbolic plane. In this section, we consider hyperbolic
geometry in H®. We especially determine isometry groups of
H? with respect to causal character of hyperplanes of R; then,
these isometry groups are classified in terms of leaving those
totally umbilic surfaces of H> fixed.

Let R} denote the 4-dimensional Minkowski space, that
is, the real vector space R* endowed with the scalar product

3
(xy) = —xo)p + in)’i ey

i=1

for all x = (xp0%p%0%3)s ¥ = (Vo V1> Voo ¥3) € RE
Let {ey, ;, €,, &;} be pseudo-orthonormal basis for R. Then,
(e;,€;) = 0;;¢; for signatures &, = —1, &, = ¢, = & = 1. The
function

q: R‘ll — R, q (x) = (x,x) (2)
is called the associated quadratic form of (-, -).

A vector v € R} is called spacelike, timelike, and lightlike
if (v,2v) > 0 (orv = 0), {v,v) < 0, and {v,v) = 0,
respectively. The Lorentzian norm of a vector v is defined by

IVl = VI{v, V).

The sets
H = {x € R[l1 (xx)=-1,x, > 1},
Si:{xeR‘f(x,x):l}, (3)
LC, = {x € R;l | (x,x) =0,x, > 0}

are called Minkowski model of hyperbolic space, de Sitter space,
and future light cone, respectively.

Let P be a vector subspace of R}. Then, P is said to be
timelike, spacelike, and lightlike if and only if P contains a
timelike vector and every nonzero vector in P is spacelike
otherwise, respectively.

Now, we give basic notions for hyperbolic geometry in H°.
From now on, we use the prefix “H-” instead of “hyperbolic”
for brevity.

An H-point is intersection U, N H* such that U, is 1-
dimensional timelike subspace of R} and is called Ay, An

H-line is intersection U; N H? such that U, is 2-dimensional
timelike subspace of R} and is called Iy, An H-plane is
intersection U, N H* such that U, is 3-dimensional timelike
subspace of R} and is called Dy, .
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H-coordinate axes I j are denoted by intersections j =
Vo;N H? such that Vo; = Spley, e} for j = 1,2, 3. H-coordinate
planes D;; are denoted by intersections D;; = Wy;; N H? such
that Wy;; = Spleg, e, ;} for i, j = 1,2,3. H-upper (H-lower)
half-spaces of D;; are defined by intersections H* and upper
(lower) half-space of W;.

A hyperplane in IR‘l1 is defined by HP(v,¢) = {x € R‘f |
(x,v) = c} forapseudo-normalv ¢ IR‘Il and a real number c. If
v is spacelike, timelike, or lightlike, HP(v, ¢) is called timelike,
spacelike, or lightlike, respectively.

Three kinds of totally umbilic surfaces have H> which are
given by intersections of H* and hyperplanes HP(v, ¢) in R.
A surface HP(v,c)N M is called H- -sphere, equidistant surface,
and horosphere if HP(v, c) is spacelike, timelike, and lightlike,
respectively.

We now give the existence and uniqueness of any H-line
or H-plane in H?. Any given two distinct points determine
unique 2-plane through origin in R{ and three distinct points
determine unique 3-plane through origin in R}. So the
following propositions are clear.

Proposition 1. Any given two distinct H-points lie on a unique
H-line in W

Proposition 2. Any given three distinct H-points lie on a
unique H-plane in H’.

Also, we say that H-line segments Lz, H-ray | are
determined by two different H-points A and B in natural way.

Definition 3. Let y [ab] ¢ R — Iz c H be
parametrization of I;z. Then, H-length of I3 is given by

b
dy(aB) = [ |y @] d. 4)

If we take any hyperbolic space curve instead of L in
Definition 3, then H-arc length of any hyperbolic space curve
is calculated by formula (4) in the same way. Moreover, H-
distance between H-points A and B is given by

dy (A, B) = —arccosh ((A, B)) . (5)

Let T : Rf — R be a linear transformation. Then T
is called linear isometry (with respect to q) if it satisfies the
following equation:

q(T(x)) = q(x). (6)
Let matrix form of linear transformation T be denoted by T =

[£;;], 0 < i, j < 3 with respect to pseudo-orthonormal basis

{eg» €1, €,, e5}. The set of all linear isometries of R} is a group
under matrix multiplication and it is denoted by

0,(4) = {T € GL(4,R) | T'J,T = J}, (7)

where signature matrix J, = diag(-1,1,1,1). It is also called
semiorthogonal group of R} and so

det (T) = 1. (8)
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The subgroup SO,(4) = {T € O,(4) | det(T) = 1} is
called special semiorthogonal group. Let block matrix form of
TeO,4)beT = [TC‘ ff ] Then, T, and T are called timelike
and spacelike part of T, respectively.

Definition 4. (i) If det(T,) > 0 (det(T,) < 0), then T preserves
(reverses) time orientation.

(i) If det(T,) > 0 (det(T,) < 0), then T preserves
(reverses) space orientation.

