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This study is aimed at building and analysing a SIRS model and also simulating the model to predict the number of dengue fever
cases. Methods applied for this model are building the SIRS model by modifying the SIR model, analysing the SIRS model using the
Lyapunov function to prove three theorems (the existence, the free disease, and the endemic status of dengue fever), and simulating
the SIRS model using the number of dengue case data in South Sulawesi by Maple. The results obtained are the SIRS model of
dengue fever transmission, stability analysis, global stability, and the value of the basic reproduction number R;. The simulation
done for the dengue fever case in South Sulawesi found the basic reproduction number R, = 26.47609 > 1; it means that South
Sulawesi is in the endemic stage of transmission for dengue fever disease. Simulation of the SIRS model for dengue fever can
predict the number of dengue cases in South Sulawesi that could be a recommendation for the government in an effort to

prevent the number of dengue fever cases.

1. Introduction

The World Health Organization [1] revealed the rapid
increase in the number of dengue fever (DF) cases that
reached 30 times during the last 50 years. Considered the
most transmitting disease in the world, the DF virus may
potentially infect more than half of the world population.
Annual data reports [1] show that the number of patients
suffering from the DF in hospitals is in the interval of a half
to a million people.

Dengue fever (DF) is a type of disease in tropical regions,
especially Indonesia, including South Sulawesi [1]. Based on
data from the Ministry of Health of the Republic of Indonesia
(2013), the number of dengue cases in South Sulawesi has
increased from year to year as shown in Figure 1. The follow-
ing is the updated DF victims as of 20 January 2016 for
several districts/cities in South Sulawesi province: 32 city
cases of Makassar, 645 cases of Bone district, 11 cases of Gowa
district, 56 cases of Maros district, 125 cases of Pangkep dis-

trict, 23 cases of Sinjai district, and 225 cases of Luwu district,
while other districts/cities have not been recorded [1].

Studies investigating appropriate mathematical models
for the dengue fever cases were done using the model of
Suspected, Infected, and Removed (SIR) and Suspected,
Exposed, Infected, and Removed (SEIR) [2-21]. The SIR
models assumed that individuals who recovered from the
disease would no longer be infected. Recent facts, however,
show possibilities of a recovered patient to be suspected for
the second time. This becomes the main reason to modify
the SIR into SIRS [19]. This paper is the extension of the SIRS
model [19] with analysis, and the simulation presented in
this article is a reliable alternative reference to control the
happening of DF in a region. The former part of the article
discusses formulation of the SIRS model for the DF transmis-
sion, the second part contains analysis of the model involving
three theorems and investigation of the model stability, and
the last part presents simulations of the SIRS model per-
formed for both free disease and endemic cases.


https://orcid.org/0000-0002-9394-8639
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/2918080

Journal of Applied Mathematics

Jan

Nov Dec

Oct

Sep

——2008 487
—2009 574
2012 325 267

—2013 590 396 450

147 81
156

87
138

111
183

124

141 232

94 88 113 111 231 213

397 283 255 172 183 150

FIGURE 1: Trends in dengue fever cases in South Sulawesi.

2. Materials and Methods

This is a theoretical study on the model of dengue fever trans-
mission. The SIRS model is developed by modifying the SIR
model [8, 9] that has been previously used. The model is then
analysed to prove the existence theorem, the free disease, and
the endemic cases of DF using the method of Lyapunov func-
tion [10, 11]. Afterwards, global stability of the SIRS is inves-
tigated using the Eigenvalue equation [9]. The simulation of
the model used the number of dengue case data in South
Sulawesi by Maple. The simulation is done to describe and
predict the number of dengue fever cases in South Sulawesi.

3. Results

3.1. SIRS Model of Dengue Fever Disease Transmission. There
are several assumptions used in model formation: the total
population of humans and mosquitoes is considered constant,
the rate of birth and mortality rate are considered equal, births
in mosquitoes and human populations in each class enter into
the suspected class, each individual in the population is likely
to have the same mosquito bites, the infected mosquito bite
rate is higher than the suspected mosquito, and each recovered
individual has the possibility of reinfection so that it reenters
the suspected class. The parameters used in the dengue fever
disease model are presented in Table 1.

