Supplementary Materials to
Partial Derivatives Estimation for Underlying
Functional-Valued Process in a Unified Framework
By Yunbei Ma, Fanyin Zhou and Xuan Luo

Some technical Lemmas needed for our main results are stated and proved below.

Lemma 1. Let Z; = Xi(Simi, Tim) 07 €y fori=1,--+ m,m=1,--+  M;, l =1, Lip.

Suppose for some X € (2,00) that

E ( sup |Xi(SimZ,Tim)|)‘) < 00 and Ele]* < oo, (1)
SESteT
Define
Iem 1 & 1 oo
Dy((s1,52), (t1, ) = E;Mmz_l L 2 Zisi I (Simi € [51 A 52,51V 82)) I (Tim € [t1 Aoty V t3]),

and D((s1, $2), (t1,t2)) = E[D,((s,s + u), (t,t +v))]. Let c,, ¢, be any positive sequences
tending to 0 and Bn = cucly(Vn21 + Vn20Cn + Yn11¢, + cncl), then if B (logn/n)=2/* = o(1),
we have
sup sup |Dn((s,5 +u), (t,t 4+ v)) — D((s,5 +u), (t,t +v))| = Oqs.(n"*(8, logn)'/?).
i

Proof. We can treat the positive and negative parts of Z;,,; separately, and will assume
below that Z;,,; is nonnegative. Define equally-spaced grids B,, = {ux} and B], = {v}},

where uy = ke, for k =0,--- [+ ]andu oy =a, and vy = k'c), fork’:O,~~,[Cii],and

Cn

7
n

vy =b. For any s € [0,al, t € [0,b] and |u| < cp, [v] < ¢, let uy, be a grid point that is

within ¢, of both s and s + u, which exists; let vy be a grid point that is within ¢, of both
t and t + v, which exists. Note that

|D,((s,s +u), (t,t+v)) — D((s,s +u), (t, t+v))|
< | Dn((ug, s +u), (v, t +v)) — D((ug, s + u), (vgr, t + v))|
+ |D7L((uk7 8)’ (Uk” t)) - D((uk’ 8)7 (U/C’v t))| + |Dn((u/€’ s+ u)7 (Uk’7t)) - D<<u/€7 s+ u)7 (Uk’7t))|

+ | D ((ug, ), (vpr, t +v)) — D((ug, ), (vpr, t +0))|,



then we have

sup | Dn((s,s+u), (t,t+v)) — D((s,s +u), (t,t +v))|

s€[0,al,t€[0,b]
< 4 sup Vi(s,t,cn, ), (2)
sEBy teB],
where V,,(s,t,cp,c,) = sup  |D,((s,s+u), (t,t +v)) — D((s,s+u), (t,t +v))|.

ful<en.Jvl<c,

Let o, = n~Y2(3,logn)? and p, = B,/ay, and define D*((s, s +u), (t,t +v)), D*((s,s +
u), (t,t+v)) and V,*(s,t, ¢, c,) in the same way as D, ((s, s+u), (t,t+v)), D((s,s+u), (t,t+
v)) and V,,(s,t, ¢, ), except with Z;l(Zimu < pn) replacing Zj,;. Then

sup  Viu(s,t,cn, ) < sup V(s t,cn,c) + At + Apa, (3)
SEBy tEB], sEBy teB],
where
Anl = sup sup \Dn((s,s—i—u),(t,t—i—v))—DZ((s,s—l—u),(t,thU))],
s€[0,a] |u|<cn
tG%O,b]} ||v|<c;L
A’VLQ = Sup sup |D((s,s—|—u),(t,t+v))—D*((s,s+u),(t,t+v))|

s€[0,a] |u|<en
t€[0,0] |v]<cy,

We first consider A,; and A,5. For all s,¢ and u, v, by Markov’s inequality,
(Dn((s, s +u), (t,t+v)) = Dy ((s,s +u), (t,t+v)))

1 n 1 M; 1 Lim
- Zl M Zl le ; szl[ iml > pn)
Lim,
[ ZszlI Zlml > pn)] } :

