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Malaria is one of the world’s most prevalent epidemics. Current control and eradication efforts are being frustrated by rapid
changes in climatic factors such as temperature and rainfall. This study is aimed at assessing the impact of temperature and
rainfall abundance on the intensity of malaria transmission. A human host-mosquito vector deterministic model which
incorporates temperature and rainfall dependent parameters is formulated. The model is analysed for steady states and their
stability. The basic reproduction number is obtained using the next-generation method. It was established that the mosquito
population depends on a threshold value 0, defined as the number of mosquitoes produced by a female Anopheles mosquito
throughout its lifetime, which is governed by temperature and rainfall. The conditions for the stability of the equilibrium points
are investigated, and it is shown that there exists a unique endemic equilibrium which is locally and globally asymptotically
stable whenever the basic reproduction number exceeds unity. Numerical simulations show that both temperature and rainfall

affect the transmission dynamics of malaria; however, temperature has more influence.

1. Introduction

Malaria is one of the world’s most prevalent epidemic
despite a series of control and eradication measures. It is
caused by the Plasmodium parasite transmitted between
humans through the bite of a female Anopheles mosquito
as it seeks blood necessary for ovipositon [1]. The malaria
parasites of humans are Plasmodium falciparum, Plasmo-
dium malariae, Plasmodium ovale, and Plasmodium vivax
[2]. Plasmodium falciparum and Plasmodium vivax are the
most prevalent species in the tropical areas and temperate
regions, respectively [3]. The life cycle of a mosquito begins
as an egg, it hatches into a larva which turns into a pupa,
then after about two to four days of pupation, the mosquito
emerges as an adult [4]. On biting a human host, the female
Anopheles mosquito injects sporozoites into the blood of the
human host. The sporozoite form of the Plasmodium para-
site multiplies in the host’s liver before developing into the

gametocyte form which is released in the bloodstream and
is ingested by a female Anopheles mosquito during a future
blood meal [5]. Malaria has a long incubation period so
symptoms can occur 7-30 days after the infection. Symp-
toms of malaria include fever, headache, body aches, chills,
and vomiting [6]. Severe malaria can develop when the
infection is not treated and may result in organ failure or
even death. Examples of severe malaria include cerebral
malaria, severe anemia, distress, kidney failure, acidosis,
and hypoglycemia [7]. Pregnant women and children aged
under 5 years are the most vulnerable groups affected by
malaria [8].

There are about 450 species of the Anopheles mosquito;
however, only about 35-40 transmit malaria. The Anopheles
gambiae, Anopheles arabiensis, and Anopheles coluzzii of
the Anopheleles gambiae species complex, and Anopheles
funestus of the Anopheles funestus species are major mos-
quito vector species of malaria in sub-Sahara Africa [9-11].
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Unlike humans, mosquitoes are ectotherms (they do not
regulate their own body temperatures) [12]. Both the
Anopheles mosquito vector and Plasmodium malaria para-
sites have highly temperature-dependent life cycles [13].
The aquatic immature Anopheles habitats are also strongly
dependent upon rainfall and local hydrodynamics. Change
in climatic factors may establish conditions favourable for
the malaria parasite and vector development and repro-
duction leading to the occurrence of malaria in previously
disease-free areas, or change the intensity of malaria trans-
mission due to changes in biting patterns determined by
seasonal factors [14]. Malaria prevalence in the African
tropics has been attributed to favourable environmental
conditions for larval development, and parasite maturation
within the infected mosquito [15-17]. Temperature plays a
major role in the life cycle of both the Anopheles mosquito
vector and the Plasmodium malaria parasites. Numerous
studies have shown that mosquito vectors are more active
at warmer temperatures [12, 18-20]. Rainfall provides
breeding sites for the mosquitoes thus increasing the num-
ber of mosquito larval habitants [17, 21]. The impact of
temperature and rainfall is therefore significant in the
transmission dynamics of malaria.

Mathematical models have been developed over the
years to gain insight into malaria transmission dynamics
and aid its control and eradication. Ross [22] developed a
simple susceptible-infective-susceptible (SIS) malaria model
which explained the relationship between the number of
mosquitoes and the incidence of malaria in humans. It
was noted that there is a threshold for the number of mos-
quitoes below which malaria can be sufficiently eliminated.
Macdonald [23] proposed a model in which it was shown
that reducing the number of mosquitoes is not a sufficient
control strategy, with the assumption that the amount of
infective material to which a population is exposed remains
unchanged. Mosquito vector longevity was identified as the
single most important variable in the force of transmission.
Aron [24] and Bailey [25] considered models with acquired
immunity to malaria that depends on exposure to malaria
infection. Tumwiine et al. [7] considered a host-vector
malaria model with delays in the development of immature
mosquitoes into adult mosquitoes that transmit malaria,
based on susceptible-infective-susceptible (SIS) for humans
and susceptible-infective (SI) for mosquito vectors. It was
established that the bigger the proportion of young mosqui-
toes that survives the developmental period, the higher the
susceptible vector population and the lower the susceptible
human host population. It was suggested that the infected
human population can be reduced if the adult mosquito
population is controlled. Martens et al. [3], Craig et al.
[26] and Bouma et al. [27] showed that environmental
and climatic factors play an important role in the geograph-
ical distribution and transmission of malaria.

The majority of the malaria models ignore the role of
aquatic mosquito stages since they are not involved in
the spread of malaria. However, the survival of the aquatic
mosquitoes increases the adult mosquito population that is
responsible for the spread of malaria. It is therefore
important to include the aquatic mosquito population in

Journal of Applied Mathematics

the study of the effect of temperature and rainfall on
malaria transmission since they are highly affected by
these factors.

The dynamic process-based mathematical models play a
significant role that can provide strategic insights into the
effects of seasonal factors on malaria transmission. Several
studies have investigated the impact of seasonality and cli-
mate factors on malaria transmission [12, 19, 20, 28-32].
Beck-Johnson et al. [12] used a temperature-dependent,
stage-structured delayed differential equation model to
investigate how climate determines malaria risk and found
out that adult mosquito dynamics is highly affected by
temperature sensitivities and juvenile dynamics influences
adult age structure. Their model combined with the Detinova
curve predicts the peak temperature for potentially infectious
mosquitoes at 30°C, whereas when combined with the
Paaijman’s curve, it predicts peak temperature at 28°C.
Ngarakana-Gwasira et al. [31] assessed the impact of temper-
ature on malaria transmission dynamics. It was shown that
the malaria burden increases with the increase in tempera-
ture with an optimum temperature window of 30°C-32°C.
Mukhtar et al. [30] developed and analysed a human host-
mosquito vector disease-based model that included tempera-
ture and rainfall. The model was used to investigate the
potential impact of climatic conditions on malaria prevalence
in two climatically distinct regions of South Sudan. It was
found out that malaria is more severe in the tropical region
than in the hot semiarid.

In this paper, a malaria transmission model with temper-
ature- and rainfall-dependent parameters is studied. The
present model differs from the models proposed by Mukhtar
et al. [30] and Bhuju et al. [33] in that it assumes that inter-
action coeflicients between humans and mosquitoes are con-
stants and also ignores the exposed class in the mosquito
population. In addition, the stability analysis of the steady
states is also carried out.