Changes that occur in the human and the mosquito clas-
ses can be interpreted in Figure 2.

Figure 2 can be interpreted in the form of a mathematical
model that is a host-vector interaction model which is the fol-
lowing nonlinear differential equation:

% = Ny, - %Ivsh = S+ ORys

% = ﬁNL:]IvSh = (e + v

% =Vulp =y + 0,)Ry (1)
ddStV =u,N, - ﬂNVfIhS" -u,S,,

% = f\;f[hsv -ul,

with conditions S, + I, + R, <N, and N, = A/u,.

TaBLE 1: Definition of variable/parameter.

Variable/parameter Definition

Ny, Number of human population

N, Number of mosquito population

Uy, Birth and mortality of human population

U, Birth and mortality of mosquito population

b The rate of mosquito bites

Vi The rate of cure for disease

0, The rate of decline .in human immunity to
disease

B, Probability of spreading virus from I, to S,

B, Probability of spreading virus from I, to S,

B,b Interaction capabilities I, and S,

B,b Interaction capabilities I, and S,

A The rate of mosquito recruitment

4. Analysis of SIRS Model for Dengue
Fever Transmission

All variables and parameters in the model are nonnegatives
as observable in the equation system (1), and the nonnegative
octant R’ is positive invariant. Based on the equation system
(1), we derive Theorem 1; we shall prove the positivity of
solution for the SIRS model.

Theorem 1. Let (S,(t)>0,1,(t) >0,R,(¢) >0,S,(¢t) >0, I,
(t) > 0) be the solution of the equation system (1) with initial
condition (Sy,» Loy -Rop» Sou» 1g,) on the compact set

D= { (5.0 1) R(0),5,(0 1,0) € R L,
)

A
=Sh+Ih+RhSNh’L2=SV+IVSNV:_}'
ty

For the model system (1), the region D is a positive
invariant that contains any solutions of R’.
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FIGURE 2: SIRS model diagram of human and vector population [19].

Proof. A Lyapunov function constructed for the system is Theorem 1 guarantees the existence of DF transmission
in a region in which the DF transmitting virus was formerly

L(t)= (L (), L,(t)) = (Sp + I, + R, S, +1,). (3) absent and then changed when the population of suspected

but not infected, S,,(¢) > 0, infected, I,,(t) > 0, and recovered

The derivative of L(t) with respect to time that satisfies ~ individual, R;,(f) >0, from DF was found. The theorem also

equation (3) is indicates an advance study on the stages of the DF transmis-
sion by which a region can be identified as free disease or
dL /dl, dL, ds, dl, dRr, ds, dI endemic with the use of the SIRS model.
Ez(ﬁ’ﬁ>=<ﬁ+ﬁ W’d_tv+d_tv>
5. Global Stability Analysis
=u,N —‘BthhS -, Sy +0,R +@IS
D O System (1) for the SIRS model of the DF transmission applies
ili i f ; b I* > : b ’ b I* = > b > A b .
— (uy + ) + VL — (4 + 6) R N, (4) the equﬂlbr'lumvalue.o (Sp I R.h S: 1Y) = (N, 0 0,A/u,,0)
B.b B.b The Jacobian matrix of equation system (1) is defined as
- LS, - 1S, + 1,8, —ul, follows:
N, Ny,
= (W Ny = oy (Sp + I + Ry ), A=, (S, + 1)) [ BybI, u 0 0, 0 _BybS, T
0
= (4 Ny = Ly, A=, L) Ny Ny
Bubl, BubSy
- 0 0
Thus, we can find N, = N,
dL J= 0 Yn —ty, =0y 0 0
—L =N, -uL <0, forL; >N, B,bS, B,bly
dt 0 - 0 - 0
dL A ©) N N
TZZA_VVLZSO,fOrLZZf. 0 Bvbsv 0 Bvblh —u
t Hy L Ny, Ny, -
7
Hence, by equation (5), we obtained that dL/dt < 0 which 7)
implies that D is a positive invariant set. Meanwhile, solving
equation system (5) results in By considering the equilibrium point, we obtain
A - A
0< (Ly(1), Ly(1)) < (Nh +Ly(0)e !, — +L2(0)e‘ﬂv’>, En 0 On 0 hib
v © 0~ =y 0 0 Byb
0 Vh =0, 0 0
where L,(0) and L,(0) are the initial condition of L, (¢) and J= B,bS, ‘ (8)
L,(t) consecutively. 0 - N, 0 “#, 0
Hence, as t— 00,0 <(L(t),L,(t)) < (N, Alu,). This
confirms that D is a positive invariant set containing all the 0 B,bS, 0 0 -u
solutions in R2. This proves Theorem 1. L Ny, .