Thus, O, (4) is decomposed into four disjoint sets indexed
by the signs of det(T,) and det(T,) in that order. They are
called O;"(4),0; (4),0;"(4), and O] (4). We define the
group

G={T €0, (4) | T}y : W’ — W’} . 9)
Elements of G preserve H-distance in H°. It is clear that
dyy (T (), T (B)) = dyy (A, B) (10)

for every T € G and A, B € H’. Thus, we are ready to give the
following definition.

Definition 5. Every element of G is an H-isometry in H>.

Thus, we say that G is union of subgroup which preserves
time orientation of O, (4). That is, G = O] " (4) U O] (4).

We consider G, G,, and G, subgroups of G which
leave fixed timelike, spacelike, and lightlike planes of R‘ll,
respectively. Let matrix representation of H-isometries be
T = [t;], 0 < i,j < 3 and let H-isometries J;, J,, and J,
be denoted by J, = diag(1,-1,1,1),]J, = diag(1,1,-1,1),and
J; = diag(1, 1, 1, —1), respectively.

We suppose that T € G,. Then, T leaves fixed timelike
planes V; = Sp{ey, e;} for j = 1,2,3 of R}. So that T(Vy;) =

! If T(Vy,) = Vi, for j = 1, then entries of matrix T must
bety =1,t,0 =0, = 0,and 5, = O and ty; = 0,¢;; = 1,
t; = 0, and t;; = 0. By using (7) and (8), we have ty; = 0,
t, = 0,t, = 0, and t;; = 0 and the following equation
system:

2 2 2 2
t, t15, =1, thy +15;, =1,

Ity +i3t33 =0, (11)
Iytsz —tysts; = t1

If the above system is solved under time orientation preserv-
ing and sign cases, then general form of H-isometries that
leave fixed timelike plane V;, of R} is given by

Ty, = RO JTT, mn=0,1 (12)
such that
10 O 0
o |01 0 0
Ry = 0 0 cosf —sinf (13)
0 0 sin@ cosf

forall @ € R.In other cases, if T'(Vy,) = Vi, and T(V3) = Vi3,
then general forms of H-isometries that leave fixed timelike
planes V,, and V,; of R} are given by

Ty, = RS,ZIT]Z,

Tos = Rg3];n]§’ (14)
m,n=20,1
such that
1 0 0 0
R = 0 cosf 0 sinf
6 " 10 0 1 0 ’
0 —sinf 0 cos6
(15)
1 0 0 0
R = |0 cos —sinf 0
6 710 sinf cosO 0

0 O 0 1

for all 6 € R, respectively. Thus, we say that the group G, is
union of disjoint subgroups of G; and G, such that

G, = {R
G(; — {ROI R02 R03 63];n4];n512n6 |

m 0, "m0, " my

01 02 R03
m, 0,7 m, 0, m;0,

|mieZ,0je[R},

m; € Z,Gj € R,my +ms +mg = l(modZ)};
(16)

thatis, G, = Gy UG, .
We suppose that T € G,. Then, T leaves fixed spacelike
planes V,-j = Sple;, ej} fori,j=1,2,30of R‘f. That is, T(V,-j) =

i

! If T(V,;) = Vy; fori = 2, j = 3, then entries of T must
bety, =0,t,, =0,t,, = l,and t5, = 0and ty; = 0,¢;5 =0,
t,; = 0, and t;; = 1. By using (7) and (8), we have t,;, = 0,
tyo = 0,1, = 0, and t;; = 0 and the following equation
system:

2

2 2
—tyo tto=-L

2
—tyy tt; =1

17)
~tootor + ot =0, (toot11 — tortio) taatss = 1.
If the above system is solved under time orientation preserv-
ing and sign cases, then general form of H-isometries that

leave fixed spacelike plane V,; of R} is given by

Ty = LYJTT0NS, monk=0,1 (18)
such that

coshs sinhs 0 0
o1 _ | sinhs coshs 0 0
L = 0 0 10 (19)
01

0 0



forall s € R. In other cases, if T'(V}5) = Vi and T(V},) = Vi,
then general forms of H-isometries that leave fixed spacelike
planes V,5 and V,, of R} are given by

T,; = LPJTL)5,
Ty, = LIS, (20)
m,nk=0,1

such that

coshs 0 sinhs 0
0 1 0 0

02 _
L= sinhs 0 coshs 0|’ (21)
0 0 0 1
coshs 0 0 sinhs
03 0 10 0
L'=1 0 01 o (22)

sinhs 0 0 coshs

for all s € R, respectively. Thus, we say that the group G, is
union of disjoint subgroups of G| and G such that

Gl = {Li, L L T

mys; T m,s,
(23)
m; € Z,s; € Rymy + ms + mg = O(modZ)},
- 01 02 03
Gl = {LmlslLmzssz3s3]rln4];n5];n6 |
(24)

m; € Z,s; € Rymy + ms + mg = 1(mod2)};

thatis, G; = G] UG,.

We suppose that T € G,. Then, T leaves fixed lightlike
planes D;; = Sp{e, + e, e;} for j = 1,2,3 of R}. So that
T(Dy) = D;;.