<
{ zm

Consider the case Zj = X;(Simi, Tim), the other case being simpler. It follows that
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< Zi; Where Z’L = Ssup ’X1<Szmla712m)|)\7
s€[0,a]
te(0,b]

then we have

ot (Du((s,5 +u), (t,t+v)) — Di((s,s +u), (t, t +v)))
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By the SLLN, n~ 23" Z; “* E(sup |Xi(Sims, Tim)|)) < oo. Since a;'pt™> = o(1), it
s€(0,a
tgo,b}]

follows that

a;lAnl 2% 0, and a;lAng =0,
which yields to that
Anl + An? - Oa.s.(an)' (4)

We next focus on  sup V(s t,¢,,c,). For fixed s € B, and t € B!, we perform a further
s€Bn teB,

partition. Define w, = [p"/2¢,/an/® + 1] and w!, = [p'/2¢, Jon/* + 1], and u, = re,/w,

and v = r'd, Jwl, for r = —w,, —w, + 1,-+ Wy, and 7 = —w!, —w,, + 1,--- ,w!,. Note
that D7 ((s,s + u), (t,t + v)) is monotone in both |u| and |v| since Z;,,; = 0. Suppose that

0<u <u<L Uy, and 0 < v < v < vpyg, then

Dy ((s,5 +ur), (0 + o)) < Dp((s,s +u), (5t +0)) < Dp((s,8 + upsa), (8,1 4 v41)),
and

D*((s,s +u), (t,t +v)) < D*((s,s +u), (t,t+v)) < D*((8,8 + tps1), (£, T + Vprg1)).

Thus we have

D ((s,s+u,), (t, t+v.)) — D*((s,8 + uy), (t,t +v,))

+ D*((s, 8+ up), (t,t +v0)) — D*((8,8 + Upy1), ((, + v 41))

N

N

DZ((S,S +U7~+1) (t t"‘UT +1)

(t,

Dr((s,s4u), (t,t+v)) — D*((s,s +u), (t,t +v))
) D*((573+u7‘+1)7<t7t+vr’+1))
)

+ D*<<3 S+ Upy1), (t t+ UT’Jrl)) - D*((sa 5+ ur)? (t7t+ U?“/))>
from which we obtain that
|D:z((87 s+ u)) (tvt + U)) - D*((S, s+ U)7 (ta t+ U))|
< HlaX(Iim«r/(S, t)7 Rn(r41)(r'+1) (37 t)) + D*((S + Uy, s+ uT+1)7 (t + Ur’at + Ur’—l—l))a

where Ky (s,t) = |DE((s, s + up), (¢, t +v)) — D*((s, s + u,), (t,t + v,v))|. The same hold

if 0 < <UL Ugr, v KSUVL Uy K001, <UL U 0,0< vy KUK vy OF
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Up <UL Uy <0, v <0< vy <00 Thus,

V¥(s,t,cn, )| < max  Kppw(s,t) + max  D*((s+ up, S+ Upp1), (E+ v, t+ 00 41)).
—Wn ST<Wn —WnST<Wn
—w! <r'<w!, —w! <r'<w!,

For all r, r’

D*((s 4+ Up, S + Upgr), (t+ v, T+ Vpy1))

< puPr{s+u. <S<s+uy,t+ovw <T <t +v41}
< pPr{s+u, <S<s+upfPrit+o <T <t 4041}
Cn\, Ch
< MSMTP"(E)(w_;L)
< MsMrppno,.
Hence, for any B > 0,
Pr{V*(s,t,cn,c,) = Ba,} < Pr{ —wglg%’)éwn K (8,8) = (B — MgMr)au, }. (5)
—w! <! <w,

Suppose u, > 0, and v, > 0(other situations hold in the same way), let

VV’Lm 3 t L Z szlI pn)I(Szml € (87 s+ ur])a
and
1 W
Wi(s,t) = 37 mzl Win (Tim € (£t +vp]),