In order to find the Eigenvalue A, we simplify system (1)
and then solve the equation |J — AI |, that is,

Hy = A 0 O, 0 —Pub ]
0 —Hy =Y = A 0 0 Bub
0 Vi wp=0,-A 0 0
=0
ﬁvbsv _ _ ’
0 N, U, — A 0
B,bS, .
L ° Ny ° MV A-
[t =y, =2 0 0 Bub ]
Vh —Hy, =0 = A 0 0
(=M —BbS 0 4, ~A 0 =0,
Ny
B,bS, L
N, 0 0 U, A—
(=t = ), = M) (=0, = 1)
(= va = V) (=, = A) = (Bub)Bb) =
©)
The Eigenvalues obtained are
A=~y
A’Z = _Auv’ (10)
Ay =~y = O

and the Eigenvalue equation is

A+ (py + hy +y)A+ (y + 7)1, — bBLB, =0. (1)

From equation (11), the basic reproduction number R,
for system (1) of the SIRS model can be obtained using the
method [20, 21], that is,

_bBbB,
= 12
Sty 12
6. Global Stability of Free Disease
Equilibrium of Model SIRS

Equation system (1) applies free disease equilibrium of (S;,
I}, R}, S), I) = (N, 0,0,A/u,, 0) indicating the possibility
of the disease to fade out. Theorem 2 explains the behavior
of the free disease equilibrium globally for equation (1).

Theorem 2. If R, < 1, then the free disease equilibrium (S;,
I,R;, S, I;) = (N, 0,0,Alu,, 0) in the global stage is
asymptotically stable in D, by assuming that
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_Bbe.
luh_Nh v?
8 b (13)
=h”

Proof. A Lyapunov function constructed for the system is

W(t)=(S,-S,InS,)+I,+R, +(S,-S, InS,)+1,. (14)

v

The derivative of W(¢) with respect to time that satisfies
equation (14) is

W(t):Sh(l— S—h) +I}1+Rh+SV(1— S—”) +1,
Sh Sv
ﬁthv SZ
=(u,N, - - R,|(1-2
(#h h N, Si = Sy + OR, S,

B,bI,
+ ?\]h Sn = eIy = vl + Viln — Ry — 64 R,

1 * 1
+ A_p)Vthv_HvSv 1_S_V +ﬁvaSv_nMvIv
Ny, S, Ny
S * Sh ﬁ va
:.“hNh< Sh) + 1,5y (1 - S;) - ;‘\,h S
[5 bI ﬁ bI,
h Gth Jh\,h Sp = Iy
1
—Mth+A( )+ S*(l—s—:) ﬁbhs
Sv Nh
ﬁ bl Sk bIV
h ? ﬁ S _A"lv v
Bubl,
:HhNh( ) +Mhsh( ) ;\,h Sh
S*
—Hth( ) Ul — u Ry, +A( S )
h v
v ﬁ bIh *
1_ _v 4
+,S ( S:) NS
S . S, S
(1= ) i (1= ) -0 ()
S . S,
- yuRy, +A(1 - S_v) +u,S, (1 - g)

ﬁvb * ﬁb *
+<Nhsv_yh Ih+ Nihsh_tuv Iv
(15)

Considering S; = N}, S; = A/u,,, condition (13) to equa-
tion (15) can be expressed as

ety

. S*
W(t) :HhNh<1 - S_h +1- —) OuRy, > - Ry

Sk N Sy S
Al1=2x 412V =u N 2_i_i
(g iog) =g )
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Equation (16) shows that W(t) < 0. Using the Lyapunov
method [10], the finite sets applicable for the solution are
those contained in the largest invariant set, where S, = §;,
R,=0,and S, =S}, that is, the singleton set {S}, I}, R}, S},
I’}. This implies if the free disease equilibrium S}, I}, R},
Sy, I, is the global stage asymptotically stable in D. This
proves Theorem 2.