This paper is organised as follows: Section 2 presents the
model formulation. In Section 3, the stability of equilibria,
sensitivity, and bifurcation analysis are presented. In Section
4, numerical simulation is performed. The discussion of
results is presented in Section 5.

2. Model Formulation

A human host-mosquito vector model is formulated to study
the transmission dynamics of malaria using a deterministic
model. The total human population N (t) is divided into
the epidemiological classes: susceptible humans S (#),
exposed humans E(t), infectious humans I;(t), and recov-
ered humans Ry (t). Individuals are recruited into the sus-
ceptible class through birth and immigration at a constant
rate Ay. It is assumed that there is no recruitment of
infective humans and vertical transmission due to malaria.
Susceptible humans enter the exposed class with the inter-
action coeflicient 3, after being bitten by an infected
female Anopheles mosquito. This is because the sporozo-
ites injected by the infected female Anopheles mosquito
have not yet developed into gametocytes in the blood-
stream of the human and so cannot infect susceptible



Journal of Applied Mathematics

mosquitoes. Exposed humans progress to the infectious
class at the rate p. Infected humans either cure at the rate
v to join the recovered class or die due to malaria at a rate
8. Recovered humans lose their immunity at a rate o.
Humans in all compartments die due to natural causes
at the rate p,.

The total mosquito population M (¢) is divided into the
aquatic mosquito population M () and the adult mosquito
population N, (¢). The aquatic mosquito population consists
of the eggs, larvae, and pupae stages. The total adult female
Anopheles mosquito population is divided into susceptible
Sy (t) and infective Iy, () mosquitoes. There is no recovered
class for mosquitoes because they do not cure from malaria
throughout their lifetime. It is assumed that mosquitoes do
not die from malaria due to their short lifespan. Adult female
Anopheles mosquitoes lay eggs at a temperature-dependent
rate L(T), and the aquatic mosquito population increase is
constrained by the carrying capacity of the environment K
[33]. Aquatic mosquitoes mature and develop into adult
mosquitoes at a temperature- and rainfall-dependent rate A
(T, R). Susceptible mosquitoes become infected with interac-
tion coefficient f3,, through biting infected humans. It is
assumed that aquatic mosquitoes die at a temperature-
dependent death rate y,(T') while adult mosquitoes die at a
temperature-dependent natural death rate p,(T). It is also
assumed that all variables presented in each compartment
are differentiable with respect to time and all parameters
are nonnegative except that § > 0.

2.1. Model Equations. The human and mosquito populations
are governed by the following system of ordinary differential
equations.

T = Ay = BySuly = S + oRy, (1)
dE

d—tH =BuSuly = (p + ) Ep> (2)
dl

Tf =pEy — (uy +v+0)Iy, (3)
dR

d_tH =vIy = (0 +py) Ry (4)
M M

=L (1= ) (v 1) = (UL ) iy (T,

(5)

By ~ BySyly — py(T)S (6)
5 =ML R)M, = BySyly =y (T)Sy,

dl

d_tv = BySyly =y (T)y, (7)

together with

Ny (t) =Sy(t) + Eg(t) + I(f) + Ry (1),
Ny (t) =Sy (t) + Iy (1),

and
My (t) = Ny (t) + My(t). 9)

It can be shown that the total human population is
bounded by Ay /u,, and the total adult mosquito population
is bounded by (A(T,R)M,)/(u,(T)). Therefore, the solu-
tion set of the system (1)-(7) is bounded in @={(Sy,
Ep Iy Ry) € RE 0 <Ny < (Aylpy), (Mg, SysIy) €R3 20
<Ny < (T2 RIM,) /3y ()}

Theorem 1. For system (1)-(7) if S;(0) > 0, E;;(0) > 0, 1,(0)
>0, Ry (0) >0, M4(0) > 0,5,(0)>0,1,(0)>0, then Sy(t)
>0,Ey(t)>0,14(t) >0,Ry(t) >0, M,(t) >0,S,(¢) >0
and 1,(t)>0 for all t>0.

Proof. Define a set # ={t>0: Sy (t) >0, E4(t) >0, I4(t) >
0,Ry(¢) >0, M,(t)>0,S,(t) >0,I,(t) >0}.

It is assumed by contradiction that if the set % defined
above is bounded, then # has a supremum 7. Now, define
T as

T=sup {t>0:Sy(t) >0, Ey(t) >0, I5(t) >0, Ry(t)
>0,M,(t) >0,Sy(t) >0,1,(t)>0,0<t<7}.

(10)

Since Sy (), Ey (), Iy(t), Ry(t), M4(t), Sy, (t) and I, (¢)
are continuous, then 7> 0. If 7 < oo, then it is necessary
that Sy (7)=0 or Ey(t)=0 or I(r) =0 or Ry(r)=0 or
M,(1)=0 or Sy(r)=0 or I,(r)=0.

From equation (1),

das
d_f = Ay +0Ry — (Byly + py)Su- (11)

Let P(t) = exp (pyt + fg BIy(s)ds) and note that P(0)
=1and P(t) >0 for all ¢ > 0.
Consider

|| Gpisutepnde= | P01 + R

Sa(1)P(r) = Su(0)P(0) = |

(12)

Therefore, S;;(7) >0 since all parameters are positive.
Applying the above reasoning to the remaining equations
of system (1)-(7) shows that Ey(7)>0,I5(7)>0,Ry(7)
>0, M, (1) >0,Sy(7) >0,1,,(7) > 0; thus, 7= co. This con-
tradicts 7 being a supremum of #; thus, # is not
bounded.



This confirms the positivity of solutions for all ¢ > 0. The
model is epidemiological and mathematically well posed.

3. Model Analysis

In this section, the equilibrium points of the system (1)-(7)
are obtained and analysed for their stability. It is established
that system (1)-(7) has two disease-free equilibrium points
and one endemic equilibrium point.

Theorem 2. System (1)-(7) has two disease-free equilibrium
points

EOI(SH’ EH’ IH’RH> MA’SV’ IV)

A
= {H,o, 0,0,0,0, 0],1502(51,, Ey Iy Ry, My, Sy, Iy)

By

- [P,0,0.0 KA - D100 21, ()
by L(DAMT.R) ’

KIL(DMT, R) = py (T) (AT, R) +p,(T))] 0

L(T)uy(T) o
(13)

whose existence depends on parameter 0, where

0 L(T)A(T, R) (14)

Proof. Setting the right-hand side (RHS) of system (1)-(7)
equal to zero gives either M, =0 or M, = (K[L(T)A(T,R)
= by (T)(MT, R) + p (T))])/(L(T)A(T, R)).