IfT(D,,) = Dy, fori = 1, j = 2, then entries of matrix T
must be

too T tor = 1, o+t =1 tyo + iy =0,
(25)
t3o +13; =0,

tp =t =13 =0, fy =1

By using (7) and (8), we obtain the following equation system:

1 -2t +toy=—1, 12t g+t =1,

1 =to9 = 1o +to3t13 =0, —ty +tostsy =0, (20)
—tyo + ty3ty3 = 0, —t3 + ty3t33 = 0,
fystz3 =0, ~tostsg + tistsg + (too = tho) £33 = %1

If the above system is solved under time orientation preserv-
ing and sign cases, then general form of H-isometries that
leaves fixed lightlike plane D, of R} is given by

Topp = Hille”IZ, m,n=20,1 (27)

Journal of Applied Mathematics

such that
2 2
1+A— S 0 A
A 2 2/\2
= 2 1-5 01 (28)
0 0 10
A -2 01

forall A € R. In other cases, we apply similar method. Hence,
if H-isometry that leaves fixed lightlike plane D;; of R} is

denoted by Hgi] , then we have the following H-isometries:

_ 2 2 _
1+% —% A0
2 2
O A
A -A 10
[ 0 0 0 1]
- 2 2 -
1+/\— 0 —% A
0 1 0 0
H = e 2 ’
2 o01-% 12
2 2
[ A 0 -1 1]
- 2 2 -
1+/\7 A —% 0
A1 -2 0
7= 5 e | (29)
— A1-—0
2 2
L 0 0 0 1]
_ /\2 /\2 -
1+7 0 A —7
031 _ 0 10 0
BE=l 2 o1 |
A,Z 2
Looai-t
L 2 2 s
_ /\2 Az -
1+? A —?
032 _ A 10 -7
H™ = 0 01 0 ’
A A
— A01-—
L 2 2 B
and we obtained the following general forms:
013 ymyn
T3 = H)tl J,7;
021 ymyn
Toy = H) 1]1 J3
023 ymyn
Tops = H) " T1 )5 (30)

Ty = Hg“l;n];
Tos, = Hgﬁlinl;

m,n=20,1.
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So, we say that the group G, is union of disjoint subgroups of
G, and G, such that

+  [77012 17013 13021 77023 17031 57032 gm, qmmg1imy
G2 - {HmIAIHmz/lzHm3A3Hm4/\4Hm5/\5Hm6A6]1 ]2 ]3 |

m; € Z,A; € Rym; + mg + mg = O(modZ)},
— _ [gg012 §y013 §g021 37023 3031 14032 gy ymg iy
G2 - {HmlAlHmz/\zHm3A3Hm4/\4Hm5/15Hm6)\6]1 ]2 ]3 |

m; € Z,A; € Rym; + mg + mg = l(modZ)};

31)
thatis, G, = G, UG,.
Hence, it is clear that
G=GyUG,UG,,
(32)
GO n Gl n G2 = {14, ]1, ]2; ]3: ]1]2) ]1]3’ ]2]3’ ]1]2]3} .
However, we see that easily from matrix multiplication
0jp0j _ poj
Ry Ry, =Ry,
0jy 0 0j
lejLszj = Ls;]-f-sz’ (33)

0ij40ij _ 170ij
H/ll H/\2 = HA1+A2’

for any s,s,,0,,0,,1;, A, € R.
Let parametrization of H-coordinate axes l;;, [,, and /y;
be

Iy : [0,00) — H, ly; (r) = (coshr,sinhr,0,0),

Iy, : [0,00) — H?, Iy, (r) = (coshr,0,sinhr,0), (34)

lys : [0,00) — H, lys (r) = (cosh,0,0,sinhr)

and let their matrix forms be

coshr coshr coshr
101 _ sinhr 02 _ 0 103 _ 0
o 0 ’ r ~ | sinhr |’ T 0 >
0 0 sinhr
(35)

respectively. After applying suitable H-isometry to H-
coordinate axis 1/ for j = 1,2,3, we obtain the following
different parametrizations:

501503701
H( 0,0, =Rg, Ry L,

02401402
Hip 0, =R, Ry 17, (36)

=]l

_ 1,035,02,03
r6,6,) = Rg Ry’ 1,

for hyperbolic polar coordinates » > 0,0, € [0,7] and 0, €
[0, 277]. Thus, we see roles of H-isometries Rg_] and Lgk in H?
from equations

01 _
R, H0,0, = Hiro,.9+0,)

0275 =
Ry H 0,0, = Hip, 910,

033%
R((J H(Vﬂl ,0,) = H(rael "P+62)’

R23H(r,91,0) =H;6.6,0)
Rglﬁ(r,el,o) = H 440,00 (37)
Rgzﬁ(r,el,o) = ﬁ(r,¢+91,0)>
LSIH(r,o,o) = Hgr00)
Lgzﬁ(r,o,o) = ﬁ(err,0,0)’
LS3I:‘I(r,o,0) = I_:I(s+r,0,0)'
Moreover, ng and jo leave fixed l(r’j ; that is,

-1,
, (38)
RO]loj — 10]
9 “r r
Thus, we are ready to give the following definitions by (33)
and (38).

Definition 6. LY is H-translation by s along H-coordinate axis
ly; for j = 1,2,3 in H’.

Definition 7. jo is H-rotation by 6 about H-coordinate axis
l; for j = 1,2,3 in H’.

