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The variational homotopy perturbation method VHPM is used for solving n-dimensional Burgers’ system. Some examples are
examined to validate that the method reduced the calculation size, treating the difficulty of nonlinear term and the accuracy.

1. Introduction

The variational iteration method VIM and the homotopy
perturbation method HPM were proposed by He in [1-
6]. Many researchers used these methods in a variety of
scientific fields of partial differential equations PDEs includ-
ing Burgers’ equation which arises in many of physically
important phenomena [7-9]. It was shown that the methods
are stronger than other techniques such as the Adomian
decomposition method [10-18]. In our work #n-dimensional
Burgers’ equation is solved by the variational homotopy
perturbation method VHPM which is combination of VIM
and HPM. The VHPM was proposed in [19-21]. Vector
Burgers’ system is given by [22]

U, + (U-V)U = uAU, 1)

where u,,u,, ..., u, are the velocity components and y is the
kinematic viscosity. t is time and A and V are
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X1 X X
0o 0 0 ©
V=—+t—+-4—.
X1 X Xn
Equation (1) can be written as
ou; < Ou;
— + )u— =phu;, i=12,...,n

2. Variational Iteration Method

According to the variational iteration method [2, 3, 10-14] we
can write the correction functional for (3) as

t . " 1.
W = un+J LE | %y

i M A | dE, 4
) % +j:1u18xj pAi; | dE, (4)

wherei = 1,2,...,n,u = u(x;, &), A is a general Lagrangian
multiplier which can be found via variational theory, and #;
are restricted variation which means 8#; = 0. The solution is
given by

Ui (xl’t) = ,}ngou(i,n) (Xj,t) > ] =12,...,n (5)

3. Homotopy Perturbation Method

Applying HPM according to [4-6, 15-17] for (3), we construct
the following homotopy:
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wherei = 1,2,...,n, k = 1,2,...,p € [0,1] is an embed-
ding parameter, while u, 5 = f (x]-,O), Upg) = fz(xj,O),
o U(n0) fa(x;,0) are initial approximations of (3).
Assume the solution of (3) has the form

o0
w =Y pugey (xpt),
£=0

Now, substituting u; from (8) in (7) and comparing coefhi-
cients of terms with identical powers of p we get

—Hlugy | =0,

ij=1,2,...,n (8)
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The solution of (7) is
u; (xj’ t) =Ugoy UGy UGy oo (10)

4. Variational Homotopy Perturbation Method

Consider (3) according to [19-21]. In HPM, assume that the
solution of (3) has the form

(o)

¢
u; = Zp Ugip) (xj,t) =v, 4,j=12,...,n,
£=0
1
SV
uj = Zp Ugje) (xj,t) =vp Lj=12,...,n
£=0
From (11), (3) can be written as
o~ O
— + ) vi—— =ulAv;, i=12,...,n
=, ;Jaxj uhv, (12)

In VIM, from the correction functional for (12) we can write

Vi+1:V0+PJ A (E)I: S %+MA171.:| dé, (13)

j=1 J
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wherei = 1,2,...,n, v = v(x;,&); from (11) in (13) and by
comparing the coefficients of like powers of p, we get

0) = f; (xj,O) ,
p U1 (xj’ t) = J.o A; (©)
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0
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ouy;. (x . E)
' [‘”(J:n (x-€) (1;,7] (14)

J
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+ by (35,8 )] a,

The approximations solution is given by
u; (X)) = ) + ) + g+ (15)

To demonstrate the efficiency of the methods we have solved
some examples by VHPM as (1 + 1)-dimensional, (1 + 2)-
dimensional, (1 + 3)-dimensional, and 2-dimensional. Then
we can generalize it for (n+1)-dimensional or n-dimensional.

5. Application

Example 1. Consider (1 + 1)-dimensional Burgers’ equation
(17]

ou ou du
- e (16)
ot +”ax ox?
with the initial condition
u(x,0) = u, (x) = 2x. (17)
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The correction functional for (16) is

oU,, (x 39)

wﬂ—U+ij@[ +0, (r, ) a9

_ (18)
9T, (x9)

28 g

The general Lagrangian multiplier A can be found as follows:

A =0,
(19)
1+ Ay =
Then, A = —1.
Equation (11) can be written as
U= Zpeug (x,1). (20)
=0
Applying VHPM, we have
t
Uy + pu,y +p2u2+ .- :2x—pJ [(u0+pu1 +p2u2
0
0 2
+ '-)a(uo+pul+pu2+ ) dé (21)
t aZ
_PL[ az(”O+P”1+P”Z )]di.
Comparing the coefficient of like powers of p, we get
t Uy = 2x,
0
[ Fh _ uo] d& = —4xt,
ou o’
|: bt § :| dé = 8xt (22)
[ oou, 0
3 2
Uy = — - =-1
P ug L [u2 5% ox 2“2] dt = —16xt?,
The approximations solution is given by
u(x,t) =ug+u; +uy +us+---. (23)

Exact solution is (u* = 2x/(1 + 2t)).
The results are in Table 1.