For M, =0, it implies that S, =1, =Ey=I; =Ry =0
and Sy = Ay /py,. Therefore, there exists a disease-free equi-
librium point Eg, (Sg, Egys Iyps Ry My, Sys Iy) = [(Ag/uy), 0,
0,0,0,0,0]. For M, = (K[L(T)A(T,R) — u,(T)(MT,R) +
pa(TH/(L(T)A(T, R)) with Ip; =0, it implies that I, = Ry
=Ey =0,8y = Aylpy and Sy = (K[L(T)A(T, R) - p, (T)(A
(T,R) + u,(T))))/(L(T)uy(T)). Therefore, there exists a
disease-free equilibrium point

EOZ(SH’ EH’IH’RH’MA’SV’ IV)

_ [ g o0, KILDMT R) =y (T, R) + (1))
by LTMT.R) ’
KILTMT,R) =y (TYA(T,R) +1,(T))]
LTy (T) al
(15)

E,, is positive and exists only if L(T)A(T,R) > u(T)
(MT,R) +u,(T)), which gives the condition of existence
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of Ey, as 6>1, where 6= (L(T)A(T,R))/(p,(T)(A(T,R)
+4a(T)))-

3.1. Basic Reproduction Number. According to Diekmann
et al. [34], the basic reproduction number is the expected
number of secondary cases produced by a typical infected
individual during its entire period of infectiousness in a
completely susceptible population.

The basic reproduction number is obtained using the
next-generation matrix method as described by Diekmann
et al. [34].

The basic reproduction number is the spectral radius of
the next-generation matrix FV~!, where F = 0% f and V=0
7; are computed at the disease-free equilibrium point of
the system.

Ry=0(FV). (16)

Consider the infected subsystem of system (1)-(7)
below.

dE

d—:{ = BuSuly — pPEy — tyEn

dl

d_f =pEy — (py +v+0)Iy, (17)
dl,,

ar =BySyly —uy(T)Iy.

The vector of new infections & and the vector formed
by other transfers 7 are given by

ﬁHSHIV
F=1 o |, (18)

BySvln

and

(uy +p)En
V' =|-pEy+(uy+v+8)Iy|. (19)

uy(T)Iy

For the disease-free equilibrium point E;,, the matrix
FV~! has only one eigenvalue equal to zero; thus, the basic
reproduction number is zero for this case. This implies
that if an infective individual is introduced into the popu-
lation at the steady-state E,, the disease will not spread
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due to the absence of the parasite-transmitting mosquito (py +p 0 0
vectors.
For the disease-free equilibrium point E,, the matrices F V=1 -p pytv+d 0 ’
and V are computed as follows: Lo 0 py (T)
- 1 . . -
0 0 BuAn Ug tp
Hu
_ p 1
F= 0 0 o | V= 0
(p+uy) (g +v+06) pug+v+4o
o KBYILDMT.R) - py (DAT.R) + (1)), e " .
L(T)uy(T) 0 0
(20) L #y(T) ]

(21)

and Thus, the next-generation matrix is given by
0 0 Bulu_
tipy (T)
Fv'= 0 0 0
PRBy[L(T)MT, R) — py (T) (AT, R) + s (T))] - KBy [L(DIMT, R) =y (T)(MT, R) + pa (T))] 0
L(T)uy (T) (g + v +0) (g + P) L(T)y (T) (pyy +v +9)
(22)

The eigenvalues of FV~! are

py (T)(MTR) +py (T))]

o] fﬁHﬂVAHK[L(TWT,R)—
' ty(T)

L(T)py(pyy + v +0) (g + ) ’
1 \/PBHﬁVAHK[L(T)/\(T’ R) = py (T)(A(T,R) + #A(T))].
py(T) L(T)pyy (prgy +v + 6) (g + p)

(23)

Therefore, the basic reproduction number %, is given by

\/PﬁHﬁv #KIL(T)MT, R) — by (T)(MT R) + 41, (T))]
T~ (1) L(T)pyy (g +v +0) (P + )

(24)

R, exists only if L(T)A(T, R) > py,(T)(AM(T, R) + u,(T)).
Expressing &, in terms of 0 gives

@, = \/pﬁH/sVAHKu(T, R+i(M)O-1

L(T) i3 (T)payy (pg + v+ 8) (g +p)

R, exists only if the term under the square root is non-
negative, that is, 0 > 1; otherwise, if 0 < 1, there is no growth
of the mosquito population, and malaria will not develop in
the community since mosquito vectors are important for
the spread of malaria.

3.2. Sensitivity Analysis. Malaria control and eradication strat-
egies should target important parameters which have a high
impact on the basic reproduction number. A sensitivity analysis
of R, to the various parameters is thus presented in this section.
The basic reproduction number is explicitly determined by the
parameters  p, By, By, A, L(T), A(T, R), py,(T), payy> s (T),
v and &. The sensitivity indices of %, to these parameters are
computed using the approach in Chitnis et al. [35].

Definition 3. The sensitivity index of a variable u that
depends continuously on a parameter p is defined as

v, = , (26)

S
NJla

where u is a differentiable function of p.

Thus, by the definition above, the formula used to derive an
expression for the sensitivity of %, to a parameter p is given by

Y‘%O— &%0 p .

" % )



Table 1 shows the sensitivity indices of %, to the parame-
ters (independent of temperature and rainfall variations) deter-
mining its value. Parameter values Ay =0.031, y,, = 1/23178,
By = By =0.00021, p = 1/20, v = 1/30, § = 0.00000638, and K
=1000000 are used.

The MATLAB computer software program is used in the
simulation of the sensitivity of %, with respect to tempera-
ture and rainfall since the temperature-rainfall-dependent
parameters u,(T), L(T), AM(T,R), and p,(T) are given by
nonlinear functions. The results are shown in Figure 1.

3.2.1. Interpretation of Sensitivity Analysis. The natural death
rate y;; and the disease-induced death rate § of the human
population are the most and least sensitive parameters,
respectively. A positive value in the sensitivity index shows
that if the parameter is increased when all other parameters
are kept constant, the value of %, increases, while for a neg-
ative sensitivity index, when the parameter value is increased
with all other parameters kept constant, the value of %,
decreases. In Figure 1(a), rainfall is fixed at 10 mm. It is
observed that %, is most sensitive to temperatures within
the ranges 17°C-20°C and 37°C-40°C. This is in agreement
with Githeko et al. [16] in which the lower-end range and
the upper-end range of disease transmission are established
at 14°C-18°C and 35°C-40°C, respectively. The sensitivity
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TaBLE 1: Numerical values of sensitivity indices of Z,,.

Parameter symbol Sensitivity index

Py -0.5011
B 0.5
By 0.5
Ay 0.5
v -0.4993
P 0.0004
5 -0.0001

indices for temperatures between 17°C and 25°C are positive,
whereas those for temperatures between 25°C and 35°C are
negative. In Figure 1(b), the temperature is fixed at 25°C. It is
observed that the sensitivity to rainfall reduces with more rain-
fall received. Indices for daily rainfall below 25 mm are positive,
whereas indices for rainfall above 25 mm are negative.

3.3. Local Stability of the Disease-Free Equilibrium. The Jaco-
bian matrix of the system (1)-(7) evaluated at the disease-free
equilibrium point E, is shown below.

_ A
—ty 0 0 o 0 0 By 2
Hy
0 —(p+uy) 0 0 0 0 /3Hﬁ
Uy
fEm _ 0 P —(4y +v+9) 0 0 0 0 (28)
0 0 v —(4y +0) 0 0
0 0 0 0 -(MT,R) +u,(T)) L(T) L(T)
0 0 0 0 /\(T, R) —yV(T) 0
0 0 0 0 0 —uy(T) |

The eigenvalues of 7 are —py, —p(T), —(py +0), -
(yy+v+o), —(p+yy) and the zero points of the
polynomial.