Definition 8. Hgfj is horocyclic rotation by A about lightlike
plane D;; for i, j = 1,2,3 (i # j) in H>.

Now, we give corollaries about some properties of H-
isometries and transition relation between H-coordinate axes
lo; with H-coordinate planes D;;.

Corollary 9. Any H-coordinate axis is converted to each other
by suitable H-rotation. That is,

12, j=30=21
o >

RY1% = 3 39
0 °r l(r)3> j=2,9=7ﬂ. ( )

Corollary10. A H-plane consists in suitable H-coordinate axis
and H-rotation. Namely,

_ Dy, j=1 k=2
R/ = 4D, j=2 k=3 (40)
12
D(r>¢)’ j=3 k=1



Corollary 11. Any H-coordinate plane is converted to each
other by suitable H-rotation. That is,

3
D2, j=3 0=2
RVp2 =] "7 2 (41)
0 2 (rg) T 13 - _r
D("s‘b)’ ] = 1, 0= E

Corollary 12. Any horocyclic rotation is converted to each
other by suitable H-rotations. Namely,

0l 190k 1507 770121 0j 15 0k 150!
R”, R% R H)"R/RYR))

- . T

H}"”, ]:1,0=5,¢>:o,q/=0

031 . s T

HA’ ]=1,k=2,0=5,¢=5,1//=0

:«Hg:)’z, j:l,k:z’l::},e:%,(p:g,w:g
. T T

nga, ]:3,]{:2)6:_5)(/):—5,1//:0

[HY', j=3,0=-7, ¢=0,y=0
(42)

After the notion of congruent in H’, we will give a
different classification theorem of H-isometries in terms of
leaving those totally umbilic surfaces of 1 fixed.

Definition 13. Let S and S’ be two subsets of H>. If T'(S) = &’
for some T € G, then S and S’ are called congruent in H>.

Theorem 14. An H-sphere is invariant under H-translation in
H.

Proof. Suppose that M is an H-sphere. Then, there exists a
spacelike hyperplane HP(v, —k) with timelike normal v such
that M = H* n HP(v, —k) for k > 0. So,

HP (v,—k) = {x € R} |

— VoXg + V1X] + VX, + V3x3 = —k, k> 0}.

(43)
Moreover, for w = v/|v|]| € H® and ¢ = k/||v|, we have
HP (w,—¢) = {x € [RAI1 | (x,w) = —c}. (44)
Since w € H°,
w = (cosh sy, sinh s, cos ¢, sinh s, sin ¢, cos 6, )

sinh s, sin ¢, sin ;)

for any hyperbolic polar coordinates s, € [0, 00), ¢, € [0, 7]

and 0, € [0, 27]. If we apply H-isometry T = LglsoR(fPoR%o €

G, then we have unit timelike vector e, such that

T (w) = e,. (46)
However, unit timelike normal vector e, is invariant under
LY. That s,

LY (ey) = (coshs)e,, j=1,2,3. (47)
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For this reason, if M is an H-sphere which is generated from
spacelike hyperplane

HP(eO,—c):{xeR‘fle:C, 621}, (48)
then we have
LY (M)=M (49)

by (47). Therefore, M is invariant under H-translations.

Finally, The proof is completed since M and M are congruent
by (46). O

The following theorems also can be proved using similar
method.

Theorem 15. An equidistant surface is invariant under H-
rotation in H’.

Theorem 16. A horosphere is invariant under horocyclic
rotation in H’.

Finally, we give the following corollary.

Corollary 17. Equidistant surfaces, H-spheres, and horo-
spheres are invariant under groups Gy, G,, and G, in H’,
respectively.

3. Differential Geometry of Curves and
Surfaces in H’

In this section, we give the basic theory of extrinsic differen-
tial geometry of curves and surfaces in H>. Unless otherwise
stated, we use the notation in [7, 8].

The Lorentzian vector product of vectors x', x*, x° is given

by
€ € € €&
11 .1 1
Xog X1 X3 X3
1,.2,.3
XAXANX =| 2 2 2 2| (50)
Xy X] X5 X5

3 .3
Xo X1 X3 X3

where {e,, ;,€,,e;} is the canonical basis of R} and x' =
(xg, X X5, X5), 1 = 1,2, 3. Also, it is clear that

<x, X' AX*A x3> = det (x, xl,xz,x3) (51)

foranyx € [R‘ll. Therefore, x' A x> AX is pseudo-orthogonal
to any xi, i=1,2,3.

We recall the basic theory of curvesin H>. Letac : I — H®
be a unit speed regular curve for open subset I ¢ R. Since
@' (s),a'(s)) =1, tangent vector of « is given by t(s) = o' (s).
The vector o’ (s) — a(s) is orthogonal to «(s) and t(s). We
suppose that «”’(s) — a(s) # 0. Then, the normal vector of «
is given by n(s) = (@ (s) = a(s))/le” (s) = a(s)|. However,
the binormal vector of « is given by e(s) = a(s) A t(s) A n(s).