80 that i (s,1) = 5| 2L {Wi(s,8) = E(Wi(s, 1)) }]. Obviously, [Wi(s,t)=E(Wi(s, )| < pa,
)-

we next focus on the variance of m(s,t Note that
1 [ &
EW?(s,t) = W{ Z E[I/Vz-%](ﬂm € (t,t+ v,,/])]
t m=1

+ ZZ E [Wlszm/I(sz € (ta L+ Ur’])I(Tim’ € (tat + UT’])} }7 (6)

m#m/
we consider E[W2 (T, € (t,t+v])] and E[W; Wi I(Tir, € (t,t+0)) I (Tipy € (t,t+v,])]
separately. Since,
E [mel[(zzml < pn)[(szml € (87 s+ ur])‘T‘zm}
< E {E |: ml|SimlaT;m} ](Szml € (S, 5+ ur]>|T’zm}

< CPI{S < Szml S+ Ur|sz}
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and for [ £ I,

B [Zileiml’[(Ziml < pn)I(szl’ < pn)I(S'Lml € (S, s+ UTDI(Siml’ c (87 s+ ur])'ﬂm]
g E {E [ zlezml/‘Szmla Szml’ Em] [(Szml € (57 s+ ur])I(Siml’ S (57 s+ ur])’ﬂm}

< CPI{S < Szml S+ U, s < Szml’ s+ ur|1—;m}7

we have
E [W,m\sz}
- { Z E zmll pn>](Szml € <S7 s+ ur])r—r@m}
L’Lm
+ 3 B Zini Ziotr I (Zimit < )T (Zir < pu)1(Siamt € (8,5 + we) I (Signrr € (5.5 + 1)) | T }
£l

(ZPI‘{S < S’Lml S+ Ur‘sz}

im

+ Z Pr{s < Sy < s+ tp, s < Sipr < $+ u,,]Tlm}> ) (7)
1Al

It follows from Condition (6) that
E (W2 (T € (t,t+v0])]

— E{E (W2 T I(Ti, € (t,t+w])}

N

L;
C’le<ZPr{s < Simt K s+ Up,t < Ty <t + v}
=1

'L’VVL

ZPr{s < Simi <S8+ Up, S < Sipr < S+ Ut < Ty <t +vr/}>
LAl

N

CL2Pr{t < Ty, <t+ v (ZPr{s<S®ml S+ u,}

+ Z Pr{s < Simy < s+ u} Pr{s < S;pr < s+ ur})
LA
O Moy L2 (Lip M, + L:, M2u2)

N

= CMTMsl)T/UTL []. + (Lzm — 1)M5U7~] . (8)



On the other hand, by the Cauchy-Schwarz inequality,

E [Wszzm’I(ﬂm € (t, t+ UT’])I(,—Tim’ € (t,t + UT’])]

= E {E [WszVzm/‘T'zma 7ﬂzm’] [<T'zm € (tat + /Ur’])[(T’im’ S (tat + vr/])}

N

%{E (W2 I(Ton € (£t + v ) I(Tows € (. + v,])]

+E W2 (T € (t,t + v )) (T € (£, + vp0])] }

1
< §CMTMSU3/UT {Lit 1+ (Lim — 1)Msu,] + L5 [1+ (Liw — 1) Mg, ]}

By combining (8), (9) and (6), we have

1 1 M u WA
172 Sty Uy
EW?(s,t) < CMsMrv,u, [ 12 g > le + 77 mg —l—Ur/MsuT] ,

from which we conclude that for some constant C' > 0,

> Var(Wi(s,t) < Z EW?2(s,t)

Cn | Cn
< ol Y| fp e

1 1 L’Lm
1
= nCp,.