Z2 4 (py(T) +py(T) + AT, R) Z + py, (T)(MT, R) +
pn(T)) = MT,R)L(T) =0, where Z is the eigenvalue.

The zero points of a polynomial of order two have nega-
tive real parts if and only if its coeflicients and constant terms
are positive. Thus, the disease-free equilibrium E, is stable
only if

AT, R)L(T)

<1. (29)

Theorem 4. The disease-free equilibrium point E, of system
(1)-(7) is locally asymptotically stable if R, < 1 and unstable
if R,> 1.

Proof. It has already been shown that the disease-free equilib-
rium E, only exists if (L(T)A(T, R))/(pty(T)(A(T, R) + pa,(
T))) > 1. If this condition is satisfied, then %, is real and pos-
itive. Thus, the basic reproduction number 2, is biologically
consistent. Using the theorem by van den Driessche and
Watmough [36], the disease-free equilibrium E, is locally
asymptotically stable if % < 1 and unstable if %, > 1.

3.4. Global Stability of the Disease-Free Equilibrium. The
global stability of the disease-free equilibrium is investigated
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FIGURE 1: (a) Sensitivity indices of the basic reproduction number with respect to temperature. (b) Sensitivity indices of the basic

reproduction number with respect to rainfall.

using a theorem by Castillo-Chavez et al. [37]. System (1)-(7)
can be expressed in terms of

dx
Z-FXZ
7~ FX.2)

dZ (30)
= =G(X.2),G(x,0)=0,

where X € R™ denotes the number of uninfected individuals
and Z € R” denotes the number of infected individuals.

The following conditions (H1) and (H2) must be satisfied
provided %, < 1 to guarantee global asymptotic stability.

(H1) For dX/dt=F(X,0),X"is globally asymptotically
stable

(H2) G(X,Z)=MZ-G(X,Z),G(X,Z)=0for(X,Z) e
O, where M = D,,G(X*, 0) is an M-matrix and Q is the region
where the model makes biological sense. From system

(1)-(7)

Ay = BySuly — Sy + oRy

VI — (0 + py)Ry

FX,Z)= >
BT (1-2) s 1) - 0 ),
MT, R)M = By Syl = py (T)Sy
(31)
and
BuSuly = (P + b)) En
G(X,Z)= | pEy = (py +v+9)Iy (32)

BySyly —py(T)Iy

To investigate condition (H1),

Ay —[/lHSH
0
F(X,0) = L(T) (1 - %) Sy = (MT,R) +p,(T))M,

MT, R)M = py (T)Sy,
(33)

It has already been established that the threshold values
for the human and mosquito populations are Ay/p,; and (
MT,R)M 4 )/uy(T), respectively; thus, there is convergence
in Q. Therefore, X* is globally asymptotically stable.

To investigate condition (H2) for the disease-free equilib-
rium point E,

—(p+uy) 0 a,
M= p —(py +v+90) 0 , (34)
0 0 —by(T)
where a, = B, Ay/uy
A
Bty (457 =54
H
G(X,Z)= 0 (35)
~BySvlu

Since G3 (X, Z) <0, condition (H2) is violated. Therefore,
the disease-free equilibrium point E,, may not be globally
asymptotically stable.



For the disease-free equilibrium point E,

~(p+py) 0 a,
M= p —(uy +v+9) 0 , (36)
0 a —uy(T)

where a, = (B,K[L(T)A(T,R) -
(L(T)py(T)) and a, = By Ay/uy

pn(32-5)
G(X,2)= 0

KIL(T)A(T, R) ~ ey (T)A(T,
A VI”( L(T)pay(T)

py (T)MT, R) +py (T))])/

R) +i4,(T))] _Sv>
(37)

It has already been established that the threshold value of
the human population is A/u,,. Therefore, Sy < Ay/uy
Similarly, Sy < (K[L(T)A(T,R) — uy,(T)(MT,R) +u,(T))])
/(L(T)py,(T)). This shows that G(T, R) > 0; thus, equilib-
rium point Ey, is globally asymptotically stable.

3.5. Bifurcation Analysis. In this subsection, the centre man-
ifold theorem by Castillo-Chavez and Song [38] is used to
investigate the bifurcation behaviour of system (1)-(7) when
the basic reproduction number %, = 1.

Theorem 5. Consider a general system of ODEs with a param-
eter ¢

dx

O =J(9).f R xR—R".f e C(R"

xR). (38)

Without loss of generality, it is assumed that 0 is an equi-
librium for system (38) for all values of the parameter ¢, that is

£(0,¢)=0forall . (39)

Assume

Al. A=D,f(0,0) = (9f /0x;) is the linearisation matrix of
system (38) around the equilibrium 0 with ¢ evaluated at 0.
Zero is a simple eigenvalue of A and all other eigenvalues of
A have negative real parts.

A2. Matrix A has a nonnegative right eigenvector w and a left
eigenvector v corresponding to the zero eigenvalue.

Let f, be the k™ component of f and

n aZf
a= Z vkwiwjﬁ(0,0),
ki,j=1 i
(40)
b Z VW i (0,0)
& x4
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The local dynamics of (38) around 0 are totally deter-
mined by a and b.

(i) a>0, b>0, when ¢ <0 with [¢|< <1, 0 is locally
asymptotically stable, and there exists a positive
unstable equilibrium; when 0 < ¢ < <1, 0 is unstable
and there exists a negative and locally asymptotically
stable equilibrium.

(ii) a <0, b <0, when ¢ <0 with |[¢ | < < 1, 0 is unstable;
when 0 < ¢ < <1, 0 is locally asymptotically stable,
and there exists a positive unstable equilibrium.

(iii) a>0, b <0, when ¢ <0 with |¢ | < < 1, 0 is unstable,
and there exists a locally asymptotically stable nega-
tive equilibrium; when 0 < ¢ < <1, 0 is stable, and a
positive unstable equilibrium.

(iv) a <0, b> 0, when ¢ changes from negative to posi-
tive, 0 changes its stability from stable to unstable.
Correspondingly, a negative unstable equilibrium
becomes positive and locally asymptotically stable.

A change in notations of the variables is used such that
Sy=x,, Eg=x,, Iy =%, Ry=x,, M, =x5, Sy, =x4, and I,
=x,. For R;=1, let B; be a bifurcation parameter with
bifurcation value f;;,

B = L(T) gty (T)* (g + v+ 8) (p + piyy) .