Journal of Applied Mathematics

Hence, we have a pseudo-orthonormal frame field
{a(s), t(s), n(s), e(s)} of IR;* along « and the following Frenet-
Serret formulas:

o' (s) 0 1 0 0 1la(s)

t' (s) 1 0 k,(s) O t(s) (52)
n' (s) 0 —x,(s) 0 7,05 ||n(s)]|"

e (s) 0 0 -1,(s) 0 e(s)

where hyperbolic curvature and hyperbolic torsion of «
are given by x,(s) = [&(s) — a(s)| and T,(s) =
(- det(a(s), &' (s), &'’ (s), oc"'(s)))/(;ch(s))2 under the assump-
tion ('’ (s), &' (s)) # —1, respectively.

Remark 18. The condition (&’ (s),«”’ (s)) # —1 is equivalent
to k;,(s) # 0. Moreover, we see easily that k;,(s) = 0 if and only
if there exists a lightlike vector ¢ such that «(s) — ¢ a geodesic
(H-line).

If k,(s) = 1and 7,(s) = O, then « in H® is called a
horocycle. We give a lemma about existence and uniqueness
for horocycles (cf. [8, Proposition 4.3]).

Lemma 19. For any a, € W’ and a;,a, € S} such that
(a,a;) = 0, the unique horocycle with the initial conditions
y(0) = ay, y'(0) = a,, and y" (0) = a, + a, is given by

2
y(s) = ay +sa, + 53 (ap +a,). (53)

Now, we recall the basic theory of surfaces in H’. Let x :
U — H’ be embedding such that open subset U ¢ R*. We
denote that regular surface M = x(U) and identify M and U
through the embedding x, where i : U — M is a local chart.
Forx(u) = p € Mand u = (uy,u,) € U, if we define spacelike
unit normal vector

x () Ax, () AX, (1)

1 (u)

YR, @an, @] O

wherexui = 0x/0u;, i = 1,2, then we have (xui,x) = (xui,q) =
0,i = 1,2. We also regard # as unit normal vector field along
M in H*. Moreover, x(u) + n(u) is a lightlike vector since
x(u) € HP, n(u) € S?. Then the following maps E : U — $3,
E(u) = nw)and L* : U — LC,, L"(u) = x(u) + n(u)
are called de Sitter Gauss map and light cone Gauss map of
x, respectively [8]. Under the identification of U and M via
the embedding x, the derivative dx(u,) can be identified with
identity mapping ITp m on the tangent space T, M at x(u) =
p € M. We have that —-dL* = —Ip % (—dE).

For any given x(1,) = p € M, the linear transforms A , =
—-dE(u,) : T,M — TPM and S;‘; = —dL*(y,) : TPM —
T,M are called de Sitter shape operator and hyperbolic shape
operator of x(U) = M, respectively. The eigenvalues of A , and
S; are denoted by k;(p) and k; (p) for i = 1,2, respectively.
Obviously, A, and S; have same eigenvectors. Also, the
eigenvalues satisfy

ki(p)=-1%k/(p), i=1.2, (55)

where k;(p) and k; (p) are called de Sitter principal curvature
and hyperbolic principal curvature of M at x(u,) = p € M,
respectively.

The de Sitter Gauss curvature and the de Sitter mean
curvature of M are given by

K,y (uy) = det A, =k, (p)k, (p),

k, (p) +k, (p) (56)
2

at x(uy) = p, respectively. Similarly, The hyperbolic Gauss
curvature and the hyperbolic mean curvature of M are given

by

1
Hy (uy) = 3 TrA, =

Ky, () = detS, = ki (p) K (p).

K (p) + K (p) (57)
2

at x(u,) = p, respectively. Evidently, we have the following
relations:

+ 1 +
H;, (uo) = E TrSP =

K, =1%2H, +K,,
(58)
H; =-1+H,.
We say that a point x(1y) = p € M is an umbilical point
if k,(p) = ky(p). Also, M is totally umbilical if all points
on M are umbilical. Now, we give the following classification

theorem of totally umbilical surfaces in H? (cf. [8, Proposition
2.1]).

Lemma 20. Suppose that M = x(U) is totally umbilical. Then,
k(p) is a constant k. Under this condition, one has the following
classification.

(1) Supposing that k* # 1,

() ifk # 0and k* < 1, then M is a part of an
equidistant surface;

(b) ifk # 0 and k* > 1, then M is a part of a sphere;

(¢) ifk = 0, then M is a part of a plane (H-plane).

(2) Ifk* = 1, then M is a part of horosphere.

4. G,-Invariant Surfaces in H’

In this section, we investigate surfaces which are invariant
under some one parameter subgroup of H-translations in H>.
Moreover, we study extrinsic differential geometry of these
invariant surfaces.

Let M = x(U) be a regular surface via embedding x :
U — M such that open subset U ¢ R*. We denote by A
the shape operator of M with respect to unit normal vector
field 77 in H>. Let us represent by D, D, and D the Levi-Civita
connections of R}, H’, and M, respectively. Then the Gauss
and Weingarten explicit formulas for M in H’ are given by

DyY = DyY + (A(X), V) + (X, Y)x, (59

A(X) = -Dyn = -Dyn (60)
for all tangent vector fields X, Y € &'(M), respectively.