M;

Py

Lo
+ c,cn

m=

Then, by Bernstein’s inequality,

Pr{kpp(s,t) = (B — MsMrp)o,}
(B MSMT)2 2 2
QTZCﬂn §(B - MSMT)nanpn

- (B—MgMrp)? }
< n 2C+3(B-MgMy)~

Thus, by (5) and Boole’s inequality,

Pr{sup V*(s,t,cn,c,) = Bay,}
Selgn
ten;,

< (B () (2R

_ (B-MgMp)? }
2C+3(B-MgMr7)

p1/2cl
; 1> (2 [ o
(075

< C*pglann{

+1>n ¢

(11)



_ (B-MgMy)?
for some finite constant C* > 0. Note that p,'a,, = n/logn, and hence C’*pglann{ 2045 (B-MsMr)

is summable in n if we select B large enough. Thus by the Borel-Cantelli lemma,

sup Vn* (57 t,cn, Cln) = Oa.s.(an)7
SEB,
ten;,

which together with (2), (3) and (4) proves Lemma 1. [

Lemma 2. Let Z;,; be as in Lemma 1 and assume that (1) holds. For bandwidths hy, ha,

and nonnegative integers p, q, let

Dup(5:1) = Z}—ZI

Let B, = hiha(Vn21 + 29n20h1 + 29n11he + 4hihs), assume that hy — 0, hy — 0, and
B-1(logn/n)'=2/* = o(1), then we have

Siml - S Em —t
Z szlKhl iml — )Khz (,—sz - t)( hl )p( hg )q'

zm

\/ 1313/ (B 10g 1) $up [ Dug(5.) — E[Du(5. 1] = O (1. (12)

s€[0,a]
te[0,b]

Proof. Note that K, (s) = sPK(s) is a bounded variation for nonnegative integer D

and any bandwidth /1, then we can write K, = K ((;)) - K ((p)) where both K ((1) and K are

increasing functions. Without loss of generality, we assume that K’ ) (—1) =K ((5)) (—1) = 0.
Let Ky, ,(s) = (s/h)’Ku(s) , we further write

n Lim
1 1 1
anq(S,t) - EZMZ ZszlKh1p<Szml )th,q<ﬂm_t)
i=1 m=1 Lim 4=
1y 1% ! ZZ I(—h1 < Simi — 5 < M) (—hy < Ty — t < o)
- n Mz Lzm . iml X Miml sSx g 2 X Lim X 12

m=1

Slml s Tim—t
/ w&am/ U 40)

—h1 h2
M;

h1 1 n 1 1
— / / {Z ZL Zzzml[ zml_3<h1)1(vgﬂm—t<h2)}
i=1 lm 1

thuD( )th2,Q<U)

= / D,((s4+u, s+ h1), (t +v,t+ he))dKp, ,(u)dK}, 4(v),

where D,,((s 4+ u,s + h1), (t +v,t + hy)) is as defined in Lemma 1. By letting ¢, = 2hy and

¢ = 2hy, we apply Lemma 1 to D,,, which clearly satisfies assumption of Lemma 1, then we

7



have

sup |anq(5=t) - E[anq(s,t)ﬂ

s€[0,a],t€[0,b]
< sup  Va(s,t, 2h1,2h2)/ |dK,,q(v |/ |dKhy p(u
s€[0,a],t€[0,b] —
< bty MEQ) (1) + KON (1) + K2 (1) [Osl]lngn<s,t,2hl,2h2>
s€|(0,al,t€|0,
By Lemma 1, we have
sup  Vi(s,1,2h1,2hs) = O (n”"?(B, logn)'/?), (13)

s€[0,a],t€[0,b]

which yields to (12). Lemma 2 holds. [

Lemma 3. Let Zimll’ = X’L(Szmlaj_‘zm)Xz(Szml’,T’zm); X’i(Simlaj-'im)giml’ OT EimiEiml’ fOT'Z- =
1,---,n,m= M, LI =1,-++ | Lyy,. Suppose for some A € (2,00) that

E ( sup |Xi(Siml,Tim)|2)‘) < oo and Ele|* < oo, (14)
SsESteT
Define

Qn( 51,32)7(%,“2) (ti,t2))

n M;

L ZL* Zszll’

M; m=1""1n [y
](Siml - [81 A S9, 851 V Sg])](Siml/ - [Ul A\ Ug, U7 V UQ])I(Em - [tl A tg,tl V tg]),

1
n

=1

and Q((s1, s2), (u1,uz), (t1,t2)) = E[Qn((s1, 52), (u1,u2), (t1,t2))]. Let ¢, ¢, and ¢ be any

positive sequences tending to 0 and B, = cuchct(noa + Yn20CnCh + Yn12Ch + cnchcl), then if
B (logn/n)=2* = o(1), we have
sup  sup |Qn((s,5+v1), (u,u+v2), (t,t +v3)) — Q((s,5 4+ v1), (u,u+ ve), (t,t + v3))|
s,u€0,a] |vi|<cn

t€0,b] |vz|<ey,
|’U3|<C”

= Ous.(n”*(Bulogn)"/?).