PRy ALKIL(T)A(T, R) = by (T) (A(T, R) + p (T))]
(41)

System (1)-(7) becomes

Fr(x15 %, X3, X4, X5, X, X7) = Ay = Py X, — Xy + 00Xy,
(42)
J2 (31 X9 X3, X5 X5, X5 X7) = By X7 = (P + g ) %5 (43)
J3(31 %95 X3, X5 X5, X5 X7) = pxy = (g +V +0)x3, (44)
Ja(x15 %5, X3, X45 X5, Xg, X7) = VX3 = (0 + pyy) Xy (45)

x
I (%15 X9, X3, X4, X5, Xg5 X7) =L(T)(1 - fs) (x6 +%7)

(46)
— (AT, R) + py (T))xs,
Jo(x1 X35 X3, X45 X5, X5 X7) = AT, R)x5 = Byyxexs — py (1)
(47)
J7(x15 %5, X3, X5 X5, Xg, X7) = Py xexs — phy (T)x;. (48)

Eqp (%1, X3, X35 X5 X5, X6, X7) - = [(Ap/payy ), 0, 0,0, (Ka/ (L(
T)A(T,R))), (Kd/L(T)u,(T)), 0lis a disease free equilibrium
point for system (42)-(48), where d = L(T)A(T, R) — u(T)
(MT, R) + py (T))-
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The Jacobian matrix of system (42)-(48) evaluated at E,,
is given by
_ A :
-J, 0 0 o 0 0 _Puln
My
A
0o -, 0 0 0 0 Pultu
Hu
0 -], 0 0 0 0
0 0 v -] 0 0 0
onz = ¢ (49)
o . o . BMATR+a (1) py(DATR) +p,(T)
> AT, R) AT, R)
By Kd
0 - 0 AT,R -] 0
i@ M0 :
ByKd
0 0 0 =J
! L(T)uy (T) ’ 1
where Jy =y, I = (p+uy)s Js=(uy +v+98), I, = (uy and
+0), J5 = (L(T)MT, R))/(uy(T)), and Jg = J; = p (T).
The right eigenvector w = (w,, W, W, W, Ws, W, W) LITA(T. R
corresponding to the zero eigenvalue, is computed using - Mws + 1y (T)(AMT,R) + py (T))wy
75, w =0 which yields uy(T) (52)
=~y (T) (AT, R) + py(T)),
~Jw, +ow, — ﬁHAH w, =0,
H
—J,w, + ’BHA”w7:0, MT, Ryws = pyy (T)wg = pyy (T). (53)
H
pw, = Jsw; =0, Solving equations (52) and (53) simultaneously gives
vw; — J,w, =0,
_ ty (T)AM(T, R) +p,(T)) Hy(DMTR) +p,(T)) -
Jsws + AT.R) wg + NT.R) w, =0, ws =0, (54)
Kd we=-1
—mw3 + A(T, R)w; — Jow, =0,
ByKd w, ~ Jw, =0, The left eigenvector v= (v, v,, v3, vy, Vs, Vg, V), corre-
L(T)py(T) sponding to the zero eigenvalue, is computed using v.fj, =
(50) 0 which yields
Setting w, =1 gives, —J v, =0
1v1=0
L(T)u,(T)? vt prs =0
W3 = ’ Kd B, Kd
ByKd —J3vs + vy, — Py Ve + v v, =0
U L(Duy(T) ° L(Tpy(T) 7
_ L(T)VMV(T)Z ( )luV_(]) L ( )[/lV( )
Y ByKd(uy +0)’ 1) (T)(A(T(;V)l 4;;;) ’
,R) +
w. = L(T)py (T)* (py + v +9) fv AT, R) fa Vs = JsVs =0,
2 > >
pByKd
Buln, Bl , i(DMTR +w(T)
1 2 5 —J7v7=0.
Hu Hu AT, R)

ZLmemm{ﬁwﬁ,

b e \ BvKd(py +0) U

(55)
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It follows that v, = v, =0, setting v, = v, = 1 gives

p
P"’!‘H)
(T, R)
T TR+ py (1)) (56)

L(D)py(T)(py + v +0) + B,Kd.
B,Kd

v, =

Since v, =v, =0, the values of a and b are obtained
from

7
a= Y vww ]a a + z - Ja;

ij=1

7
+ZV51]aa+ZV6leaax

ij=1

+iv o,
7Wi ’axax

ij=1

Z kata aﬁ (57)

k,i=1

where the partial derivatives computed at E,, are

62
ox o, P
10%;
?fs _ L(T)
Ox;0x, K~
’fs _ L(T)
ox.0x, K~
50X; (58)
azfﬁ __ﬁ
Ox;0x,
o’f,
0x;0x4 =P
o’f, _ Ay
0x;0By  py
It follows that
_ 2pPy L(T)vouy (T)* _ Bulu + 2L(T)py (T)°
t(p+upy) \ ByKd(py +0) U Kd
2L(T)py (T)* (ByKd + L(T)pty (T) (g + v +9))
K*d? '
- PRyl Py (59)
(P + )

Journal of Applied Mathematics

Since b>0, the model undergoes a backward bifurca-
tion if a >0, that is

2pPyL(T)vouy (T)* +2L(T)M\/(T)2
yPyKd(py + p)(puy +0) Kd
208,y 2L(T)iny (1)’
vty + p) By Kd’

(60)

>

where a= (B,Kd+L(T)u,(T)(uy +v+96)).

Remark 6. Existence of a backward bifurcation when a>0
means that there is a possibility of coexistence of an endemic
equilibrium and the disease-free equilibrium when %, < 1.
In this case, the strategy of reducing the basic reproduction
number to a value less than unity would not be sufficient
for the eradication of malaria.

3.6. Existence and Stability of the Endemic Equilibrium

Theorem 7. System (1)-(7) has a unique endemic equilibrium
when R, > 1.

Proof. Setting the right-hand side of the equations in system
(1)-(7) to zero shows that either I; =0 or Iy =(Kpfy,

By Ay(o +uy)d = L(T)pyuy (T ) ¢)/(KdByBy(c—pov) +L
(T)Byttabty (T)<), where d=L(TIA(T, R) - py (T)(A(T. R)

+uy(T)) and c=(py+v+08)(0+puy)(p+py). Iy=0
corresponds to the disease-free equilibrium.

Expressing I;; above in terms of &, using d = (Rgu?uyL(
T)e)/(KpByByA(o + py)) gives

pAppy (T) (0 + pyy) (‘%3 - 1)

B ) (61)
Rty (T)(c = pov) + By pAy (0 + phy)

H=

Thus, there exists a unique endemic equilibrium point
= (S;p Eip, Iy, Ry, M3, S, Ty) only if R > 1, that is, &,
> 1 since ¢ > pov. The endemic equilibrium is given by

LDy (DA (0 + pyy) + VI (Bylh + y(T)
(0 + pgr) [(KByyd + L(T) gy (T)) By Ly + L(T)MHHV(T)Z}

. KByl A (0 + ) + 0T
(P + ) (0 + pgg) [(KByyd + L(T)pggpys (T)) By + L(T, R)!‘HMV(T)Z] '
o Py (T)(0+uy) (R - 1)
Koty (T)(c = pov) + By Ayp(o + pyy)”
vij;
i = oy
. Kd
EERTETENN
g o K&
" L(T) Byl + uy(T))
- KB, I},

L(T)py (T)(By Ty + 4y (T))
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The Jacobian matrix of system of equations (1)-(7)
evaluated at the endemic equilibrium point E, is given by

-e 0 0 o 0 0 —e,
e; —e 0 0 0 0 e,
-e; 0 0 0 0
I, = v —¢ 0 0 0 |,

(63)

where e, = By I} + pyy, e, = BySi €3 = Pyly, es=p+py, €5
=py+v+0,eg=0+uy, e;=((L(T)(Sy +1}))/K) = (MT,
R) +py(T)), eg=L(T)(1 - (M}/K)), eg = BSy €0 =MT,