Example 2. Consider (1 + 2)-dimensional Burgers’ equation
(17]

ou ou u du

e y— 4 — 4 — 24
o “ox o2 T oy (24)

with the initial condition
u(x,9,0)=uy(x,y) =x+ y. (25)

3
TaBLE 1: Comparison of VHPM solutions with exact solution at t =
0.01 (Example 1).
x u” (x, y,t) u(x, y,t) |u* - u|
0.1 0.1960784314 0.1960784314 0
0.2 0.3921568628 0.3921568627 1x107"
0.3 0.5882352942 0.5882352941 1x107"
0.4 0.7843137254 0.7843137254 0
0.5 0.9803921568 0.9803921568 0
0.6 1.176470588 1.176470588 0
0.7 1.372549020 1.372549020 0
0.8 1.568627451 1.568627451 0
0.9 1.764705882 1.764705882 0
As above, we have
‘ U, (%, ,§)
Un+1:u0_pj [_Un(x’y>€) P
0 x
2 2
U, (6 p,8) 00U, (x0.8) g
0x? oy? ’
) t
Uy + pu; + puy + --=x+y—pj [—(u0+pu1
0
(26)
2 J 2
+p u2+~-)a(u0+pul+p u, + -~)]d£
t aZ aZ
- Uy + puy + pu - —lu
PL[az(o P1P2 )ay2(0
+ puy + pluy + )] dt.
Comparing the coefficient of like powers of p, we get
0
P iUy =x+y,
1
p ou = (x+y)t,
2 2
Py = (x4 )0 (27)
3 3
pius=(x+y)t,
The approximations solution is given by
u(x, y,t) =ug+uy +uy +us+ooe. (28)

Exact solution is (1™ = (x + y)/(1 - t)).
The results are in Table 2.

Example 3. Consider (1 + 3)-dimensional Burgers’ equation
(17]

ou  ou o’u *u du

u_,ou, o, du du 29
ot "ox Tox2 o o (29)



TaBLE 2: Comparison of VHPM solutions with exact solution at x =
0.1 and y = 0.1 (Example 2).
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TaBLE 3: Comparison of VHPM solutions with exact solution at x =
0.1, y = 0.1, and z = 0.1 (Example 3).

t u"(x, y,t) u(x, y,t) [u” —ul t u"(x, y,t) u(x, y,t) [u” —ul
0.01 0.2020202020 0.2020202020 0 0.01 0.3030303030 0.3030303030 0
0.02 0.2040816327 0.2040816326 1x107"° 0.02 0.3061224490 0.3061224490 0
0.03 0.2061855670 0.2061855669 1x107"° 0.03 0.3092783505 0.3092783503 2% 107"
0.04 0.2083333333 0.2083333325 8x 10710 0.04 0.3125000000 0.3124999987 1.3x 107
0.05 0.2105263158 0.2105263125 33%x107° 0.05 0.3157894737 0.3157894688 49x107°
0.06 0.2127659574 0.2127659475 9.9%x107° 0.06 0.3191489362 0.3191489213 1.49%x 107
0.07 0.2150537634 0.2150537381 2.53x107° 0.07 0.3225806452 0.3225806072 3.80 x 1078
0.08 0.2173913043 0.2173912474 5.69 x 1078 0.08 0.3260869565 0.3260868710 8.55x 1078
0.09 0.2197802198 0.2197801030 1.168 x 1077 0.09 0.3296703297 0.3296701545 1.752 x 1077
0.10 0.2222222222 0.2222220000 2.222%x1077 0.10 0.3333333333 0.3333330000 3.333x 1077
with the initial condition
The approximations solution is given by
u(x,9,2,0)=uy(x, y,2) =x+y+z (30)
We have u(x, y,2,t) =g +u +ty + s +--- . (33)
t
U,y =ty — pj [_Un (%, 3:8) aUn—(x, »4) Exact solution is (u* = (x + y + 2)/(1 - 1)).
0 0x The results are in Table 3.
2 2 . . . , .
B 0°U, (x, y,€) a 0°U, (x, ,§) Example 4. Consider two-dimensional Burgers equations
Ox? 0y? (23]
°U, (x, v, &)
- n—2 dg, ou ou ou 1[0 du
0z —tuUu—+tv—=—| —+— |,
ot ox 0y R\ox? o0y?
) t (34)
”0+P”1+P”2+"':x+y+z_PJ _(”o ov o ov 1 [ v
0 —tU— +V—=—=| =— + —
ot 0x Jdy R\ox* 0y?
+ puy + pin, (3D
0 3 with the initial conditions:
+ --)a—(u0+pu1+p u2+~~-) dé
x
3 1
o 9? 0* uy=u(xy0)=--—--———,
—pJ [—ﬁ(u0+pu1+p2u2+---)—ﬁ(uo 0 =u(x.0) 4 41+ bR
0 x y 3 X (35)
z 0= (620) = 4 T
+pul+p2u2+~--)—ﬁ(uo+pul+pzu2 4 41 +e0mIRE]
z

+)] d&.