Proof. The proof is similar to that of Lemma 1, and so we only outline the main
differences. Let «,, and p, be as in Lemma 1. Let B, = {v, } be equally spaced grid on [0, a
with vy, = ki¢y, for ky =0, | [i], and vy o] = a; let B;, = {v}, } be equally-spaced grid on

8



>, and vfﬁ] = a; let B), = {vy,} be equally-spaced

0, a| with Vo= /{;20/, for ks = 0,---,[%
ko n p
—le/], and vE’b ;= b. Define

grid on [0, 0] with v}, = ksc];, for ks = 0,--- |

Vn(sauwtacn)c'lmcg)
sup |Qn((s,8 4+ v1), (u,u+ ), (t, t+v3)) — Q((s, 8+ v1), (u,u + ve), (t, t + v3))],

|v1|<en
[v2|<c),
lus|<ey

then we have

sup Vi (s,u,t,cp,c,) < 8sup Vi (s,u,t, cp, c,,cr) (15)
s,u€l0,a] Seg"
ueB],

te(0,b]
teB;,
Now define @, Q* and V,* in the same way as Q,,, @ and V,, except with Zp I(Zimur < pn)

replacing Z;,,;». Then, we have

sup Vp(s,u,t, cp, ey ch) < sup V(s u,t, ¢,y ) + App + Ana, (16)
seBn S n
teB! teBy
where
A = sup sup |Qu((s,s+ v1), (1, u+va), (£t + v3))
seBy, |vi|<en
’U‘GB;L I’U;}SC%
teBy lvs|<e!!
= Qi((ss+ v0), (uyu+ va), (1t + ),
A’VL? = Sup Sup Q((S,S‘I—'Ul),(U,U+UQ),(t,t+U3))
s€By |vi|<en
u€Byp Jva|<cl,
teBy |us|<cl
= Q" (5 + v0), (wu+ ), (£, + v9))|
By the similar argument in the proof of Lemma 1, we can show that
(17)

Anl - 0a.s.<an) and AnQ - Oa.s.(an)

Now we consider V*(s,u,t, ¢, ¢, c). Similarly to the proof of Lemma 1, we create a further
partition. Let w, = [p1/3cn/a71/3 +1], w, = [p1/3c’n/a,1/3 + 1] and w! = [pl/?’c;’b/a,l/g + 1]

!/ / / no__ /! " _ —
, = 20, Jwy,, and vy, = r3cp) Jwy, for ry = —w,, —wn 1,0 Wy, Ty =

Define v,, = ri¢, /wp, v.



—w, —wl+1,- W and 3 = —w!, —w!+1, -+ ,w!”. Then for fixed (s, u,t) € [0,a]*x]0,],

* / /!
VX (s,u,t, e, Cycn)] < Max  Kppyryrs (S, U, t)
—Wn<r1<wn
—wy, <ro<wy,
—wp<ra<w),
* / / " "
+ —wy{g%}iwn Q ((3 + UT’M 5+ UT1+1)7 (u + Urga U+ U'r’g—i—l)’ (t + Urga t + Ur3+1))7
—w;, <ro<wy,

—wy <ra<w);

where
Fnrirors (8, 4, 1) = Q7 ((8, s4vr, ), (w, utvy,), (&, t407,)) = Q7 (s, s+our ), (uw, utu,, ), (¢ t+07))]-
For all r1,ry and r3, it’s easy to show that

Q*((S + UTU s+ U7“1+1)7 ('U/ + U1l"g7 U+ U;2+1)7 (t + U:”/;g? 13 + U;‘/ngl))