This global stability theorem for the free disease case of
the SIRS model explains a stage of the existence of the DF
case, as explained in Theorem 1. Theorem 2 says that if R,
<1, then an infected individual will not infect others. Thus,
DF in this stage can still be controlled and should not be wor-
ried about.

7. Global Stability of Endemic Equilibrium of
Model SIRS

The SIRS model of system (1) has an equilibrium point of
P = (8;%,1;,R; .S, %, I;*) € D called the endemic equilib-
rium point, which satisfies S;*>0,I;* >0,R;* >0,S;* >0,
I;* >0, where

S = Nty (#,+ Y2) (Bottb + BLVOy + gt + 11,y + 14,6;)
(ﬁh”hAb + B, Aby,, + B AbO, + pihpt Ny + 44, Ny, + 4, N0 + MthYheh)ﬁvb

e (1 + 0N (BB AV = ilN, = 12N,y,,)
h = 5
(ButtyAb + B Aby;, + B AbO) + pu Ny + 10, Ny, + iy, Ny Oy + 1, Ny, 0,) b

Nypy (BB AY = iiiNy = 15N,y),)
(Al + B Aby,, + B AbO) + it Ny, + by, Nyyy, + 0, N, B, + 1,N3,9,0,) B,

R, =

sov = PubtuAb+ B Aby, + B AV, + it Ny + iyt Nivy + ity Nii + 1, Niy B
! (B0 + 1O, + pyth, + 4y, + 4,04) By b

oo (B, t6)) (ﬁhﬁvaz ~ Ny, — #iNth)
I'" = .
! ”v(ﬁv”hb+ﬁvb9h +nuhnuv +AL£VY}’I +Mv6h)ﬁhb

(17)

The following theorem explains the endemic global equi-
librium of system (1).

Theorem 3. If R, > 1, then the equilibrium status of DF dis-
eases is positively endemic, and equation system (1) exists
and is in the global stage asymptotically stable in D by assum-
ing that

S;" =Ny,
Sy
Hy
B,b (t, + vy +04) (18)
BN
_ B,b ok
= (4 + 4 t61) S

where r = B,b/N,,, u, is the rate of mosquito population mor-
tality, N}, is the number of the human population which is
likely the same as the number of DF suspected, b is the rate

of potentially infecting mosquito bites, and 3,b is the interac-
tion capability between humans and mosquitoes as the vector.

Proof. We constructed the Lyapunov function of the form in

0
= ($,=8:* In S) + I, + Ry + VP g gy s

V() o

l/‘h +y,+0, L.
S**

(19)

The derivative of V() with respect to time that satisfies
equation (19) is

. : Sy S Sk +7y,+6
V(t)=S, (1—%}1) +1, + R, + Sv(l—SLv> <7#h rS?; h)

U T Vit @y ¢ S Sy
En T Ty~ N (1= ) +6,R, [ 1-
+ S v=Hp h( Sh)+ h h( S,

_tuhsh 1_SL _bﬁhlv 1- SL bﬁh vsh
Sh Nh Sh Nh

0
=t Iy =yl + yiln — Ry — O,R, + <—'uh +S)ih*+ h>

(157 - (Bt B (S
S, rS: N, S,

(Yt wS 1_83* + VO
S** vy SV TS:*

bBI 0 Si*
B, h, - (!‘h"’?h"’ h).“vlvz!f‘hNh(l_ £h>

Nh rS:*

0,R,~0,R, () —u,S, [ 1-=" ! Shvg,
T 0Ky hh(sh> P‘hh( Sh> N,
bBLL, s bﬁ v
+ h Spot h Sh =t In = Ry = O4R,

h

P‘h+Vh+9h .“h"’Vh"’eh _ b, Ihs
rSy* rS, N,
(Ent vntOn | BBk (1t vyt O
rSy* N, r
(Yt S, Ui+ Yy + Oy
(o) oo
+ (l/‘h + Vh+9h> bp,I, (%) _ <.“h + ):f%)u I,
r N, \S rS v

S** S**
—.“hNh(l__) S <1 . ) Gth(Sh> — iRy,
hﬁh Ih+A<M +Vh+9h) <P‘h+)’h+9h)

S rS,
b,B Iy (p, + Yh +0), Uy + Vh+6h “, S,
Ny, 87

+ +9 Y0
+“V<.“h Vi h) < rs)i;; h> .