Let I be an open interval of R and let

at)=(a; (#),0,05(t), 0 (1))
(61)

0c:I—>D23CH3,

be a unit speed regular curve which is lying on H-plane D,; =
{(xg» X15 %55 X3) € H? | x, = 0}. Without loss of generality, we
consider the subgroup

coshs sinhs

00
— sinhs coshs 0 0
10
01

Gi=1L =", 0 <Gy (62)

0 0

which is H-translation group along H-coordinate axis [, (s) =
(cosh's, sinh's,0,0) in H?. Let M = x(U) be a regular surface
which is given by the embedding

x:U—H, x(st)=L (a(t), (63)

where U = R x I is open subset of R%. Since L (M) = M
for all s € R, M is invariant under H-translation group G,.
Hence we say that M is a G,-invariant surface and « is the
profile curve of M in H>.

Remark 21. From now on, we will not use the parameter “¢”
in case of necessity for brevity.

By (61) and (62), the parametrization of M is
x(s,t) = (a; (t) coshs, o (t) sinhs, a5 (1), a4 (1)) (64)

for all (s,t) € U. By (59),

Bxsx - (xs,x> X = Bxsx =X,

0,
_ _ (65)
0, = Dy x— (X, X)x = D, X = X,,

where 0, = Bxsx, 0, = Bxfx, X, = 0x/0s, and x, = 0x/0t. So,
we have

0; (s,t) = (e (t) sinhs, «; (£) coshss, 0,0),
0, (s,t) = (oci (t) coshs, (x; (t) sinhss, (x; ), oc"1 (t)) , (66)

<as (s,1), at (s, t)) =0.

Hence, v = {0,,0,} is orthogonal tangent frame of 2'(M).
If w(s,t) = x(s,t) A O (s,t) A 0,(s,t), then we have that
(w(s, 1), w(s, 1)) = ocl(l‘)2 and also o (t) > 0 for all t € I since
«(I) € H>. If the unit normal vector of M in H? is denoted by
n(s,t) = w(s, t)/llw(s, t)], then we have that

! ! ! ! .
n(st) = ((oc3oc4 - oc30c4) coshs, (oc30c4 - a3oc4) sinhs,
! ! ! !
00, — O 0y, O O — (xloc3)
(67)

and it is clear that

(1,05) =(1,0,) =0 (68)
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for all (s,t) € U. From (59) and (60), the matrix of de Sitter
shape operator of M with respect to orthogonal tangent frame
yof (M) is A, = [j ] atanyx(s,t) = p € M, where

_(-Dand) (Dsxom)
0,0 {xox)

_(Dynd) <§xsxt”7>,
<at’at> <xt’xt> ’

_(-Dynd) (D, x0m)
<at’at> <xt’xt> '

After basic calculations, the de Sitter principal curvatures of
M are

—p, (69)

! !
K0 — X3
k= =4 234 (70)
&

" ! ! " ! !
k, = «a; (043044 - oc3oc4) + oty (ocloc4 - ocloc4)
(71)
n ! !
+a, (cxlcx3 . ocloc3) .

Let Frenet-Serret apparatus of M be denoted by
{t,n, e, x;,, 7,} in H3.

Proposition 22. The binormal vector of the profile curve of G, -
invariant surface M is constant in H>.

Proof. Let « be the profile curve of M. By (61), we know that
« is a hyperbolic plane curve; that is, 7, = 0. Moreover, by
(52) and (59), we have that l_)te = —1,n = 0. Hence, by (52),

D,e = 0. This completes the proof. O

From now on, let the binormal vector of the profile
curve of M be given by e = (Aj, Ay, A5, A3) such that A;
is scalar for i = 0,1,2,3. Now, we will give the important
relation between the one of de Sitter principal curvatures and
hyperbolic curvature of the profile curve of M.

Theorem 23. Let M be G, -invariant surface in H*. Then, k, =
Alxh.

Proof. Let the binormal vector of the profile curve of M be
denoted by e. In Section 3, from the definition of Serret-
Frenet vectors, we have that k,e = a A o Al Also, by (50)
and (71), we obtain that « A &' A & = (0, k,,0,0). Thus, it
follows that x,e = (0, k,, 0, 0). For this reason, we have that
k2 = A’lxh' ]

As a result of Theorem 23, the de Sitter Gauss curvature
and the de Sitter mean curvature of M = x(U) are

! !
x, 0, — KX,
K, (p) = M}H’% (72)

1

! !
(oc3oc4 - oc3oc4) + A k0
H, (p) = » 73)

20,
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at any x(s,t) = p, respectively. Moreover, if we apply (58),
then the hyperbolic Gauss curvature and the hyperbolic mean
curvature of M are

(oc1 ¥ (oc;(x4 - 0c3ocfl)) (1FA%,)

K (p) = 74)
%
. ay (-2 £ Ay,) + (o — oc3oc£)
Hy, (p) = 73)
20,
at any x(s, t) = p, respectively.
Proposition 24. Let « I — Dy c H, aft) =

(e, (t),0,005(), oy (t)), be unit speed regular profile curve ofG_l—
invariant surface M. Then its components are given by

as (1) = \oy (t)? -1 cosg (1),
oy () = o, (£)> = 1sing (1), 76)

o () o () - 1
$®= Jo o (w)? -1

u.