R), ey = Bylj +py, e, = Byljy, and ey = py (7).
The characteristic polynomial of the Jacobian matrix # E,

is obtained as

ZF'+a, 240, +a,F +a, 2’ +as;F* +a,F +a, =0,
(64)

where

a,=e +te +e+e,te;,+e e
a,=ej(egtes+tegte;,+e+es)telesteste +e)
tes(este;+e +eps)teg(e; +ey +ep3)

+es(eq; +e3) +es(ey te;) —egeg,

az=ejeyes +egt+e; +ey tes) tees(e;+ep +eps)
+ejeg(e; + ey +ep3) Teses(eg te; tey +ep)
+egeg(e; +eqy +ep3) +eseg(e; +eyyp)
+tese (e +ey+est+egt+e) —ege (e +e,test+ep,)
+epes(e; +ey +estegte;)—ege;(e,+es+eg)

— €€p T €1€7€13 — €3€1(€13,

a;=eegp(ez+es—e;—e te—e) teee(e+este;+ey)
+ejesepz(es +e;p) +ee;(esers +egeq +epeg; +e,es)
+eges(egers +esep3 +epre;+ee; Hee +eger; — egeg
+ege;) +ese;(egers teqiens +ees +egen)
+ese3(ese; +egery +egeig +ese tepey)
—ejejo(eser +egep;) +eges + eseg)
—egeq (e, +ese; —eseq +eje, +ejes)
+egeig(€s€1) — €4€15 — €581, — €5€1; — €483 — €565 — €1€4)

+egey ep3(ey + ;) — e3Vpo +ejeseqeq,

11

as = e e es(ege; + gl +esey3 +esey; — egeg +ese3 +epiers)
+ejeseg(eseq) — €geyg + esep3 + €g1€13) + e4ese5(€rgey3 — eseyg)
+eyep(eseg — €6 +e1e; —ejeyy + €36 — €€y — €611 — €€y
+ejep, —ese; tege +eseny) +egeses(eser +esers)
—egeg(eeery +ejesep, +ejesers +eegeis + ejegey,
+egeser, +eje e +eseges) +eze(eesens +eqeqers)
+e1e13(e 6585 + eqese; + e ege; + e ese;)

—esvpo(e; +e +ep3),

ag = e1e,5(€geze1; — gEg€yg T €CsE13 + €5€11€13 — E3€ €y,
—egejgeys t+esey1813) — ere0p(es€6e; — €regey; — €1esey;
+e1€g€10 t 36611 + €3€7€1 — €3€3€1) ~ €761
+egegeyg + € €ge1, T €871, — 3661, — €36,€15)
+eeses(eser1€13 — €g€19€1, — €3€10€13)
—ee56g(egergeyy — €761 €13 + €g€10€)3)
—e465€4(egeiger; — €;€11€13) — €4€5€,€5€10€)3

—€1€4€5,80p — VPO (€3€7€); — €3€3€10 + 367613 + €3€11€13),

a; = €€,€5e0p(E3€19 — €7€11) + €,€3€5€0€, (€711 — €g€yp)
+ejeseseq(ese11 €13 — €310€15) + 26587801, p(ey — €3)
+e3p0(ege19e1,V — €,€11€13V + €3€10€13) — €1€,€5€5€5€10€13)-

(65)

By the Routh-Hurwitz criteria, the endemic equilibrium
point E, is locally stable provided

a,>0,a,>0,a;>0,a,>0,a;>0,a,>0,a,>0,
a,a, > as,
a,a,d; — afa4 - ag >0,

2 2 2 2 2
2a,a,a5 — ajay — a,a,as + a,a;as — dza, — ds > 0,
2 33_ 22 2 2 2
2a,a,0504 + a7a30,05 — 4,0 — 410,05 — 4,0505 — 40,050
+a,a,a;a,05; — 3a,a5a050, + 2a1a4a§ + a2a3a§
3
+asag — asaas —az >0,

(66)

and

afa3a4a§ - a?ag - 3afa2a4a6a7 + Zafazasaé + afaia7
- afaiasas + 3afa§a7 - alagcﬁ + 2a1a§a3a6a7
+a,a5a,a5a,; — a1a§a§a6 - a1a2a§a§ - a,a,a;a;a,
+a,0,0,0,050¢ + 30,0,0,05 — 4,0,05040, + 4,050,040,
- 3a1a3a5a§ - 2a1aia5a7 + 2a1a4a§a6 - 3a1a6a§ + a§a§a6a7
- a,a;a,a5a, + a2a3a§a6 - a,asa; + agaé + aﬁaicy
- a§a4a5a6 - 2a3a4a§ +3asasaga, + a4a§a7 - a§a6 + a? > 0.

(67)
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The stability of the endemic equilibrium E,; is demon-
strated in the numerical simulations (see Section 4).

Theorem 8. The endemic equilibrium point E, for system
(1)-(7) is globally asymptotically stable in D if R, > 1.

Proof. Consider a Lyapunov function of the form

- (-0 () (-5 ()
(e (1) (s )
s () (-5 ()

+ (IV-I;-I; In (f> |
IV
(68)

Differentiating L(¢) with respect to time gives

dL  [Sy-S;\dSy (Ey—-E;\dEy [(I,-I5\ dl
—= — + — 4 —=
dt Su dt Ey dt Iy dt
o (Ru—Rip\ dRy (M, =M\ dM,

Ry ) dt M, dt
(oS Sy (=1 dly

Sy dt I, dt

dL _ (Sy - Sy
dr \ Sy

) [An = BySuly — Sy + oRy]

(P BuSuly ~ o+ )l

4 <IH _ I’*{> [PEr = (g + v + )1y

IH
R, — R} M, — M
+ < HR H) VI = (0 + py)Ry] + (AMAA>

: [L(T)sv +L(T)I, - L(T)%

. ”T)% ~(M(T.R) +yA(T))MA]

e (5 e R, = By 1Sy =y (1))

. (IV{ ”&> [BySyls =ty (DI,

\4

dL (S, -S: . .
dt ( HS H)[AH_ﬁH(SH_SH)(IV_IV)
H

. - Ey - Ej
_HH(SH_SH)"'U(RH‘RH)]"’( HE H)

“[Br (St = Su)(Iy = Iy) = (p + ) (B — Epy)]

o (M = i)~ 4+ 0) L~ )

Journal of Applied Mathematics

. (RHR;RE) [v(li = Tig) = (04 p) (R = Ry)]

+ (u) [L(T)(Sy - S}) + L(T)(Ty - T})

L(T)(Sy = Sy) My -My)  L(T)(Iy - Iy,) (M, - M})
K - K

- TR (D)0 -]+ ()

AT R (M, M3) — By (I — T (S~ 1)

(
. I, -I*
Sy -i)+ (M)
v
By (Sy =Sy)Uy = Iiy) =y (T)Iy].
AL Ap(Su=Sh) _ Bulv(Su—Si)’ . Buly(Si = Sp)°
dt Sy Sy Sy
(S Sp)° . ORu(Su—Sp) _ oR;(Sy — Sh)
Su Su Su
. BuSulv (B~ F) _ BuSuly(By — By
Ey Ey
_ BuSulv(Eu —Ep) | BuSulv(Eu — Ep)
Ey Ey
_ (p+py) (B — EI*J)Z PEH(IH -1I)