Substituting equation (18) into equation (20), we can find
. S** S S**
V(t)=u,N, [2- - _g.R [
(1) =, h|: S, SZ*] hh(sh>
—#th+<N—:Sh - (hrTh*h w1,
bB, (1, + v, +6, y, + Vt0y
7‘\/ Yh ~Th ~"n _ I n ~rh "N S**
+ <Nh ( r Uy h + T’S:* Hyoy

— <Hh + Yh+6h>MvS:* +u, <#h T Vn +6h)

rSy r

(Bt YO S,
(52 )

S** S S** 2“
Ny, {2— Shh _Sh%} -0,R, <5Lh) ~ Ry + Tv(ﬂh + 5+ 64)
_ <ﬂh +Yh+6h># (i) _ (#h +Yh+6h>‘u <SL>
r YAS r Y\ S,
S S y, +vy,+0 S S
- u.N, |2— h _ Sh h h h v v
ll/[h h|: Sh S;*:| + < r A“v S g

v v
S** (Sh_s**)Z
_6 R h - R = - N 7}’
h h(sh> Hpp = —Hy, h|: 8,5

v+ 0] |(8,-8,7) S’
- -0,R - u,Ry.
Auv|: r :| |: SVS:* h*h Sh Uty

(22)

(21)

Equation (22) shows that V() <0 for all S;*, I}, R;*,
S I € DS LRSI and V(t) =0 for §,=S;",1,
=I;*,R,=R;*,S,=S}", and I, =1I;". Equilibrium P*is a
set of positive invariant of system (1) that is contained in

L= {(Su(1), Ly (2), Ry (2), S, (8), 1, (1)), Sy = S Iy = Iy
R,=R*,S,=S"1,=I'"}.

v o

(23)

Using the asymptotical stability theorem, positive
endemic equilibrium P* is in the global stage asymptotically
stable in D. This proves Theorem 3.

The global stability theorem for the model SIRS in this
stage tells if an individual is infected with DF with R, > 1; then,
the individual will likely infect at least another individual.
Thus, the DF in this situation has been endemic, uncontrolled,
and threatening for the human population within the region.

8. Simulation of SIRS Model for Dengue Fever
Transmission in South Sulawesi, Indonesia

Simulation of the model is performed using the software
Maple. Initial values S, (0),I,,(0), R,,(0), S,(0), and I,(0) used
in the simulation are based on the data shown in Table 2,
which are data related to dengue fever in South Sulawesi.
Meanwhile, the basic reproduction number R, is obtained
from equation (12), that is,
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TaBLE 2: The initial and parameter values of the SIRS model
simulation.

Initial Value

Variable values Source Parameter (R, > 1) Source
N,(0) 8771970 [22] bp, 0.750000 [9]
$4(0) 8768197  [22] Wy 0.000046 [9]
I1,(0) 1895 [23] 0, 0.575000 Assumption
R, (0) 1878 [23] Vu 0.328833 [9]
N,(0) 1000000 [9] Y, 0.032300 [9]
S,(0) 944000 [9] bg, 0.375000 [9]
1,(0) 56000 [9]

_ bﬁvb/jh (24)

O ()

9. Stability Analysis of Model SIRS for Dengue
Fever in South Sulawesi

Stability analysis of the obtained equilibrium values is deter-
mined by the Eigenvalues A [9]. Based on equations (10) and
(11), Eigenvalues of the SIRS for the transmission of DF are
obtained. The stability of the system, categorized in types as
in [20], depends on the Eigenvalues. Model stability analysis
of the SIRS model with the initial value in Table 2 is as
follows.