Proof. Suppose that the profile curve of M is unit speed and
regular. So that, it satisfies the following equations:

—a, (1) + a5 (1) + o, (1) = -1, (77)
—a (1) + o (1) + o (1) = 1, (78)

forallt € I. By (77) and «, (t) > 1, we have that

as (1) = o (1> -1 cos g (t),
o, () = o (t)? - 1sing (),

such that ¢ is a differentiable function. Moreover, by (78) and
(79), we obtain that

(79)

_u® -’ -1

¢ (1)
(“1 0 - 1)2 (80)
Finally, by (80), we have that
t \/oc1 W)’ —al ()’ -1
= (81)
p(t) == L 2 1 du

such that ocl(t)2 - oc{(t)2 —1 > 0forall t € I. Without loss
of generality, when we choose positive of signature of ¢, this
completes the proof. O

Remark 25. If M is a de Sitter flat surface in H?, then we say
that M is an H-plane in H>.

Now, we will give some results which are obtained by (72)
and (74).

Corollary 26. Let « be the profile curve of G,-invariant
surface M in H’. Then,

(i) ifaz = 0 or oy = 0, then M is a part of de Sitter flat
surface;

(ii) ifx;, = 0, then M is a part of de Sitter flat surface;
(iii) if A, = 0, then M is a part of de Sitter flat surface.

Corollary 27. Let o be the profile curve of G,-invariant
surface M in W. If ay = pay, such that y € R, then M is a
de Sitter flat surface.

Theorem 28. Let « be the profile curve of G, -invariant surface
M in H>. Then, M is hyperbolic flat surface if and only if k;, =
+1/A,.

Proof. Suppose that M is hyperbolic flat surface; that is, K ﬁ =
0. By (74), it follows that

ay (1) 7 (05 (D oy (1) — s (1) o (1)) = 0 (82)

or
1F A%, (t) =0 (83)
for all + € I. Firstly, let us find solution of (82). If

Proposition 24 is applied to (82), we have that «,(t) F
(—\/ocl(l‘)2 - oc{(t)2 — 1) = 0. Hence, it follows that

o (1) +1=0. (84)

There is no real solution of (84). This means that the only
one solution is k;, = £1/A, by (83). On the other hand, if we
assume that x;, = +1/A,, then the proof is clear. O

Corollary 29. Let « be the profile curve of G,-invariant
surface M in H’. Then,

(i) if Ay = 1 and ;, = 1, then M is K, -flat surface which
is generated from horocyle;

(ii) if A, = -l and x;, = 1, then M is K, -flat surface which
is generated from horocyle.

Now, we will give theorem and corollaries for G,-
invariant surface which satisfy minimal condition in H*> by
(73) and (75).

Theorem 30. Let o be the profile curve with constant hyper-
bolic curvature of G, -invariant surface M in H>. Then, M is de



10

Sitter minimal surface if and only if the parametrization of « is
given by

a (t) = ((—2 + /\lei) cosh <(t +¢)\1- AZIK;ZI)
~A2i; sinh ((t +¢)\1- /\%Kﬁ))
X (—2 (1 - /\lei))_l ,
(85)
o, (1) = o (t)? - Lcosg(t),
a, (1) = e, ()% - 1sing (1),

t oy () —a! (u)? -1
<P(t)=J \/1 : d

o (u)2 -1

with the condition x;, € (=1/A,,1/A,) such that ¢, is an
arbitrary constant.

Proof. Suppose that M is de Sitter minimal surface; that is,
H,; = 0. By (73), it follows that

(o (1) oty (1) — 0t (8) ot (1)) + Ay, (£) = 0, (86)

for all t € I. By using Proposition 24, we have the following
differential equation:

ay () = (1= AlK) oy (B)° +1 = 0. (87)

There exists only one real solution of (87) under the condition
1-Ax; > 0. Moreover, A, must not be zero by Corollary 26.
So that, we obtain

K, € (— L1 ) (88)
" A A
Hence, the solution is

o (t) = <(—2 + Aixﬁ) cosh ((t +¢)\1- /\%Kﬁ)
Vi sinh((t+cl) \/1 —A%Kﬁ)) (89)
X (—2 (1 - Aixﬁ))_l ,

where ¢, is an arbitrary constant under the condition (88).
Finally, the parametrization of « is given explicitly by
Proposition 24.

On the other hand, let the parametrization of profile curve
a of M be given by (85) under the condition (87). Then it
satisfies (86). It means that H; = 0. O

Theorem 31. Let « be the profile curve with constant hyper-
bolic curvature of G,-invariant surface M in H>. Then, M is
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hyperbolic minimal surface if and only if the parametrization
of a is given by

o (1)
= (@7 a0 =2)cosh (e +a) V1- (27 01x,)7)
# (2 Ay, sinh (¢ + ) m))
x(2(-1+ (2% )leh)z))_l ,
& (1) = e, (1) ~ 1cosg (),
oy (0 = Ve, (07— 1sing (1),

oy (1) - o (17 - 1
¢ (1) = L PO d

(90)

with the condition 1-(2F\,x,)* > 0such that ¢, is an arbitrary
constant.