< MZMra,.
Thus, for any B > 0,

Pr{V*(s,u,t,cn, ) = Bay} K Pr{ max  Kpprs (S, U, 1) = (B — MiMyp)ay,}.  (18)

n’n

—WpSTr1<Wn
—w), <re<wy,
—wy <r3<wy,
Now let
1 le
VVz'm(Sa Uu, t) = I Z Zimll’](Zimll’ < pn)](szml S (37 s+ Un])](siml’ S (U, u + Ué])a
m 1Al
and

M,
1 T
Wils,ut) = 52 > Wil (Tim € (£ +0]]),
"' m=1
the by the similar algebra in the proof of Lemma 1, we

Z Var(W;(s,u,t)) < Z EW2(s,u,t)
i=1

=1
n M; M;
1 i CnC/ o ]
S Caddd g gz T T 2 Iz T ea
i=1 t m=1"'m g =1 im

The rest of the proof completely mirrors that of Lemma 1 and is omitted. [
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Lemma 4. Let Z;, be as in Lemma 8 and assume that (14) holds. For bandwidths hg, hg

and hs, and nonnegative integers p, q, r, let

z m

anq?‘(su u, t = - Z Z I Z Z'Lmll’th P 'Lml )Kh4,q(Siml/ - U>Kh5,r (Em - t)

m l#l/

where Ky ,(-) = (/)" Kp(+). Let B, = hahahs(Ynoz +4Yn20hsha + 27125 + 8hshyhs), assume
that hs — 0, hy — 0, hs — 0, and 3;(logn/n)'=%* = o(1), then we have

\/nhghihg/(ﬁn logn) sup |anqr(3= u,t) — E[anqr(s’ u,t)]| = Oqs.(1). (20)

s,u€l0,a]
te[0,b]

Proof. Obviously, we can write

Qnpgr (S, u,t) / / Qn (s 4 v1, 8+ h3), (u+ vy, u+ hy)(t +v3,t + hs))
ths,p(Ul)dKiMﬂ(vQ)th5,T(U3)7

where @), is as defined in Lemma 3. By letting ¢, = 2hg, ¢, = 2hy, ¢! = 2hs5, and applying

Lemma 3, we can obtain that

sup |anqr(3a u, t) - E[anqr(5> u, t)“
s,u€l0,a],t€[0,]

hs hyg h3
< s Vst 22, 20) [ a0 [ KOl [ 18,0
—ha —hs

s,u€l0,al,t€(0,b] —hs

< hgthithg KO (1) + KON DIK (1) + KO (DK (1) + K2 ()]

p P (q (r)

sup Via(s,u,t,2hg, 2hy, 2hs)
s,u€[0,a],t€[0,b]

= Oa.s.(\/ﬁn lOg n/nhghzhg)
Thus (20) follows. O

Lemma 5. Let Z;,,; be as in Lemma 1 and assume that (1) holds. For bandwidths hy, and

nonnegative integers p, let

_ 1 1 1 <
n — — 5 sz ’
N M; 1 Lim 121 l
n M; L;
~ 1 1 - 1 . Siml S
Dpp(s) = n A Z L. Z Zim K, (S ) hqy Y
i=1 Ym=1 """ =1



Then we have

Vn/(logn) |D,, ~ ED,| = 0,...(1). (21)

Let By = h1(Yno1 42720 +27n11ho +4hy), assume that hy — 0, and 3, ! (logn/n)'=2/* = o(1),

then we have

Dap() = EDup(5)]| = Ous (1), (22)

\/ nhi/(B,logn) sup

s€[0,a]
Proof. (21) is obtained directly by the law of large numbers. Actually, if we take the second
kernel function on D,,(s,t) defined in Lemma 2 as the uniform density function on [0,b],
then D,,,(s) is identical to Dpyo(s,t) with hy = b. Since b is finite, then following the same

proofs of Lemma 1 and Lemma 2, we can obtain (22).