The critical value is determined by substituting parame-
ter values of the free disease cases from Table 2. Assuming
that equation system (1) is zero, equation system (25) is
found as follows:

0.000046 — 0.08551,S, — 0.000046 S;, + 0.575R, =0, (25)

0.08551,5, — 0.328879 I, = 0, (26)
0.328833 I,, - 0.575046 R, = 0, (27)
0.0323 -0.3751,,, - 0.0323 S, = 0, (28)
0.3751,S, - 0.03231, = 0. (29)

The Eigenvalues from equations (10) and (11) with
parameters described in Table 2 for this SIRS model of the
DF transmission are

A, =—0.000046,
A, =—0.0323,
A, = —0.575064, (30)
A, = —0.328995,
A =—0.032184.

The obtained Eigenvalues A are real and negatives. Thus,
according to [20], the stability of this equilibrium point is
asymptotically stable in South Sulawesi. The basic reproduc-
tion number using the number of dengue fever in South
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FIGURE 3: Suspected, infected, and recovered prediction of dengue fever in South Sulawesi.

Sulawesi is R, =26.47609 > 1, which suggests if an infected
individual will infect up to 26 others. That means South Sula-
wesi is in the endemic stage of dengue fever.

10. Simulation Result of Model SIRS for DF
Transmission in South Sulawesi

Simulation results of the SIRS model toward DF transmis-
sions obtained using the software Maple with initial values
and parameters, described in Table 2, are shown in
Figure 2. The values are given on the x -axis, while the y -axis
shows time (in month) of each of the variables S, (¢), I;,(¢),
R, (1), S,(t), and I,(¢).

The result of the SIRS model shows if DF transmission
requires only very short time to diminish. Based on
Figure 3, the number of dengue fever cases (infected humans)
in South Sulawesi reaches its peak immediately in six years;
meanwhile, the number of suspected humans in South Sula-
wesi is very high and needs a long time for the decrease.
Meanwhile, the number of infected mosquitoes declines four
months after its maximum number. Thus, the mosquito pop-
ulation can be reduced quickly in South Sulawesi, and this
region becomes endemic to dengue fever. This corresponded
to the basic reproduction number value in South Sulawesi
R, =26.47609 > 1 and according to Theorem 3; thus, South
Sulawesi is endemic to dengue fever.

11. Discussion

Studies of the mathematical model of the transmission of
dengue fever have been performed by [10], producing the
SIR model with analysis using Lyapunov function. In addi-
tion, [9] did a simulation of the SIR using data from South
Sulawesi, Indonesia, and Selangor, Malaysia. The numerical

solution of the SIR model for the transmission of DF has been
investigated by [8] using the homotopy perturbation method,
then [18], producing a SEIRS model with analysis using the
Lyapunov function.

This article produces the SIRS model as a modification of
the SIR [19], given the fact that recovered individuals from
DF will still have a possibility to be suspected. The result of
this paper given the analysis of the SIRS is performed using
three theorems, namely, the existence, free disease, and
endemic DF using the method of Lyapunov function. Simu-
lation results using data from the Health Ministry of the
Republic of Indonesia show that South Sulawesi is an
endemic area of dengue fever; then, early control and preven-
tion measures need to be done because the climate in Indone-
sia is increasingly difficult to predict, especially the rainy
season which causes many larvae of Aedes mosquitoes
spreading dengue virus. The simulation result also can pre-
dict the number of suspected, infected, and recovered DF
cases in South Sulawesi in the coming months.

12. Conclusion

Based on the result and the discussion, the SIRS model for the
transmission of DF is obtained. The three theorems pro-
duced suggest the existence of DF in a region, free disease sta-
tus of DF, and the endemic status. The resulted basic
reproduction number R, is able to predict the possible
infected population from an infected DF patient. The simula-
tion result done is able to predict the number of DF cases in
South Sulawesi, and the basic reproduction number is R, =
26.47609 > 1; thus, South Sulawesi is in the endemic stage
of dengue fever. The simulation result also as such can be
used as a reference to prevent and control the number of den-
gue fever cases in South Sulawesi.
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