Proof. Suppose that M is hyperbolic minimal surface; that is,
H ,f = 0. By (75), it follows that

(=2 Myx,) oy (8) + (0 (1) oty (1) — ot (B) o () = 0. (91)
If Proposition 24 is applied to (91), we have that
ay (0 +((-2£ 4yx,)" = 1) o (17 +1=0.  (92)
There exists only one real solution of (92) under the condition
(-2+ M) —1<0. (93)
Thus, the solution is

o (1)
= (((2 T Ax,) _z)cosh ((t +¢) m>
+(2- /\l;ch)Z sinh((t+ aq)\V1-(2 1)‘17%)2))

X (2 (—1 +(27 AIK;,)Z))_I ,
(94)

where ¢, is an arbitrary constant under the condition (93).
However, A, must not be zero by Corollary 26. So that, if M
is H; -minimal surface (H,, -minimal surface), then we obtain
Ky € (1/A,3/A)) (x, € (=3/A;,-1/A,)) by (93). Finally, the
parametrization of « is given explicitly by Proposition 24.
Conversely, let the parametrization of profile curve « of
M be given by (90) under the condition (93). Then, it satisfies
(91). It means that H;, = 0. O

Now, we will give classification theorem for totally umbil-
ical G,-invariant surfaces.
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Theorem 32. Let « be the profile curve of totally umbilical G, -
invariant surface M in W°. Then, the hyperbolic curvature of &
is constant.

Proof. Let M be totally umbilical G,-invariant surface. By
Theorem 23 and (70), we may assume that k,(p) = k,(p) =

Ak, (t) for all x(s,t) = p € M. Then, we have the following
equations:

A (as) = _Baﬂ = _Exsyl = _/\lxh (t) X

A(o,) = _Baﬁ = _Exﬁ = -5, (1) %,

Dat (Daﬂ) = Dx¢ (stl’]) = Dxtrls’
Bas (Bat”l) = Exs (Ext’/l) = 5xsl/lt'
By (95), we obtain that
—Exﬁs =-\ (K,’1 () x, + K, () xst),
(96)

_stﬂt = _AlKh (t) Xs-
Also, if we use the equations _ths = Bxﬂt and x;, = X, in

(96), then it follows that AIKL(t) = 0 forall t € I. Moreover,
A, must not be zero by Corollary 26. Thus, x;, is constant. []

Corollary 33. Let o be the profile curve of totally umbilical

G,-invariant surface M in H>. Then we have the following
classification.

(1) Supposing that & # 1,

(@) if &€ # 0 and & < 1, then M is a part of an
equidistant surface;

(b) ifE # 0 and & > 1, then M is a part of a sphere;

(c) if€ =0, then M is a part of a H-plane.

(2) If€* = 1, then M is a part of horosphere,
where & = Ak, is a constant.

Proof. We suppose that & = A,x;,. By Proposition 22 and
Theorem 32, we have that & is constant. Moreover, £ is de Sitter
principal curvature of M by Theorem 23. Since M is totally
umbilical surface, de Sitter shape operator of M is A, = &I,
where I, is identity matrix. Finally, the proof is complete by
Lemma 20. O

Now, we will give some examples of G, -invariant surface

in H. Let the Poincaré ball model of hyperbolic space be
given by

3
B’ = {(xl,xz,x3) eR’| lez < 1} (97)
i=1

1

with the hyperbolic metric ds? = 4(dxf + dx% + dx§ )/(1— xf -
x5 - x3). Then, it is well known that stereographic projection
of H is given by

o:H — B,

X1 X X3

(98)
D (xg, X1, %5, X3) = > > .
(%0, 1, %3, %3) <1+X0 1+x, 1+x0>

We can draw the pictures of surface x(U) = M by using
stereographic projection ®. That is, ®(M) ¢ B> such that
x(U) =M c H’.

Example 34. The G,-invariant surface which is generated
from «a(t) = (V/2,0,cost,sint) with hyperbolic curvature
Ky, = V2 is drawn in Figure 1(a).

Example 35. Let the profile curve of M be given by

a(t) = <\/E+%(—1+ \/z)tz,O,l—%(—l + \/E)tz,t>
(99)

such that hyperbolic curvature x;, = 1. Then, M is hyperbolic
flat G,-invariant surface which is generated from horocycle
in H? (see Figure 1(b)).

Example 36. The G,-invariant surface which is generated
from

a(t) = (1 <—1 +4coshﬂ),0,
3 2

2 V3t 2 . A3t
—| -1+ cosh— |, — sinh —
3 2 V3 2

(100)

with hyperbolic curvature «;, = 1/2 is drawn in Figure 1(c).

Example 37. Let the profile curve of M be given by
a(t)

t t t t
= | 2cosh — - sinh —, 0, cosh — — 2 sinh —, \/5)
( V3 V3 V3 V3
(101)

such that hyperbolic curvature x;, = V2/+/3. Then, M is
totally umbilical G, -invariant surface with & = 2/3 in H?
(see Figure 1(d)).
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(c)

(d)

FIGURE 1: Examples of some G, -invariant surfaces.
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