Comparing the coefficient of like powers of p, we get
Pliupg=x+y+z,

pliu = (x+y+2)t,

priuy=(x+y+2)t (32)

P ius=(x+y+2)t,

The correction functional for (34) is

t d
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TABLE 4: Comparison of VHPM solutions with exact solution at x = 1, y = 0, and R = 100 (Example 4).
t u”(x, y,t) u(x, y,t) |u” — ul Vi (x, y, 1) v(x, y,1) [v" =
0.01 0.5000009030 0.5000009571 541x10°° 0.9999990970 0.9999990321 6.49 x 107
0.02 0.5000008752 0.5000009862 1.110 x 10”7 0.9999991248 0.9999990031 1.217x 1077
0.03 0.50000084383 0.5000010153 1.670 x 1077 0.9999991517 0.9999989741 1.776 x 107”7
0.04 0.5000008222 0.5000010445 2223 %1077 0.9999991778 0.9999989451 2327 x 1077
0.05 0.5000007969 0.5000010736 2.767 x 1077 0.9999992031 0.9999989161 2.870 x 1077
0.06 0.5000007724 0.5000011027 3.303 x 1077 0.9999992276 0.9999988871 3.405 x 10”7
0.07 0.5000007486 0.5000011318 3.832x 1077 0.9999992514 0.9999988581 3.933 x 1077
0.08 0.5000007256 0.5000011609 4353 x 1077 0.9999992744 0.9999988281 4.463 x 1077
0.09 0.5000007032 0.5000011900 4.868 x 1077 0.9999992968 0.9999987991 4.977 x 1077
0.10 0.5000006816 0.5000012191 5.375%x 1077 0.9999993184 0.9999987701 5.483x 1077
, t
Vo =V, +pj A, (E)[ Vot pyy+p vyt :"O_PJ0 [—(u0+pu1
— 2 d 2
B oV, (x,£) +P“2+"')a_(V0+PV1+PV2+"') dé
+V, (6,8) ———— *
Ox .
— 2
— v, (x,,€) t _PJ [(V0+PV1+P V2
+0, (1) S22 g p [ 1,0 0
X 0 a
2
— — +---)—(vo+pv1+pv2+--~)]d£
1 (9°V, (xy, *V, (x,v, 0x
o1 n(63:8) OV, (6y:8) g,
R 0x? 0y? 11/ &
(36) _PJ [ (a 2(V0+PV1+PV2 )
2
The general Lagrangian multipliers are A, = -1 = A,. d
8 srang P 1 2 62<V0+PV1+P v, + ))]dE
Equation (11) can be written as (38)
o0 . . .
Comparing the coefficient of like powers of p, we get
U= p'u (xp1),
=0 3 1
37 A
oo (37) o |07 17 41+ 00R
V=Y plv, (x 1), Py o3 1
&0 YT 4T 41 1 OoRB]
By VHPM, we have 1 Re W/ACyIRy
U =—
y o128 e—<1/8><—y+x>R]2
5 t p: 1 ReW®Cr+R;
Ug + puy + p Uy + ":”O_PJ _(”0+P”1 vy = ¢ ,
0 128 [1+ e (/8r+0R]?
0
2 2
+p u2+...)a_(u0+pu1 +p I/l2+"'):|d€ -1 RZe—(1/4)(—y+x)Rt2
i 2= 2048 1/8 R]4 (39)
t o 1+ /By
2 . 1 RZ — 1/4)(—y+x)Rt
- Vot pv + DV
p JO ( 0 p 1 P 2 VZ e
2048 [1 + 6_(1/8 —y+X) ]
0
+o) == (g + puy + pluy + )] d 1 RPe-G/8CynR3
U, =
s | 327681 4 e /B-yroR]S
p 1 R3eGBr0R3
vy =

ox
[ ( u0+pu1+pu2 )
(

+ puy + pluy + ))]df,

32768 [1 + e~ (/8)-y+2)R]®’



The approximations solution is given by

u(x, y,t) =ug+u; +uy +us+--,
(40)
vy t) =vot v vyt vyt

Exact solution u* = 3/4 — 1/4(1 + @~ 4-ORB2y, \x = 374 4
1/4(1 + e(4y—4x—t)R/32).
The results are in Table 4.

6. Conclusion

In this work, the approximate solutions of n-dimensional
Burgers’ equations are obtained by combination of two pow-
erful methods VIM and HPM in VHPM. The examples have
shown the efficiency and accuracy of the VHPM; it reduces
the size of computation without the restrictive assumption to
handle nonlinear terms and it gives the solutions rapidly.
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