Lemma 6. Let Z;,,r be as in Lemma 3 and assume that (14) holds. For bandwidths hs and

hs, and nonnegative integers p and q, let

n M; Lim
~ 1 1 S 1
anq(87 U) = E Z M. Z I Z szll’Kh3 P zml )Kh4,q(8iml’ - u)7
T — m 1Al
n M; Lim

an(S) = %21\1422[}; ZZ'Lmll’thp iml — )

m=1 """ £
n M; Lim

Qn = %Z ]\141 Z L}( Zszll’Khd iml — Siml’ —l—Uhg),

m l;él/

where Kp p(+) = (-/h)’ Ky ().
Let B, = hsha(Ynoo + 4vn20hshy + 27vn12 + 8hshy), assume that hy — 0, hy — 0, and
B (logn/n)=2/* = o(1), then we have

\/ﬂh%hi/(ﬁn logn) sup anq(37u) - E[anq(s,u)] = Ous.(1). (23)

s,u€l0,a]

Let B = hy(Yna2 +4Yn20hs +27n12 +8hs), assume that hs — 0, and 5 (logn/n)=2/* = o(1),

then we have

3/ (B ogn) 5 [Qup(s) = BIQup(4)] = O (1) (24)
and
\/nh2/ (B logn) |Qn — BQu| = 00 (1). (25)
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The proofs of (23) and (24) are similar to proofs of Lemma 5 and is omitted here. A
slightly modified version of Lemma 1 leads to the “one-dimensional” rate of Q,, as (25).

The following Lemma 7 is needed for the proof of Theorem 3 and Theorem 4.

Lemma 7. For any bounded measurable function ¢ on [0, al,

sup [(Av)(u)] = Ous.(On2(ha, 1,1) + y2a(h3, ha, hs) + 0p1 (R, 1) + y1a(ha, h2)) (26)

u€(0,a]

Proof.

(Ad)() = /Oa<és<s,u>—Gs<s,u>>w<s>ds

_ /0/0 (D(s,u,t) — D(s,u, t)]dte(s)ds
- [ [ s 0t ) — st )i sy

B, — B

Similarly to equation (36) in Appendix A.3, we have

[D(s,u,t) — D(s,u,t)]i(s) (27)

{ (5,0, t (wit, -+ swidts) + Oas(0n2(hs, hy, hs) +h3+h4+h5)}RZ(S7uat)'

Note that

t)dtd
s,ue[os,g]%eob] [fg (s,u,t ] / / npqr (s,u, s
S / / f2 s, u, t npqr(s U t)dtds
0

sup / / noar S u, t dtdS
suE[O(z] t€[0,b] |:f2 8 u,t :| e

then B, has the same uniform convergence rate of [ fob R, (s, u,t)dtds.
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According to the expression (31) in Appendix A.3, of R (s, u,t), it can be shown that

npqr (

n 1 M; 1 Lim
= Z_Z " Z Khdp iml dS/ Kh57" im )d
{ i=1 M m=1 Lim 1Al /
Kh4 q(Szml/ u) [}/;ml}/;ml’ (Szml: Szml’ T'zm)] :| + Oa 3(72d(h3a h47 hS))}
Vv~ 1 ok im
prTq
- o5 - Kh4,q(siml’ - U) [}/ile;ml’ - D(Simb Sz'ml’7 ﬂm)] i|
{ L — M; m=1""1m |4y

+ Oa.s(V24(h3; ha, hs))}
Thus by Lemma 6, we can obtain that uniformly for u € [0, al,
/ / Rnpqr S, Uu, t dtds = Oa.s.(éng(hzh ]., 1) + ’Ygd(hg, h4, h5))
which is also the rate of B,;. Next, we write
a b
| Gt i) sttt ) deis)ds
o Jo
a b a b
| ittt t) = utwiyarotids + [ [ is.) = st taos)ds
o Jo o Jo

Similarly to the derivation to equation (36) in Appendix A.3, we have Bys = O,4.5(0n1(h1, 1)+
~14(h1, ha)). Thus, we can obtain that uniformly for u € [0, a],

](A¢)(u)| = Oa.sA(6n2(h47 1, 1) + ’YQd(hg, h4, h5) + 5n1(h1, 1) -+ Vld(hla hQ)) (28)
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