_ PER(In—1p)

Ey IH Iy
(g v+ O) Iy~ Iy)’ + VIg(Ry — Ry)
Iy Ry
_ VI (Ry — Ryy) _ (0 +uy)(Ry - RI*J)Z
Ry Ry
L UT)Sy(My - My)  L(T)Sy(My — M)
M, M,
L LIy (M, - M7)  L(T)Ly (M, - M3)
M, M,
L(T)Sy (M, - M;)*  L(T)Sy(Ms =~ M)
KM, KM,
_L(D)Iy (M, - M) L L)L, (M, - M;)*
KM, KM,
_ (MTR) + 1, (T)) (M~ M)°
M,
. MT, R)IMy(Sy = Sy)  MT, R)M(Sy - Sy)
Sy Sy
_ Bylu(Sy - S:/)Z + Byln(Sy - S;)Z _ ty(T)(Sy - ST/)Z

Sy Sy Sy
L BySvluly - 1y) _ BySvlp(y —1v) _ BySvlu(y —1v)
I, I, LIy
L BSTy —) _w(MUy-B)?
IV IV

Collecting positive terms together and negative parts

together gives

Y _A-B, 70
pr (70)
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TABLE 2: Parameter values for the human and mosquito populations.

Parameter Symbol Value Unit Source
Recruitment rate of humans Ay 0.031 day'1 [40]
Natural death rate of humans Uy 1/23178 day'1 [41]
Interac.tlon coefficient between susceptible humans and infected B., 0.00021 i [42]
mosquitoes
Rate of loss of immunity o 1/(20 x 365) day™! [43]
Progression rate from exposed class P 1/20 day™ [43]
Recovery rate v 1/30 day™ [43]
Disease-induced death rate 8 0.00000638 day'1 [33]
Egg deposition rate L(T) —0.153T% +8.61T - 97.7 day™ [30]
Aquatic mosquito death rate pa(T) 1.0257 — 0.094T + 0.0025T* day™ [30]
Interaction coefficient between susceptible mosquitoes and
infected humans By 0.00021 ) (42]
Adult mosquito death rate #V(T) —In (0522 - 0000828T2 + 00367T) day-1 [30]
Carrying capacity of the environment K 1000000 Dimensionless  [30]
where X i Lo
+ MT, R)ME(Sy - Sy) + Bylu(Sy =Sy)
o A= Si) | BuTy(Su =S, ORu(Sy—Si) Sv Sy
Su Su Su
" - ; T)(Sy - S Syl (Iy - I3
n BulvSu(En — Ep) n BulvSh(En — Ep) + v )(S v =) + PvSy HI( v-1v)
EH EH \4 \%4
Ey (I, —1I5 I (Ry — R} L(T)S, (M, — M}, * * 2
P a(ly —15) Y H(Ry — Rpy) . (T)Sy (M4 4) BySily(Iy =Ty)  wuy(T)(Iy —I})
Iy Ry M, + i + T .
* * * V V
LI (M = M3) | L(T)SY (M, — M3)’ 72
M, KM,
* 2 *
+ L(T)Iy, (M, - M) + MT, R)M, (Sy - Sy) Hence, if A <B, then dL/dt <0. Note that dL/dt=0 if
KM, Sy and only if Sy; =S}, Eyy =Ejp, Iy =I5, Ry =R}, M, =M},
Byl (Sy =S BySyly(Iy—1Iy)  BySily(Iy, —1Iy) Sy =S}, and I, =1Ij. Thus, the largest compact invariant
* S, * I, " I, *set in [(Si, Ejp Iip Ry M3, S, 1) € @ 2 dLidt = 0] s the
(71) singleton set E;. By Lasalle’s invariant principles [39], it
implies that E, is globally asymptotically stable in & if
and A<B.

4. Numerical Simulations

B= Buly(Su — i)’ N b (S = )’ " oR};(Su — Sh)

Su Su Su In this section, initial conditions S (0) = 5000000, Ef;(0) =
. BuSuly (B — Efy) BySilv (Ey — Epy) 200, I,;(0) = 500, Ry (0) = 300, M ,(0) = 200000, S, (0) =
Ey Ey 300000, I,(0) = 1000 are used to perform numerical simula-
. . . tions of system (1)-(7) using the MATLAB computer soft-
Ey—E;)?  pE(Iy—1 4
+ (p+#4) (B = Ery) + P il = Iiy) ware program. Parameter values used are given in Table 2.
Ey Iy The replication temperature range 16°C-42°C used for analy-
. (U +v+8) Iy =I5 VI (Ry — Ry) sis is established from the condition given in Section 3, that
Iy Ry is, L(T) > p,(T) as shown in Figure 2.
*\2 * *
+ (0 +¢)(Ry — Ryy) + L(T)Sy(Ma - M3) 4.1. Parameters Determining the Aquatic Mosquito
Ry M, Maturation Rate. According to Mukhtar et al. [30], the mat-
L(T)I(My = M) L(T)Sy (M, — M;)Z uration rate of mosquitoes to adulthood is temperature-
M, KM, rainfall dependent governed by the total number of eggs laid

o2 o2 per adult mosquito per oviposition w(T'), daily survival prob-
+ L(T)Iy (M, - M}) + (AT, R) +p,(T)) (M, — M) ability of rainfall-dependent eggs P, (R), daily survival prob-
KM,y My ability of rainfall-dependent larvae P,(R), daily survival
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FIGURE 2: Egg deposition rate and adult mosquito death rate versus temperature.

probability of the rainfall-dependent pupae P;(R), daily sur-
vival probability of the temperature-dependent larvae P, (T),
and the temperature-dependent duration of the immature
mosquito development T, (T) given by

_ —0.153T%+8.61T - 97.7

e b (T) ’
P(R)= 2 R(50 - R),
P,(R) = %R@O—R), 3)
L(R) = %R@o “R),
P,(T) = exp (0.06737 — 0.00554T),
Tpa(T) = :

—0.00094T2 + 0.049T — 0.552

It is assumed that aquatic mosquitoes cannot survive at
daily rainfall beyond 50 mm. The maturation rate is given by

w(T)P(R)P,(R)P3(R)P,(T)

MIR) = Toa (1)

(74)

In Figure 3, daily temperature and rainfall are fixed at T
=25°C and R =10 mm, respectively. Results in Figure 3(a)
show a sharp fall in the susceptible human population and
a rise in the infectious human population within the first 50
days. The infectious human population then falls due to
recovery and death. Figure 3(b) shows a fall in the susceptible
vector population with a rise in the infectious vector popula-

tion. It is observed from Figure 3 that the steady state in both
populations is stable. Thus, the endemic equilibrium (Sj;,
E;, I, Ry, M3, Sy, I3) of the model is locally stable.

In Figure 4, temperatures within the 16°C-42°Crange are
taken at a fixed amount of daily rainfall 10 mm to investigate
the impact of temperature on the various compartments of
the mosquito population. Temperature values of 20°C,
25°C, 30°C, 35°C, and 40°C are considered. In Figure 4(a), it
is observed that the aquatic mosquito population is lowest
at 40°C at all times and highest at 25°C. Thus, a temperature
of 25°C is favourable for replication in the mosquito popula-
tion. Figure 4(a) also shows a fall in the aquatic mosquito
population with time at temperature 40°C. This shows that
the aquatic mosquitoes hardly survive at very high tempera-
tures. A sharp fall in the susceptible mosquito population is
observed at all temperatures in Figure 4(b). Figure 4(c) shows
the change in the infectious mosquito population with time.
The highest rate of infection in the vector population is
observed at 25°C and the lowest rate at 40°C. The comparison
of Figures 4(a) and 4(c) shows that although the aquatic mos-
quito population grows faster at 30°C than 20°C, the infection
rate on the other hand is higher at 20°C compared to 30°C.

Therefore, an increase in the aquatic mosquito popula-
tion does not necessarily imply that there will be a corre-
sponding rise in the infection rate. These results show that
temperature greatly affects the transmission dynamics of
malaria as there is a significant difference in the number of
infected mosquitoes at different temperature values. Malaria
is more effectively transmitted at 25°C as compared to other
temperature values considered.

Figure 5 shows the impact of daily rainfall at a fixed tem-
perature. According to Mukhtar et al. [30], aquatic mosqui-
toes cannot survive at daily rainfall beyond 50 mm which
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FIGURE 3: (a) Change in the human population with time over a period of 1000 days. (b) Change in mosquito population with time over a

period of 1000 days.

limits the growth of the vector population. Therefore, values
below 50 mm, that is, (10 mm, 20 mm, 30 mm, 40 mm) are
considered at a fixed temperature 25°C. The aquatic vector
population growth is observed to be lowest at rainfall value
30 mm and highest at 40 mm as shown in Figure 5(a). This
is because more rainfall received provides breeding sites for
the mosquitoes. Variations in the aquatic mosquito popula-
tion due to temperature differences are observed to be more
than the variations due to rainfall differences; thus, tempera-
ture affects the aquatic mosquito population more than rain-
fall. A rise followed by a sharp fall in the susceptible mosquito
population is observed in Figure 5(b) at all values of rainfall.
The infection rate in the vector population is highest at
30 mm of daily rainfall. This shows that the malaria parasite
is more efficiently transmitted in the mosquito population
at 30mm as compared to other values considered. Similar
to the observation from Figure 5, comparing Figure 5(a)
and Figure 5(c), the aquatic mosquito population is higher
at 40 mm than it is at 30 mm; however, the infection is seen
to be higher at 30 mm compared to 40 mm. This suggests that
a higher aquatic mosquito population does not necessarily
lead to higher infection rates. From Figure 5, there is a varia-
tion in the infection rate for the different rainfall values; thus,
rainfall affects the transmission of malaria.

5. Discussion

In this paper, a malaria transmission model with temperature
and rainfall dependent parameters is formulated. The analy-
sis of the model reveals that the model is mathematically and
epidemiologically well posed. Further analysis shows that
there are two disease-free equilibrium points, one without
the mosquito population (E,;) and the other with the mos-
quito population (Ey,). It is found out that the existence

and stability of the disease-free equilibria are dependent on
the vector reproduction number (6). 6 is a threshold param-
eter defined as the number of mosquitoes produced by a
female Anopheles mosquito throughout its lifetime, which is
entirely governed by temperature-rainfall-dependent param-
eters (that is egg deposition rate, maturation rate of aquatic
mosquitoes to adulthood, and the death rates of both adult
and aquatic mosquitoes). Seasonal factors highly determine
the population size of mosquito vectors which transmit
malaria because mosquito replication depends on the value
of 0. It was shown that the mosquito population replicates
only if 8> 1. The basic reproduction number 2%, for the
model is computed using the next-generation method, and
it was shown that % only exists if 6 > 1. Malaria transmis-
sion depends on the mosquito vectors which survive only if
0> 1. The disease-free equilibrium point E; is stable if 6 <

1 which means that if an infective individual is introduced
into the community at this point, malaria does not spread
due to the absence of the mosquito vectors. The disease-free
equilibrium point E, exists if 6 > 1 and is stable if addition-
ally %, < 1. This means that if an infected individual is
introduced into the community, malaria will not spread if
R, < 1; otherwise, there will be an outbreak. There is a
unique endemic equilibrium if % > 1. This would suggest
that malaria remains in the community as long as %, > 1;
thus, it is important to keep the basic reproduction number
below unity.

In order to establish the temperature range within which
mosquitoes replicate, the threshold parameter 8 was investi-
gated. It was revealed that a replication range of 16°C-42°C is
favourable, and it is this range that was used in the proceed-
ing analysis, because any temperature outside this range was
assumed not to be favourable for mosquito reproduction.
Sensitivity analysis of the model revealed that the basic
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reproduction number %, is highly sensitive to temperature
variations within 17°C-20°C and 37°C-40°C temperature
ranges. The sensitivity of the basic reproduction number to
rainfall variations reduces with more rainfall received. It
was observed that sensitivity indices are positive below
25mm and negative above 25mm. This result shows that
when the rainfall received is below 25mm, a reduction in
the amount of rainfall reduces malaria endemicity while an
increase in the amount of rainfall received leads to a rise in
malaria endemicity. Rainfall increments in this case create
more breeding sites for the mosquitoes in the form of water
pools which aid mosquito population increase. Reduction in
rainfall would reduce the breeding sites and thus reduce the
mosquito population. On the other hand, when the rainfall
received is above 25 mm, a reduction in the amount of rain-
fall received increases malaria endemicity whereas an
increase in rainfall reduces malaria endemicity. This is

because excessive rainfall flushes out breeding sites thus
reduces the mosquito population. Sensitivity indices due to
temperature variations are observed to be greater than those
due to rainfall variations. This implies that malaria transmis-
sion is more sensitive to temperature changes than rainfall
changes; thus, more attention should be directed to temper-
ature variations.

Numerical simulations of the model were performed to
investigate the effect of temperature and rainfall on malaria
transmission. Temperature values 20°C, 25°C, 30°C, 35°C,
and 40°C were considered; it was revealed that malaria is
more effectively transmitted at temperature 25°C (this is in
agreement with [30, 31]). Daily rainfall below 50 mm, that
is, 10 mm, 20 mm, 30 mm, and 40 mm were considered, since
it was assumed that mosquitoes hardly survive rainfall above
50 mm as breeding sites are flushed out. It was noted that that
daily rainfall of 30 mm is favourable for malaria transmission
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as compared to other values considered. Mass malaria con-
trol programmes such as the distribution of mosquito nets
should be implemented when the temperature is 25C and
daily rainfall is 30 mm. In agreement with sensitivity analysis,
it was observed that variations in malaria infection due to
temperature differences were more than the variations due
to rainfall differences. Therefore, temperature affects the
transmission dynamics of malaria more than rainfall. It was
also shown that the growth of the aquatic mosquito popula-
tion does not necessarily lead to higher infections. Therefore,
vector control measures should target adult mosquitoes
more, since most of the aquatic mosquitoes do not survive
to adulthood to participate in malaria transmission.
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